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Abstract. Recently, Olaleru and Okeke [19] introduced the class of asymptotically demicon-

tractive mappings in the intermediate sense as a generalization of the class of asymptotically

demicontractive mappings. The authors proved some convergence theorems for this class of

nonlinear mappings in Hilbert spaces (see, [19]). The purpose of this paper is to continue

the study of this class of nonlinear mappings. We prove some fixed point theorems for the

class of asymptotically demicontractive mappings in the intermediate sense. We also prove

some mean convergence theorems for this class of mappings in Hilbert spaces.

1. Introduction

We assume that H is a real Hilbert space with inner product and norm
denoted by 〈·, ·〉 and ‖ · ‖, respectively. The symbols → and ⇀ denotes strong
convergence and weak convergence, respectively. ωw(xn) = {x : ∃ xni ⇀ x}
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denotes the weak ω-limit set of {xn}. Let C be a nonempty closed convex
subset of H and T : C → C be a mapping. We denote the fixed point set of
T by F (T ), that is, F (T ) = {x ∈ C : Tx = x}.

First, we give the definitions of several well-known classes of mappings.

Definition 1.1. Let C be a nonempty subset of a Hilbert space H. A mapping
T : C → C is said to be:

(1) k-strictly asymptotically pseudocontractive [21] if there exists a se-
quence {an} with limn→∞ an = 1 such that

‖Tnx− Tny‖2 ≤ a2n‖x− y‖+ k‖(I − Tn)x− (I − Tn)y‖2, (1.1)

for some k ∈ [0, 1) and for all x, y ∈ C and n ∈ N.
(2) a demicontractive mapping [6] if F (T ) 6= ∅ and there exists k ∈ (0, 1)

such that

‖Tx− p‖2 ≤ ‖x− p‖2 + k‖x− Tx‖2, (1.2)

for each x ∈ C and p ∈ F (T ).
(3) asymptotically demicontractive [21] if F (T ) 6= ∅ and there exists a

sequence {an} with limn→∞ an = 1 such that

‖Tnx− p‖2 ≤ a2n‖x− p‖2 + k‖x− Tnx‖2, (1.3)

for some k ∈ [0, 1) and for each x ∈ C and p ∈ F (T ).
(4) asymptotically nonexpansive in the intermediate sense [3] provided T

is uniformly continuous and

lim sup
n→∞

sup
x,y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ≤ 0.

(5) an asymptotically k-strict pseudocontractive mapping in the interme-
diate sense with sequence {γn} [24] if there exists a constant k ∈ [0, 1)
and a sequence {γn} in [0,∞) with limn→∞ γn = 0 such that

lim supn→∞ supx,y∈C (‖Tnx− Tny‖2 − (1 + γn)‖x− y‖2
−k‖x− Tnx− (y − Tny)‖2) ≤ 0.

(1.4)

Put

cn := max {0, supx,y∈C(‖Tnx− Tny‖2 − (1 + γn)‖x− y‖2
−k‖(x− Tnx− (y − Tny)‖2)}. (1.5)

Then cn ≥ 0 for all n ∈ N, cn → 0 as n→∞ and (1.4) reduces to the
relation

‖Tnx− Tny‖2 ≤ (1 + γn)‖x− y‖2
+k‖x− Tnx− (y − Tny)‖2 + cn,

(1.6)

for all n ∈ N, x, y ∈ C.
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(6) an asymptotically pseudocontractive mapping in the intermediate sense
([22]) if

lim sup
n→∞

sup
x,y∈C

(
〈Tnx− Tny, x− y〉 − kn‖x− y‖2

)
≤ 0, (1.7)

where {kn} is a sequence in [1,∞) such that kn → 1 as n→∞.
Put

νn = max
{

0, sup
x,y∈C

(
〈Tnx− Tny, x− y〉 − kn‖x− y‖2

) }
. (1.8)

It follows that νn → 0 as n → ∞. Hence, (1.7) is reduced to the
following:

〈Tnx− Tny, x− y〉 ≤ kn‖x− y‖2 + νn, (1.9)

for all n ≥ 1, x, y ∈ C. In real Hilbert spaces, it is easy to check that
(1.9) is equivalent to:

‖Tnx− Tny‖2 ≤ (2kn − 1)‖x− y‖2
+‖(I − Tn)x− (I − Tn)y‖2 + 2νn,

(1.10)

for all n ≥ 1, x, y ∈ C.
(7) an asymptotically demicontractive mapping in the intermediate sense

([19]) if there exists a constant k ∈ (0, 1) such that for all (x, p) ∈
C × F (T ),

lim supn→∞ sup(x,p)∈C×F (T ) (‖Tnx− p‖2 − a2n‖x− p‖2
−k‖x− Tnx‖2) ≤ 0,

(1.11)

where {an} is a sequence in [1,∞) such that an → 1 as n → ∞.
Observe that if we put

νn = max
{

0, sup(x,p)∈C×F (T ) (‖Tnx− p‖2 − a2n‖x− p‖2
−k‖x− Tnx‖2)

}
,

(1.12)

then we get that νn −→ 0 as n → ∞ and (1.11) is reduced to the
following:

‖Tnx− p‖2 ≤ a2n‖x− p‖2 + k‖x− Tnx‖2 + νn. (1.13)

The classes of k-strictly asymptotically pseudocontractive mappings and
asymptotically demicontractive mappings were introduced in 1996 by Liu [21].
If k = 0 in (1.1) then T is called asymptotically nonexpansive mapping. If
k = 0, a2n = 1 and y ∈ F (T ) in (1.1) then T is called quasi-nonexpansive.
Observe that every nonexpansive mapping with nonempty fixed point set is
quasi-nonexpansive, and every quasi-nonexpansive mapping is demicontrac-
tive mapping. Furthermore, every k-strictly asymptotically pseudocontractive
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mapping with a nonempty fixed point set F (T ) is asymptotically demicon-
tractive.

The class of asymptotically nonexpansive mappings in the intermediate
sense was introduced by Bruck et al. [3] and the iterative methods for the ap-
proximation of fixed points of such types of non-Lipschitzian mappings have
been studied by several well-known mathematicians (see, e.g. [1], [3], [4],
[8], [14]). Yang et al. [29] proved a demiclosedness principle for the class of
asymptotically nonexpansive mapping in the intermediate sense.

Sahu et al. [24] proved that the modified Mann iteration process converges
weakly to a fixed point of an asymptotically k-strict pseudocontractive map-
ping T in the intermediate sense which is not necessarily Lipschitzian. They
established that if C is a nonempty closed convex subset of a Hilbert space
H and T : C → C is a continuous asymptotically k-strict pseudocontractive
mapping in the intermediate sense. Then I −T is demiclosed at zero. Hu and
Cai [7] introduced a modified explicit iterative process for finding a common
element of the solutions of an equilibrium problem and the set of common fixed
points of a finite family of asymptotically k-strictly pseudocontractive map-
pings in the intermediate sense in the framework of Hilbert spaces. Zhou [31]
established a demiclosedness principle for asymptotically pseudocontractions
in Hilbert spaces.

Qin et al. [22] introduced the class of asymptotically pseudocontractive
mappings in the intermediate sense in 2010. They obtained some weak con-
vergence theorems for this class of nonlinear mappings. They also established
a strong convergence theorem without any compact assumption by considering
the so-called hybrid projection method. They established that if T : C → C
is a uniformly L-Lipschitzian and asymptotically pseudocontractive mapping
in the intermediate sense, then F (T ) is a closed convex subset of C. Several
well-known mathematicians have continued the study of this class of nonlinear
mappings (see, e.g. [5], [17], [30]) among others.

Several authors proved some related results of certain classes of nonlinear
mappings (see, e.g., [9], [10], [11], [12] [14], [15], [16], [17], [18], [23], [28]).

Olaleru and Okeke [19] introduced the class of asymptotically demicon-
tractive mappings in the intermediate sense as a generalization of the class
of asymptotically demicontractive mappings and they study the weak and
strong convergence theorems for the iterative sequences defined by this class
of mappings..

We now give an example of this class of nonlinear mappings.
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Example 1.2. Let X = R (the set of real numbers with the usual metric).
Define T : X → 2X by

Tx =

{
[−kx,−1

2x], x ∈ [0,∞),
[−1

2x,−kx], x ∈ (−∞, 0], k ∈ (0, 1).

Then, we know that F (T ) = {0} and T is an asymptotically demicontractive
mapping in the intermediate sense which is not asymptotically demicontractive
mapping.

Definition 1.3. The map T : C → C is said to be uniformly L-Lipschitzian
if

‖Tnx− Tny‖ ≤ L‖x− y‖ (1.14)

for some constant L > 0, for all n ∈ N and x, y ∈ C.

Olaleru and Okeke [19] proved the following theorem.

Theorem 1.4. ([19], Theorem 2.1) Let C be a nonempty bounded closed con-
vex subset of H, and T : C → C be a completely continuous, uniformly L-
Lipschitzian and asymptotically demicontractive mapping in the intermediate
sense with sequence {νn} as defined in (1.13). Assume that F (T ) is nonempty.
Let {xn} be a sequence defined by x1 = x ∈ C and{

yn = βnT
nxn + (1− βn)xn,

xn+1 = αnT
nyn + (1− αn)xn, n ≥ 1.

where αn, βn ∈ [0, 1]. Assume that the following conditions are satisfied:

(i) for all n ∈ N, an ∈ [1,+∞) and
∑∞

n=1(a
2
n − 1) < +∞,

(ii)
∑∞

n=0 νn < +∞,
(iii) for all n ∈ N and for some ε > 0, k ∈ [0, 1), ε ≤ k ≤ αn ≤ βn ≤ b and

b ∈ (0, L−2[
√

1 + L2 − 1).

Then {xn} converges strongly to a fixed point of T.

2. Preliminaries

Let C be a closed convex subset of a Hilbert space H. For every x ∈ H,
there exists a unique nearest point in C, denoted by PCx, such that for all
y ∈ C,

‖x− PCx‖ ≤ ‖x− y‖.
PC is called the metric projection of H onto C. It is well known that PC is
a nonexpansive mapping of H onto C. It is also known that PC satisfies the
following inequality

‖PCx− PCy‖ ≤ 〈PCx− PCy, x− y〉,
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for every x, y ∈ H and

〈y − PCx, x− PCx〉 ≤ 0 (2.1)

for all x ∈ H and y ∈ C. We know that for x ∈ H and z ∈ C, z = PCx if and
only if 〈x− z, y − z〉 ≤ 0, for all y ∈ C (see [26]).

Definition 2.1. A point p ∈ C is said to be an asymptotic fixed point of
T if there exists a weakly convergent sequence {xn} ⊂ C to p such that
{xn−Txn}∞n=1 converges strongly to 0. We denote the set of asymptotic fixed

points of T by F̂ (T ).

The following lemma will play important roles in the proofs of main theo-
rems.

Lemma 2.2. ([27]) Let {δn}, {βn} and {γn} be three sequences of nonnegative
numbers satisfying the recursive inequality:

δn+1 ≤ βnδn + γn,

for all n ∈ N. If βn ≥ 1,
∑∞

n=1(βn − 1) < ∞ and
∑∞

n=1 γn < ∞, then
limn→∞ δn exists.

Lemma 2.3. ([1]) Let {xn} be a bounded sequence in a reflexive Banach space
X. If ωw({xn}) = {x}, then xn ⇀ x.

Lemma 2.4. Let H be a real Hilbert space. Then, for all x, y ∈ H, we have
the followings:

(a) ‖x− y‖2 = ‖x‖2 − ‖y‖2 − 2〈x− y, y〉.
(b) For all t ∈ [0, 1], ‖(1−t)x+ty‖2 = (1−t)‖x‖2+t‖y‖2−t(1−t)‖x−y‖2.
(c) If {xn} ⊂ H is a weakly convergent sequence to x, then we have

lim sup
n→∞

‖xn − y‖2 = lim sup
n→∞

‖xn − x‖2 + ‖x− y‖2,

for all y ∈ H.

Lemma 2.5. ([13]) Let C be a closed convex subset of a real Hilbert space H.
Then for x, y, z ∈ H and a ∈ R, the set{

v ∈ C : ‖y − v‖2 ≤ ‖x− v‖2 + 〈z, v〉+ a
}

is closed and convex subset of C.

Lemma 2.6. ([2]) Let {xn} and {yn} be sequences in a Hilbert space H and
{ηn} be a sequence of real numbers. Suppose that {xn} is bounded and both
{yn} and {ηn} are convergent. Then

lim
n→∞

1

n

n∑
k=1

ηk〈xk+1 − xk, yk〉 = 0.
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Lemma 2.7. ([2]) Let C be a nonempty closed convex subset of a Hilbert
space H and T : C → H be a mapping. Let {xn} be a sequence in C, {ξn} be a
sequence of real numbers, {zn} be a sequence in C defined by zn = 1

n

∑n
k=1 xk

for n ∈ N, and z be a weak cluster point of {zn}. Suppose that

ξn ≤ ‖xn − z‖2 − ‖xn+1 − Tz‖2

for every n ∈ N and limn→∞
1
n

∑n
k=1 ξk = 0. Then z is a fixed point of T.

Lemma 2.8. ([25]) Let C be a nonempty closed convex subset of a Hilbert
space H, P be the metric projection of H onto C, and {xn} be a sequence in
H such that

‖xn+1 − u‖ ≤ ‖xn − u‖
for all u ∈ C and n ∈ N. Then {Pxn} converges strongly to some point in C.

3. Demiclosedness Principle and Fixed Point

In this section, we prove some fixed point theorems for the class of asymp-
totically demicontractive mappings in the intermediate sense in Hilbert spaces.

Lemma 3.1. Let C be a nonempty subset of a Hilbert space H and T : C → C
be an asymptotically demicontractive mapping in the intermediate sense with
sequence {νn}. Then for p ∈ F (T ),

‖Tnx− p‖ ≤
√
νn + (an +

√
k)‖x− p‖

1−
√
k

.

Proof. For p ∈ F (T ), we have

||Tnx− p||2 ≤ a2n||x− p||2 + k||x− Tnx||2 + νn
= (an‖x− p‖)2 + (

√
k‖x− Tnx‖)2 + (

√
νn)2

≤ (an‖x− p‖+
√
k‖x− Tnx‖+

√
νn)2.

(3.1)

This implies that

‖Tnx− p‖ ≤ an‖x− p‖+
√
k‖x− Tnx‖+

√
νn

≤ an‖x− p‖+
√
k(‖x− p‖+ ‖p− Tnx‖) +

√
νn.

(3.2)

Hence, we have

‖Tnx− p‖ ≤
√
νn + (an +

√
k)‖x− p‖

1−
√
k

. (3.3)

This completes the proof. �

Remark 3.2. It is clear from Lemma 3.1 that T is not necessarily Lipschitzian.
Moreover, if νn = 0 for each n ∈ N in (3.3), then we obtain the inequality that
was established by Osilike ([20], Remark 1) for the class of asymptotically
demicontractive mappings.
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Lemma 3.3. Let C be a nonempty subset of a Hilbert space H and T : C → C
be a uniformly continuous asymptotically demicontractive mapping in the in-
termediate sense with sequence {νn} defined in (1.13). Let {xn} be a sequence
in C such that ‖xn − xn+1‖ → 0 and ‖xn − Tnxn‖ → 0 as n→∞. Then, we
have

lim
n→∞

‖xn − Txn‖ = 0.

Proof. Since T is an asymptotically demicontractive mapping in the interme-
diate sense, it was established from Lemma 3.1 that

‖Tn+1xn − Tn+1xn+1‖ ≤
√
νn + (an +

√
k)‖xn − xn+1‖

1−
√
k

. (3.4)

Since ‖xn− xn+1‖ → 0, this implies that ‖Tn+1xn− Tn+1xn+1‖ → 0. Clearly,

‖xn − Txn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − Tn+1xn+1‖
+‖Tn+1xn+1 − Tn+1xn‖+ ‖Tn+1xn − Txn‖.

(3.5)

Since T is uniformly continuous, we have

‖Txn − Tn+1xn‖ → 0 as n→∞. (3.6)

Since ||xn − Tnxn|| → 0 and ||xn − xn+1|| → 0, it follows from (3.5) and (3.6)
that

lim
n→∞

‖xn − Txn‖ = 0.

This completes the proof. �

Theorem 3.4. (Demiclosedness principle) Let C be a nonempty closed
convex subset of a Hilbert space H and T : C → C be a continuous asymp-
totically demicontractive mapping in the intermediate sense. Then I − T is
demiclosed at zero in the sense that if {xn} is a sequence in C such that
xn ⇀ x ∈ C and lim supm,n→∞ ‖xn − Tmxn‖ = 0, then (I − T )x = 0.

Proof. Assume that T is a continuous asymptotically demicontractive mapping
in the intermediate sense with sequence {νn}. Let {xn} be a sequence in C
such that xn ⇀ x ∈ C and

lim sup
m,n→∞

‖xn − Tmxn‖ = 0. (3.7)

Using Lemma 3.1, we have

‖Tmxn − Tmx‖ ≤
√
νm+(an+

√
k)‖xn−x‖

1−
√
k

≤ K∗,
(3.8)

for all m,n ∈ N and for some K∗ > 0. We define

f(x) := lim sup
n→∞

‖xn − x‖2, for all x ∈ F (T ). (3.9)
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Since xn ⇀ x, it follows from Lemma 2.4 (c) that

f(y) = f(x) + ‖x− y‖2, for all y ∈ H. (3.10)

Since T is asymptotically demicontractive mapping in the intermediate sense,
by relation (1.13), (3.8) and the fact that limn→∞ an = 1, we have

f(Tmx) = lim supn→∞ ‖xn − Tmx‖2
≤ lim supn→∞ (‖xn − Tmxn‖+ ‖Tmxn − Tmx‖)2
≤ lim supn→∞(‖xn − Tmxn‖2 + ‖Tmxn − Tmx‖2

+2‖xn − Tmxn‖‖Tmxn − Tmx‖)
≤ lim supn→∞(‖xn − Tmxn‖2 + ‖Tmxn − Tmx‖2

+2K∗‖xn − Tmxn‖)
≤ lim supn→∞ ‖Tmxn − Tmx‖2

+ lim supn→∞(‖xn − Tmxn‖2 + 2K∗‖xn − Tmxn‖)
≤ lim supn→∞(a2n‖xn − x‖2 + k‖xn − Tmxn‖2 + νm)

+ lim supn→∞(‖xn − Tmxn‖2 + 2K∗‖xn − Tmxn‖)
= lim supn→∞(‖xn − x‖2 + k‖xn − Tmxn‖2 + νm)

+ lim supn→∞(‖xn − Tmxn‖2 + 2K∗‖xn − Tmxn‖)
≤ f(x) + k lim supn→∞ ‖xn − Tmxn‖2 + νm

+ lim supn→∞(‖xn − Tmxn‖2 + 2K∗‖xn − Tmxn‖),

(3.11)

for each m ∈ N. Using (3.10), we have

f(x) + ‖x− Tmx‖2 = f(Tmx)
≤ f(x) + k lim supn→∞ ‖xn − Tmxn‖2 + νm

+ lim supn→∞(‖xn − Tmxn‖2 + 2K∗‖xn − Tmxn‖).
(3.12)

This implies that

‖x− Tmx‖2 ≤ k lim supn→∞ ‖xn − Tmxn‖2 + νm
+ lim supn→∞(‖xn − Tmxn‖2 + 2K∗‖xn − Tmxn‖).

(3.13)
Since lim supm,n→∞ ‖xn − Tmxn‖ = 0, it follows from (3.13) that

lim sup
m→∞

‖x− Tmx‖2 ≤ lim sup
m→∞

νm = 0. (3.14)

This means that Tmx −→ x as m→∞. By using the continuity of T, we have
(I − T )x = 0. This completes the proof. �

Proposition 3.5. Let C be a nonempty closed convex subset of a Hilbert space
H and T : C → C be a continuous asymptotically demicontractive mapping in
the intermediate sense. Then F (T ) is closed and convex.
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Proof. Let {xn}∞n=1 ⊆ F (T ) be a sequence which converges to p. Then we have
to show that p ∈ F (T ). Clearly,

‖Tnp− p‖ ≤ ‖Tnp− Tnxn‖+ ‖xn − p‖
≤ 2‖xn − p‖
→ 0, as n→∞.

(3.15)

Using the continuity of T, it follows that p = Tp. Hence p ∈ F (T ).
Next we show that F (T ) is convex. For p1, p2 ∈ F (T ) and λ ∈ [0, 1], we

show that λp1 + (1 − λ)p2 ∈ F (T ). Let z = λp1 + (1 − λ)p2. Then p1 − z =
(1−λ)(p1−p2), p2− z = λ(p2−p1). Using relation (1.13) and Lemma 2.4 (b),
we have

‖z − Tnz‖2 = ‖λp1 + (1− λ)p2 − Tnz‖2
= ‖λ(p1 − Tnz) + (1− λ)(p2 − Tnz)‖2
= λ‖p1 − Tnz‖2 + (1− λ)‖p2 − Tnz‖2
−λ(1− λ)‖p1 − p2‖2

≤ λ(a2n‖p1 − z‖2 + k‖z − Tnz‖2 + νn)
+(1− λ)(a2n‖p2 − z‖2 + k‖z − Tnz‖2 + νn)
−λ(1− λ)‖p1 − p2‖2

≤ ‖p1 − z‖2 + (1− λ)‖p2 − z‖2
−λ(1− λ)‖p1 − p2‖2

= 0.

(3.16)

Hence, by continuity of T, we have z = Tz, which implies that z ∈ F (T ). The
proof is completed. �

Proposition 3.6. Let C be a nonempty closed convex subset of a real Hilbert
space H. Assume that T : C → C is a continuous asymptotically demicontrac-

tive mapping in the intermediate sense. Then F (T ) = F̂ (T ).

Proof. Let p ∈ F (T ). From Proposition 3.4, since F (T ) is closed, there exists
a sequence {xn} ⊆ F (T ) ⊆ C such that xn → p. Observe that xn − Tnxn = 0
for each n ∈ N, hence by continuity of T, we have xn − Txn → 0. Hence,

p ∈ F̂ (T ). Conversely, let p ∈ F̂ (T ). Then there exists a sequence {xn} ⊆ C
such that xn ⇀ p and xn − Txn → 0. From Theorem 3.3, since (I − T ) is
demiclosed at zero, we have p ∈ F (T ). This completes the proof. �

Motivated by the results of Aoyama and Kohsaka [2], we prove the following
existence theorem of fixed point for the class of asymptotically demicontractive
mappings in the intermediate sense.

Theorem 3.7. Let C be a nonempty closed convex subset of a real Hilbert
space H and Tn : C → C be a continuous asymptotically demicontractive
mapping in the intermediate sense for each n ∈ N. Let {xn} and {zn} be
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sequences in C defined by x1 ∈ C,

xn+1 = Tmn xn and zn =
1

n

n∑
k=1

xk,

for m,n ∈ N. Suppose that {Tn} is pointwise convergent to T, that is,

Tx = lim
n→∞

Tnx

for x ∈ C. Then we have the followings:

(a) The mapping T is asymptotically demicontractive in the intermediate
sense and ∩∞n=1F (Tn) ⊂ F (T ).

(b) If {xn} is bounded, then T has a fixed point and every weak cluster
point of {zn} is a fixed point of T.

Proof. (a) Let x, y ∈ C. Since Tn is an asymptotically demicontractive map-
ping in the intermediate sense for each n ∈ N, we have

‖Tmn x− Tmn p‖2 ≤ a2m‖x− p‖2 + k‖x− Tmn x‖2 + νm, (3.17)

for every m,n ∈ N, p ∈ F (T ). Taking the limit n→∞, we obtain

‖Tmx− Tmp‖2 ≤ a2m‖x− p‖2 + k‖x− Tmx‖2 + νm. (3.18)

Hence T is an asymptotically demicontractive mapping in the intermediate
sense. Moreover, let y ∈ ∩∞n=1F (Tn). Since Tn is pointwise convergent for each
n ∈ N, we have Tmy = limn→∞ T

m
n y = y. Using the continuity of T, we have

Ty = limn→∞ Tny = y. Hence, y ∈ F (T ). This implies that ∩∞n=1F (Tn) ⊂
F (T ).

(b) Suppose that {xn} is bounded. Then {zn} is also bounded and hence
there exists a subsequence {zni} of {zn} such that zni ⇀ z ∈ C. We now show
that z is a fixed point of T. Since Tn is an asymptotically demicontractive
mapping in the intermediate sense and xn+1 = Tmn xn, we obtain

‖xn+1 − Tmz‖2 = ‖xn+1 − Tmn z + Tmn z − Tmz‖2
= ‖xn+1 − Tmn z‖2 + ‖Tmn z − Tmz‖2

+2〈xn+1 − Tmn z, Tmn z − Tmz〉
≤ a2m‖xn − z‖2 + k‖xn − Tmn xn‖2 + νm

+‖Tmn z − Tmz‖(‖Tmn z − Tmz‖
+2‖xn+1 − Tmn z‖).

(3.19)

Hence,

µn + εn ≤ a2m‖xn − z‖2 − ‖xn+1 − Tmz‖2, (3.20)

where µn = k‖xn − Tmn xn‖2 + νm and

εn = −‖Tmn z − Tmz‖(‖Tmn z − Tmz‖+ 2‖xn+1 − Tmn z‖).
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Taking limit as m → ∞, using the continuity of T and the fact that {xn} is
bounded and {Tnz} is convergent. Then by Lemma 2.6, we have 1

n

∑n
k=1 µk →

0, and hence

1

n

n∑
k=1

(µk + εk)→ 0.

Hence by Lemma 2.7, z is a fixed point of T. This completes the proof. �

4. Mean Convergence Theorems

In this section, we prove some mean convergence theorems for the class of
asymptotically demicontractive mappings in the intermediate sense in Hilbert
spaces.

Lemma 4.1. Let C be a nonempty closed convex subset of a real Hilbert space
H and Tn : C → C be a continuous asymptotically demicontractive mappings
in the intermediate sense for each n ∈ N such that

F :=

∞⋂
i=1

F (Tn) 6= ∅.

Let {xn} and {zn} be sequences in C defined by x1 ∈ C,

xn+1 = Tmn xn and zn =
1

n

n∑
k=1

xk (4.1)

for m,n ∈ N. Then we have the followings:

(a) The sequence {xn} is bounded and {Pxn} converges strongly, where P
is the metric projection of H onto F .

(b) If each weak cluster point of {zn} belongs to F, then {zn} converges
weakly to the strong limit of {Pxn}.

Proof. (a) Since Tn is an asymptotically demicontractive mapping in the in-
termediate sense, we have

‖xn+1 − u‖2 = ‖Tmn xn − u‖2
≤ a2m‖xn − u‖2 + k‖xn − Tmn xn‖2 + νm,

(4.2)

for all u ∈ F and m,n ∈ N. Taking limit as m→∞ and using the continuity
of T, we see that {xn} is bounded and by Lemma 2.8, we have that {Pxn}
converges strongly.

(b) Since {zn} is bounded from (a), there exists a weak cluster point z of
{zn}. Suppose that {zni} is a subsequence of {zn} such that zni ⇀ z and w is
the strong limit of {Pxn}. Then we have to show that z = w. Since P is the
metric projection of H onto F and z ∈ F, we see from (2.1) that

〈z − Pxk, xk − Pxk〉 ≤ 0, (4.3)



Mean convergence theorems for asymptotically demicontractive mappings 625

for each k ∈ N. Since Tk is an asymptotically demicontractive mapping in the
intermediate sense, for each k ∈ N and Pxk ∈ F, we have

‖xk+1 − Pxk+1‖2 ≤ ‖xk+1 − Pxk‖2
= ‖Tmk xk − Pxk‖2
≤ a2m‖xk − Pxk‖2

+k‖xk − Tmk xk‖2 + νm,

(4.4)

for each k,m ∈ N. Taking limit as m → ∞ and by continuity of T, then we
have

〈z − w, xk − Pxk〉 = 〈z − Pxk, xk − Pxk〉
+〈Pxk − w, xk − Pxk〉

≤ 〈Pxk − w, xk − Pxk〉
≤ ‖Pxk − w‖‖xk − Pxk‖
≤ ‖Pxk − w‖‖x1 − Px1‖,

(4.5)

for each k ∈ N. Next, we sum these inequalities from k = 1 to ni, and dividing
by ni, we obtain〈

z − w, zni −
1

ni

ni∑
k=1

Pxk

〉
≤ 1

ni

ni∑
k=1

‖Pxk − w‖‖x1 − Px1‖. (4.6)

Since zni ⇀ z as i→∞ and Pxn → w as n→∞, we have 〈z−w, z−w〉 ≤ 0.
Hence, z = w. This completes the proof. �

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert
space H and Tn : C → C be a continuous asymptotically demicontractive
mapping in the intermediate sense for each n ∈ N. Let {xn} and {zn} be
sequences in C defined by x1 ∈ C,

xn+1 = Tmn xn and zn =
1

n

n∑
k=1

xk,

for m,n ∈ N. Suppose that {Tn} is pointwise convergent to T and

F :=

∞⋂
n=1

F (Tn) 6= ∅.

Then {zn} converges weakly to the strong limit of {Pxn}, where P is the metric
projection of H onto F .

Proof. Since Tn is a continuous asymptotically demicontractive mapping in
the intermediate sense and

⋂∞
n=1 F (Tn) 6= ∅ for each n ∈ N, by Lemma 4.1, we

know that {xn} is bounded. Hence, by Theorem 3.6 (b) we know that every
cluster point of {zn} belongs to F . It follows from Lemma 4.1 (b) that {zn}
converges weakly to the strong limit of {Pxn}. This completes the proof. �
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