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Abstract. In the present work, we aim at determine the coefficient bounds for certain
subclasses of convex functions of complex order, which are introduced here by means of a
family of nonhomogeneous Cauchy-Euler differential equations.

1. INTRODUCTION

Let A denote the class of functions f of the form
f(2) :z+Zakzk, (1.1)
k=2

which are analytic in the unit disk U= {z: z € C, |z| < 1}. A function f(z) €
A is said to be starlike of order b(b € C* := C\ {0}) and type S(0 < 8 < 1),
that is f(z) € Sy (B) if it satisfies the following

%{Hi (ZJ{;S) —1)} > B8, (€UbeC) (1.2)
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and is said to be convex of complex order b(b € C*) and type 5(0 < 5 < 1),
denoted by () if it satisfies the following

%e{uzzﬁéfj)} > B, (z€U,beC), (1.3)

where fRe{f(z)} is the real part of f(z). The classes S;(3) and Sp(3) were
defined by Frasin [1]. Note that S;0) = S and K(0) = K defined by Nasr
and Aouf [3] and Wiatrowski [5]. Also S7(8) = S*(8) and K1(8) = K(B)
which are, respectively, the class of starlike functions of order 8 and the class
of convex functions of order j.

Let M(b, A, 1, 8) denote the subclass of A consisting of functions f(z) which
satisfy the following condition

2 [ (2) + A= )22 (2) + 2f'(2))
e {1 T ( Az f7(2) + (X = )22 f"(2) + zf'(2) 1)] > B, (14)

where 0 < p < A< 1,0< B <1,be C" and z € U. For u = 0, the class
M(b, A, u, B) reduces to the class introduced by Kamali [2].

Clearly, we have M(b,0,0,3) = Ky(f). The main object of this paper is
to derive some coefficient bounds for the class M (b, A, u, §) also for functions
in the subclass J (b, A\, u, 8;m, 7) of A , which consists of functions f(z) € A
satisfying the following nonhomogeneous Cauchy-Euler differential equation

d™w m d™ 1w m\ !
m> -1 m—1 . .
z dzm—i-(l)(T—l—m )z ot T +<m)wjl;[0(7'+])

L (1.5)
H T+j+1
7=0

(w=f(2);9(z) € M(b,\, 1, B);7 € R\ (=00, —1];m e N* =N\ {1} = {2,3,... }).

2. COEFFICIENT ESTIMATES FOR THE FUNCTIONS CLASS M(b, A, , 3)

Our first result given by Theorem 2.1 below:

Theorem 2.1. Let the function f(z) € A be given by (1.1). If f(z) €
M(bv)\auvﬁ)z then

[1;250 + 2[bl(1 - B)]
nl1+ Apn—2)+ A —p)(n—1))
where 0 < u < A<1;0<8<1 andbe C*.

n € N*, (2.1)

‘an’ <



Coefficient bounds for certain subclasses of complex order type 657

Proof. Let the function f(z) € A be given by (1.1), and let the function H(z)
be defined by

H(z) = M2 f7(2) + (A = w22 f"(2) + 2f(2). (2.2)

Then the function H(z) is analytic in U with H(0) = H'(0) — 1 =0.
From (1.1) and (2.2) it is obvious that

H(z) = z+ZSkzk, zeU,
k=2

where
S =1+ Ak —2)+A—p)(k—1)]kar, (keN*). (2.3)

Now we define the function ¢(z) by

LG - D -8

= =3 _

q(z)
Also, we assume that
q(z) =1+crz+caz? +---. (2.5)

So from (2.4) we obtain

141 (ZH/(Z) - 1> —B=01-B)A+c1z+ec2z*+--), (2.6)

b\ H(z)
or, equivalently,
2H'(2) — H(z) = H(2)b(1 — B)(c12 + caz® +---). (2.7)

Using (2.7), we conclude that
(2—-1)S2 =b(1 — B)eq,
(3—1)S3 =b(1—B)[c152 + ¢2],
(4—1)Ss =b(1 — B)[c153 + c2S2 + 3],

(n — 1)Sn = b(l — 6) [Clsn,1 +cSp_o0+ -+ Cnfl]. (28)

As |ep| <2, n=1{1,2,3,---}, from (2.8) we have
|S2| = [b(1 = B)ei
< 208/(1- 9), (2#)
2[83| = [b(1 — B)[c152 + 2|
< [0](1 = B)[252 + 2] (2.10)

< 2[b|(1 = B)[1 + 2[b|(1 - B)],
3’S4| = ‘b(l — ,8)[0153 + 959 + 03” (2.11)
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6]S4] < 2|b|(1 — B)[S5 + S2 + 1] (2.12)
< 2[b|(1 = B[ +2[b|(1 = B)][2 + 2[b|(1 — B)]. '
Using (2.9), (2.10) and (2.12), we get
[L;07+20l(1=5)]
52| < G- ,j =0,
17+ 20b|(1 —
s L2001,
9 b —
s PO
and )
"5+ 20b|(1 —
By = AL L LRI
From (2.3), it is clear that
Spi=[14+Aun—2)+A—pn)(n—1)na,, (neN¥) (2.13)
implies
) < Lol + 20011 =B
Tl Au(n —2) A=) (n—1)]
O

Putting 4 = XA = 1, we get the following corollary.

Corollary 2.2. Let the function f(z) € A be given by (1.1), and satisfies the

condition [ » ) 2]
1/ 2[22 f"(2) + +2f(2)
welies (S Y] e 24

then
15205 + 2[bl(1 = B)]

<
lanl < nl(n?=3n+3)

n € N*,
where 0 < <1 and b € C*.

Putting u = A = 0, we get the following result obtained by Nasr and Aouf
[4].
Corollary 2.3. If a function f(z) € A is in the class Ky, then
[15250 +21b]]

jan] < n!
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3. COEFFICIENT BOUNDS FOR THE CLASS J (b, A, i, B;m, T)

Theorem 3.1. Let the function f(z) € A be given by (1.1). If f(z) €
j(b>)‘7#76;m,7—>, then

IT=50 + 20611 = BT (r + 5 + 1)
a1+ (Au(n = 2) + A= p)(n = DT (T + 5 +n)

|an| < m,n € N¥,

(3.1)
where 0 < p<A<1;0<8<1,beC* and T € R\ (—o0,—1].

Proof. Let the function f(z) € A be given by (1.1), also let the function
9(2) = 2 + Y2y di2® € M(b, A\, i, B), implies

[T5=51 + 20611 = B)]

dl < 14+ Au(n—2) + A —p)(n—1)] (32)
From (1.5), we have

m—1 .

ap = (H;_01(7+‘7_ hl 1)> dp, myneN", 7R\ (—o0,—1].
Hj:(] (tT+j+n)
Using (3.2), we get
] < 1515 + 201 = B T (r + + 1)
T4 O —2) + A — ) (n— DT (r 5 +n)
Il

Putting 4 = A = 1, we get the following corollary.

Corollary 3.2. Let the function f(z) € A be given by (1.1). If f(2) satisfies

the equation (1.5) and g(z) = z + > oo, dr2¥ satisfies the condition (2.14),

then

[1200 + 20l (1 - AT (7 +4 + 1)
n!(n? — 3n + 3) H;":_Ol(T +j+n)

’an| < , m,TLEN*,

where 0 < S <1,be C* and T € R\ (—o0, —1].
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