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Abstract. A new class in the open unit disc of analytic p-valent functions is introduced
in this paper. This subclass S;f;)j (a1,b1,a, 8, A, B,v) is mainly defined by the generalized
hypergeometric function. The majorization properties for the functions in this class are

introduced. Moreover, we investigate the coefficient estimates for this class.

1. INTRODUCTION AND PRELIMINARIES

We begin by letting U = {z € C:|z| <1} be the open unit disk of the
complex plane and A, denote the class of functions of the form:

f(z) =2+ Zap+kzp+k (pe N={1,2,3,...}), (1.1)
k=1
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which are analytic and p-valent in U. For simplicity, we write A4; = A. The
Hadamard product (or convolution) f * g for two analytic functions f defined
n (1.1) and

[e.e]
9(2) =22+ byttt
k=1
is given by

oo
f(2) * g(z) = 2P + Z ap byt
k=1
Let f and g be two analytic functions in U. Then we say that f is majorized
by gin U (see [9]) and write

flz) <g(z)  (2€U), (1.2)
if there exists an analytic function ¢(z) in U such that
[0(2) <1, f(2) =¢(2)9(z) (€ U). (1.3)

It may be noted here that (1.2) is closely related to the concept of quasi-
subordination between analytic functions.

Given two analytic functions f and g in U, the subordination between them
is written as f < g or f(z) < g(z), that is, we say f(z) is subordinate to g(z)
if there is a Schwarz function w with w(z) =0, |w(z)|<1, (z € U) such that
f(2) = g(w(z)) for all z € U. Furthermore, if g(z) is univalent in U, then
f < g if and only if f(0) = ¢g(0) and f(U) C g(U).

El-Ashwah [6] studied the p-valent function H,(a1,b1;2), which defined by
generalized hypergeometric function as follows:

’Hp(al,bl, _Zp+z k B peN (14)
where a; € C,b, € C\ {0,-1,-2,..},(i = 1,...,7,n = 1,....s), and r <

s+ 1;7, s € Ny, and (v) is the Pochhammer symbol defined by

_Tw+k) [ ovwo+1)..(v+k-1), k=1,2,3, ...,
(U)k_r(’u)_{L k=0.

The following defines the familiar Mittag-Leffler function E,(z) which is
introduced by Mittag-Leffler [10] and [11] and its generalization E, g(z) is
introduced by Wiman [21]

Mg

k:or ak‘—l—l
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and

£l = 2 Fak v By

where «, 8 € C, Re(a)>0 and Re(/3)>0

As a result, a lot of useful work have been made by many researchers in at-
tempt to explain Mittag-Leffler function and its generalization, for examples,
see [3], [14], [18], [19] and [20].

Corresponding to E, 5(z), we define the function Q, g(z) by
Qap(2) = 2I'(B)Eap(z )
_ k-
-t Z T(a(k — 1 +B)”

=2

Now, for f € A we define the following differential operator: DY*(a, ) f :
A — A by

DX(e, B)f(2) = f(2) * Qa,(2), (1.5)
Di(a, 8)f(2) = (1 = N(f(2) * Qa,5(2)) + Az(f(2) * Qa,5(2)) (1.6)

D(e, B)f(2) = DA(DY e, B) f(2)) (1.7)
If f in A, then from (1.6) and (1.7) we see that

DY (e, B)f(2) =z + Z[l + (k- 1))\]mf‘(a(kr—(ﬁl)) n ﬂ)akzk. (1.8)

Now, we define the operator DY'(a, 3)f(2) in (1.8) of a function f € A,
given by (1.1) as

m _ [P+ EA]T T K
D)\’p(a,ﬁ)f(z)—zp—i—;[ p } F(ak+6)ap+kz tP peN, (1.9)

where m € Ng, A > 0.

Corresponding to Hy (a1, bi; 2) which defined in (1.4), DY’ (e, 8) f(2) defined
in (1.9) and using Hadamard product, we define a new generalized derivative
operator DY’ (av, 8,a1,b1) f(2) as follows:
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Definition 1.1. Let f € A,. Then the generalized derivative operator
QT,p(Oé, B,a1,b1)f(2) : A, — A, is given by

~X’fp(a7 57 ai, bl)f(Z)
= Hp(a1, b1; 2) * DY (e, B) f(2)

oo o (1.10)
— P + Z [p + k’)\:| I‘(ﬂ) (al)k...(ar)k ap+kzp+k
=1 P F(Ozk + ﬁ) (bl)k(bs)k k! ’
We can easily verify from (1.10) that
PO (o, B, a1,b1) £(2) = (p — pPADY, (v, B,a1,b1) f(2) .

+A2(DF, (0, B,a1,01) ()
Remark 1.2. It can be seen that

e Forr=1,s=0,a;1 =1,a=0,6=1and p =1, we get Al-Oboudi
operator [1].

etorr=1,s =0,a1 = 1L,a=0,=1, A =1and p = 1, we get
Salagean operator [17].

e Forr=1,s=0,a1 =1,m=0and p =1, we get E, g(2) [19].

e Form =0,a =0 and 5 = 1, we get the operator studied by El-Ashwah
[6].

e Form=0,a=0,=1,r=1,s=0,a1 =§+ 1 and p = 1, we obtain
the operator introduced by Ruscheweyh [16].

e For m = 0,a = 0,8 = 1,r = 2,s = 1 and p = 1, we obtain the
operator which was given by Hohlov [8].

e Form=0,a=0,6=1,r=2,5s = 1,as—1 and p = 1, we obtain the
operator was given by Carlson and Shaffer [4].

e Form =0, =0,8 =1 and p = 1 we obtain the operator studied by
Dziok and Srivastava [5].

Next, as a result of full utilization of differential operator 5%7(04, Bya1,b1)f(2),
we define and study the class S)T\n]’)j(al, b1, a, 5, A, B,~) as follows:

Definition 1.3. Let f € A,. Then f € STI’;j(al,bl,a,ﬁ,A,B,’y) of p-valent
functions of complex order v # 0 in U, if it satisfies the condition

1_|_l Z(N?;\rfp(a’67a17bl)f(z)

(318 al,bl)f(z)>j

(G+1)
) - 1+ Az
14+ B2’

—p+J (€ U)

(1.12)
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where p € N;m,j € Ng = NJ{0},7y € C\ {0}, > 0,-1 < B<A < 1,q; €
C,b, e C\{0,-1,-2,..},(i=1,....,m,n=1,....,s),and r < s+ 1;7,s € Np.

Remark 1.4. It can be seen that, by specializing the parameters, the class
S/T\n]’f (a1,b1,, 8, A, B,) is reduced to numerous known subclasses of analytic
functions, for examples:
e when m = 0,0 =0,8=1p=1,j =0,r =2,5s = 1,01 = bj,a2 =
1,A=1and B = —1, then the class S:?];J(al,bl,a,ﬁ,A,B,v) reduces
to the class .
e when m =0, =0,=1Lp=1,j=1r=2s5=1a =b,ax =
1,A=1and B = —1, then the class S;?I;](al,bl,a,ﬁ,A,B,’y) reduces
to the class C,.
e when m = 0,a =0,8=1,p=1,j =0,r =2,s = l,a1 = bj,a2 =
1,A=1,B= —1and v = 1-§ then the class STI’)](al,bl,a,ﬁ,A,B,’y)
reduces to the class S*(9).

The classes S, and C, are the classes of starlike and convex of complex of
order v # 0 in U introduced by Nasr and Aouf [12] and the class S*(0) denote
the class of starlike functions of order ¢ in U (see [15]).

2. MAIN RESULTS

In our first theorem, we begin with majorization problem for functions
belonging to the class S;\"];J (a1,b1,, 8, A, B,7).

Theorem 2.1. Let f € A, and suppose that g € STéj(al,bl,a,ﬁ,A,B,y).

~ () . o ~ @
17 (D%, (. B,01,00)f(2)) i majorized by (DT, (e B,a1,b1)g(2)) " in U,
then

(3 )| < | (B i) 7| o 1<
(2.1)

where rog = ro(p, \,y) is the smallest positive root of the equation
Pha-m+(5) 8| |(5) 28|
== () ()

for =1 < B<A<1;A>0;peN; yeC\{0}.
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Proof. Since g € S;n;)j(al,bl,a,ﬁ,A,B,fy) we find from (1.12) that

1 z(’)SAp( ,B,a1,b1)g(z ))OH) _ 1+ Aw(z)

3 S opti| = ’
() 11 B
i (gz\fp(a»ﬁval,bﬁg(z)) w(z)

where v € C\ {0},7,p € N and w(2) = dyz + d22% + ...,w € P, P denotes the
well-known class of bounded analytic functions in U (see Goodman [7]) with

w(0) =0, Jw(z)|<l (z€ U).

(2.3)

From (2.3), we get
~ (+1)
z (QK?p(aa /87 ai, bl)g(z)>

=g+ (A= B)+ - j)Blw(z)
<C‘5§:Lp(a,5,a1,b1)g(z)>(j)

B 1+ Bw(z)

(2.4)
It follows from (1.11) that

(B By, ) NI = L (B0, 5,1, 00) ()
~ ()
+(p=i= ) (Bple Brarb)f ()
(2.5)
Combining (2.4) and (2.5), we can get
~ €)
‘(@Kfp(a,ﬁ,al,bl)g(zv !
p
~ ) L+ 1B]l=]] - ;
< ()‘> (@f\f;l(a,ﬁ,al,bl)g(z))(]) . (2.6)

T -ha-B)y+(5) 18112

~ () ~ ()
Next, since (@;\rfp(oz,ﬁ, ai, bl)f(z)) ’ is majorized by <©’;\fp(a, B,a1, bﬁg(z)) ’
in U, it follows from (1.3) that

(3% 0. 8.00.00 ()" = 6() (B (e B b)) (27)

Differentiating (2.7) with respect to z and multiplying by z, we get
(+1) ()

2 (B Banb) () = 26(2) (D (o Brar, ba)g(2))

. Ly (29)
+20(2) (B (0 Brarb)g()
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Now, using (2.5) in (2.8), it yields
, ~ ©)
- N0 @) (B 8anbig(a)
( Ap (a7ﬁ7a17 1)f(2)> - p/)\ (29)
~ )
+(2) (D55 (0 B,a1,b)g(2))
Noting that ¢(z) € P satisfies the inequality (see [13])

_ 2)[2
6 (2)] < 11_|¢|(Z|2)| (z € U), (2.10)

and making use of (2.6) and (2.10) in (2.9), we get

’ (353\7;_1((17 Bv ai, bl)f(z)) v

1—[p(2)]? 2[(1 +[Bl[2])
TR (2 -+ ()]

(374 (0 Ban b)g(2))

<

|6(2)] +

(2.11)

X

Let |z| =r and |¢(2)] = p, (0 < p <1). Then we have

(35 @ pantnr(z) |

< Y(p)
Sl o ()

)

} ‘<5ﬁgl(a,ﬁ,a1,b1)g(z)>(j>

(2.12)
where

vip) = —r(+1BI0 + (1= [(§) = [pa-B)+ () 8]
+r(1+|B|r)

2.13)

takes its maximum value at p = 1, with ro = r79(p, A,y) and r¢ is the smallest
positive root of (2.2). Moreover, if 0 < ¢ < rg, then the function x(p) defined
by

x(p) = =01+ [BI)p* + (1= v%) x [(B) = |ya— )+ (§) B|v] »

+9(1 + |B|Y) ( |
2.14
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is an increasing function on the interval 0 < p < 1, so that
b b
x(p) <x() = (=) [(§) = a-B)+(3) Bl 9] o

0 <9 <rp, 0<p<1. Hence, setting p =1 in (2.12), we conclude that (2.1)
of Theorem 2.1 holds true for

‘Z| <ro= TO(p> )‘77)7

where ro(p, A, 7) is the smallest positive root of (2.2). This completes the proof
of Theorem 2.1. O

Putting A =1 and B = —1 in Theorem 2.1, we obtain the following corol-
lary.

Corollary 2.2. Let f € A, and suppose that g € S;Tjéj(al,bl,a,ﬁ,v). If
~ () ~ ()
(@i\’fp(a,ﬁ,al,bl)f(z)) 7 is magjorized by (@;’fp(a,ﬁ,al,bl)g(z» " in U, then

(355 i) | <| (B same@) 7| o <

where
- o

p
2‘2 - =
TN

To = ro(pv )‘77) =

and =2+ (2) |2y -£[.0z pe Ny e C\ {o)).

Puttingp=1,m=0,7=0A=1,a=0,=1,r=2,s =1,a; = by and
as = 1 in Corollary 2.2, we get the following corollary:

Corollary 2.3. ([2]) Let f € A, and suppose that g € Sy. If f(z) is majorized
by g(z) in U, then we have

/

1) <

/

@ for Iel <,

where

3412y —1| - \/9+2y2fy—1\+\2fy—1\2
2[2y — 1 ‘
For v =1, Corollary 2.3 reduces to the following result:

To =To\Y) =

Corollary 2.4. ([9]) Let f € Ay, and suppose that g € S* = §*(0). If f(z) is
magjorized by g(z) in U, then we have

Fe|<|g@| for <2-va
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Now, we obtain the coefficient estimate for a function belongs to the class
Sj\rvll;](al’bha?/@aA?B,r}/) when ] =0.

Definition 2.5. Let f € A, then f € STp(al,bl,a,B,A,B,'y) of p-valent
functions of complex order v # 0 in U, if it satisfies the condition

!

1 z <5Kffp(aaﬁv ag, bl)f(Z)) 1+ Az
I+ 7= ) S 1By
T (5,800 £ () ?

where p € Nym € Ng = N|J{0},7 € C\ {0}, > 0,-1 < B<A < 1,q; €
C,b, e C\{0,-1,-2,..},(i=1,...,my,n=1,...,8),and r < s+ 1;r,s € Ny.

(2.15)

Theorem 2.6. Let f € A,. if f satisfies the condition

SR [k + (A - B) — kBl [M52]  neapel
I(A-B) =h
then f € S;\r}p(alablyaaﬁ7A7B77)'

Proof. Let [ € S;?p(al,bl,a,ﬁ,A,B,y). Then we can write (2.15) as follows:

(2.16)

/

1_|_l 2(357;\fp(a,5,a1,b1)f(2)> . :M
gl (57Xfp(a,5,a1,b1)f(z)) 1% Bu(z)’

which implies

z (6%(@75,&1,51)

1(2)
p -Dp
(D7, 8,1, 00)f(2))
~ , (2.17)
2 (D%, (0,01, 01)£(2) )
— - -B| || w)
(D, (e 8.a1,0)1(2))
From (2.17), we obtain
00 ] (B a ar)k
pzP + Zk:l [p+p } (agchﬁ) (531;): (l()S)Zkl (p+k)a +kzp+k -
kA INEC] a
2+ O [25] ws éﬁi’“ e ek
pzp+zk: prkA] ™ 1;(/3) (al)k (av)k (p—i—k)a +kzp+k:

00 AT (B a
2+ T [ r(aiﬁﬁ) (%lﬁ)k e
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which yields

+k\ I a Qr
1 [p } Ik 18) Tk

0o 1™ T B a ar
1+Zk=1 el e e

00 +k\ (B a ar k
Zkzlk[pp } e e T T

=¢v(A-B)-B w(z).
1+ T[22 bl gl fecdh oy ot
Since |w(z)| <1,
> p+ kX m F(,B) (al)k...(ar)k k
2k { } T(ak + B) (b1)-(bs)k! 77
N pHEAN]" T (a)k-(ar)k k
< |v4=5) kZl[Bk (A B”[ » ] Tk + B) (br)io(bo)ukt 7% |

Letting |z| — 1~ through real values, we have

= p+m]m T8 (a1)k--(ar)
k+|y(A—-B)—-kB a
>kt (4 B) kB | b et o
< [y|(A = B).
Therefore, we have
00 T
SR+ A - ) 81 (4] il il
[7|(A - B) -
This completes the proof of Theorem 2.6. O
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