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1. INTRODUCTION

Fixed point iteration process for nonexpansive self-mappings including Mann
and Ishikawa iteration processes have been studied extensively by various au-
thors [8, 10, 14]. For nonexpansive nonself-mappings, some authors [9, 12,
18, 19, 23] have studied the strong and weak convergence theorems in Hilbert
space or uniformly convex Banach space. In 1972, Goebel and Kirk [7] in-
troduced the class of asymptotically nonexpansive self-mappings, who proved
that if C is a nonempty closed convex subset of a real uniformly convex Ba-
nach space and 7' is an asymptotically nonexpansive self-mapping on C, then
T has a fixed point.

Let C be a nonempty closed convex subset of real normed linear space X.
A self-mapping T : C — (' is said to be nonexpansive if

1T(x) =T < llz -yl
for all z;y € C. A self-mapping T : C' — C is called asymptotically nonex-

pansive if there exists a sequence {k,} C [1,00), k, — 1 as n — oo such
that

[T =Ty < kallz -yl (1.1)

for all z,y € C and n > 1. A mapping T : C' — C is said to be uniformly
L-Lipschitzian if there exists a constant L > 0 such that

[T"x = T"y|| < Lllz -yl (1.2)

for all z,y € C and n > 1. A self-mapping T : C — (' is called asymptotically
quasi-nonexpansive if F(T) = {x € C : Tx = x} # 0 and there exists a
sequence {k,} C [1,00), k, — 1 as n — oo such that

[Tz =Tyl < knllz—yl (1.3)

for all z € C, for all y € F(T).

It is easy to see that if T is an asymptotically nonexpansive, then it is
uniformly L—Lipschitzian with the uniform Lipschitz constant L = sup{k,, :
n > 1} and asymptotically quasi-nonexpansive.

The class of mappings which are asymptotically nonexpansive in the inter-
mediate sense was introduced by Bruck et al.[1]. It is known [11] that if C is a
nonempty closed convex bounded subset of a uniformly convex Banach space
X and T is a self-mapping of C' which is asymptotically nonexpansive in the
intermediate sense, then T' has a fixed point. It is worth mentioning that the
class of mappings which are asymptotically nonexpansive in the intermediate
sense contains properly the class of asymptotically nonexpansive mappings.

A self-mapping T is said to be asymptotically nonexpansive in the inter-
mediate sense (see, e.g., [1]) if it is continuous and the following inequality
holds:
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limsup sup (|T" — Tyl — o —y]) < 0. (1.4)
n—oo z,yeC

If F(T) # 0 and (1.4) holds for all z € C, y € F(T), then T is called
asymptotically quasi-nonexpansive in the intermediate sense.

In 2006, Jing Quan et al.[15] studied necessary and sufficient conditions
for the so called finite-step iterative sequences with mean errors for a finite
family of asymptotically quasi-nonexpansive-type mappings in Banach spaces
to converge to a common fixed point of members of the family. A mapping
T is said to be the asymptotically quasi-nonexpansive-type if T" is continuous
and

limsup{ sup ([|T"z —p|*— |z —p|*)} < O. (1.5)
n—oo  zeC,peF(T)

Observe again that (1.5) implies

limsup{ sup  ([|[T"z —p| — [z = pI)([[T"z — p|| + [z —p[)} < O
n—oo  xeC,peF(T)

which implies

limsup{ sup ([[T"z —p| —|z—pl)} < O (1.6)
n—oo  zeC,peF(T)
so that asymptotically quasi-nonexpansive-type mappings studied by Jing
Quan et al.[15] reduce to mappings which are asymptotically quasi-nonexpansive
in the intermediate sense.

The concept of asymptotically nonexpansive nonself-mappings was intro-
duced by Chidume et al. [6] in 2003 as the generalization of asymptoti-
cally nonexpansive self-mappings. The asymptotically nonexpansive nonself-
mapping is defined as follows:

Definition 1.1. [6] Let C be a nonempty subset of a real normed linear space
X. Let P : X — C be a nonexpansive retraction of X onto C. A nonself-
mapping T : C — X 1is called asymptotically nonexpansive if there exists a
sequence {kn,} C [1,00), kp, — 1 as n — oo such that

IT(PT)" " e = T(PT)" 'yl < knllz —y| (1.7)

for all x,y € C and n > 1. T is said to be uniformly L-Lipschitzian if there
exists a constant L > 0 such that

IT(PT)" 2 —T(PT)" 'y < Lllz—yl| (1.8)
for all xz,y € C and n > 1.
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By studying the following iteration process:

21 €C, o1 = P((1—an)z, +a,T(PT)" xy,), (1.9)

Chidume et al. [6] proved weak and strong convergence theorems for asymp-
totically nonexpansive nonself-mappings in Banach spaces and extended the
corresponding results of [2, 13, 16, 17].

In 2007, Tian, Chang and Huang [22] introduced the concept of asymptot-
ically quasi-nonexpansive-type nonself-mappings and studied necessary and
sufficient conditions for the so called N-step iterative sequences with errors for
a finite family of asymptotically quasi-nonexpansive-type nonself-mappings in
Banach spaces to converge to a common fixed point of members of the family.

Definition 1.2. [22] Let C' be a nonempty subset of a real Banach space X.
Let P: X — C be a nonexpansive retraction of X onto C. A nonself-mapping
T:C — X is called asymptotically quasi-nonexpansive if F(T) # () and there
exists a sequence {kn} C [1,00), ky, — 1 as n — oo such that

IT(PT)" 'z —pll < kallz —pll (1.10)

forallx € C;p € F(T) andn > 1. T is said to be asymptotically nonexpansive-
type nonself-mapping if

limsup{ sup (|7(PT)" e = T(PT)" 'y| - |z —yl)} < 0. (L11)
n—oo  g,yeC
T is said to be asymptotically quasi-nonexpansive-type nonself-mapping if F(T)

# 0 and

limsup{ sup (HT(PT)”*lx —pll—=llzx—=pl)} < O. (1.12)
n—oo  zeC,peF(T)

If T is a self-mapping, then P becomes the identity mapping so that (1.7),
(1.8) and (1.10) reduce to (1.1), (1.2) and (1.3), respectively. (1.11) reduces
to (1.4). (1.12) reduces to (1.6).

It is easy to see that if T : C' — X is an asymptotically nonexpansive nonself-
mapping, then T is an asymptotically nonexpansive-type nonself-mapping. If
T :C — X is an asymptotically quasi-nonexpansive nonself-mapping, then T’
is an asymptotically quasi-nonexpansive-type nonself-mapping. If F(T) #
and T : C' — X is an asymptotically nonexpansive-type nonself-mapping, then
T is an asymptotically quasi-nonexpansive-type nonself-mapping.

Tian, Chang and Huang [22] considered the following iteration process:
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Let X be areal Banach space, C' a nonempty convex subset of X, P : X — C
a nonexpansive retraction of X onto C. Let T1,T5,...,Tny : C — X be an
asymptotically quasi-nonexpansive-type nonself-mapping.

(iL'l S C,
Tn4+1 = P((l — Qp1 — bnl)mn + an11y (PTl)n_lynl + bnl“nl)»
Ynl = P((l — an2 — an)xn + an2T2(PT2)n_lyn2 + bn2un2),

Ynn—2 = P((1 — ann—1 — bun—1)Zn + ann—1TN-1(PTN-1)""‘ynn_1
+banluanl)7
YnN—-1 = P((l — QpN — bnN)xn + anNTN(PTNyLilxn + bnNunN)a

where {ani}o2 1, {bni}o>q, ¢ = 1,2,..., N are real sequences in [0, 1] satisfy-
ing the conditions ap; + by < 1forallmn > 1,4 =1,2,...,N, and {up;}32 4,
1=1,2,..., N are bounded sequences in C.

Very recently, a new iterative scheme which is called the projection type
Ishikawa iteration for two asymptotically nonexpansive nonself-mappings in
a uniformly convex Banach space was defined and constructed by Thianwan
[21]. It is given as follows:

Yo = P((1—=Bp)zn + B To(PTo)" 'ay,),
Tni1 = P((1—an)yn+ T (PT)" y), n>1, (1.13)

where {ay,} and {8,} are appropriate real sequences in [0,1). He gave some
strong and weak convergence theorems of such iterations under some suitable
conditions in a uniformly convex Banach space.

If Ty =T and (3, =0 for all n > 1, then (1.13) reduces to (1.9).

Inspired and motivated by these facts, a new type of multistep iterative
sequence is introduced and studied in this paper. This iterative sequence can
be viewed as an extension for Ishikawa type iterative schemes of Thianwan
[21].

Let X be a normed space, C' a nonempty convex subset of X, P: X — C
a nonexpansive retraction of X onto C' and 711,75,...,Ty : C — X given
mappings. We define the iterative sequence {x, } by
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(1'1 € C,

i1 = P((1 — an1 — bp1)wn + am Ty (PTY)" Y2y + buauny), if N =1, n > 1,
r1 € C,

Tnt1 = P((1 = an1 — bn1)yn1 + a1 TL(PT1)" Y1 + bpiting ),

Yn1 = P((1 — an2 — bn2)yn2 + an2To(PT2)" Lyna + bpouns),

YnN—2 = P((1 — ann—1 = ban—1)YnN-1+ ann-1TN-1(PTN—_1)" " ynn—_1
+bpN—1UnN-1),

YnN—-1 = P((l — QpN — bnN)xn + anNTN(PTN)n_l-Tn + bnNunN)a if N > 2,

n>1,

(1.14)
where {ani}22 1, {bni}o,, @ = 1,2,..., N are appropriate sequences in [0, 1]
and {un;}>°,,i=1,2,..., N are bounded sequences in C.

The iterative scheme (1.14) is called the projection type multistep iterative
scheme with errors for a finite family of asymptotically quasi-nonexpansive-
type nonself-mappings.

If N=2and by; =0foralln>1,i=1,2,3,4,..., N, then (1.14) reduces
to (1.13).

The purpose of this paper is to construct an iteration scheme for approxi-
mating common fixed points of finite family of asymptotically quasi-nonexpan-
sive-type nonself-mappings and give necessary and sufficient conditions for the
convergence of the scheme to common fixed points of the mappings in arbi-
trary real Banach spaces. Furthermore, in the case that X is a real uniformly
convex Banach space, a sufficient condition for convergence of the iteration
process to a common fixed point of mappings under our setting is established.

Now, we recall some well known concepts and results.

A subset C of X is said to be retract if there exists a continuous mapping
P : X — C such that Pz = z for all x € C. Every closed convex subset of a
uniformly convex Banach space is a retract. A mapping P : X — (' is said to
be a retraction if P? = P. It follows that if a mapping P is a retraction, then
Pz = z for every z € R(P), the range of P.

For studying the strong convergence of fixed points of a finite family of
nonexpansive mappings, Chidume and Shahzad [4] introduced a condition
(B) which is more weaker than 7' is demicompact.

A finite family {7; : i = 1,2,..., N} of N mappings from C to X with
F =nX,F(T;) # 0 is said to satisfy
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(1) condition (B) [4] if there is a nondecreasing function f : [0,00) —
[0,00) with f(0) = 0 and f(r) > 0 for all » € (0,00) and all x € C
such that 121%(\/{“:6 —Tiz||} = f(d(z, F));

(2) condition (C) [3] if there is a nondecreasing function f : [0,00) —
[0,00) with f(0) = 0 and f(r) > 0 for all » € (0,00) and all x € C
such that ||z — T;z| > f(d(x, F)) for at least one T;,7=1,2,..., N.

Note that condition (B) and condition (C') are equivalent (see [3]).
In the sequel, the following lemmas are needed to prove our main results.

Lemma 1.3. [[20]/ Let {an} and {t,} be two sequences of nonnegative real
numbers satisfying the inequality

nt1 < ap +ty forall n > 1.
If 5700 ty < 00, then limy, o ay exists.

Lemma 1.4. [[5]] Let X be a uniformly conver Banach space and B, = {x €
X :||z|| <7}, > 0. Then there exists a continuous, strictly increasing, and
convez function g : [0,00) — [0,00),g(0) = 0 such that

1Az + By +vz)1* < Alzl* + Bllyll* + vlI=1* = ABg(ll« — yl)),
forall x,y,z € By, and all \, B,y € [0,1] with A+ 5+~ =1.

2. MAIN RESULTS

2.1. Necessary and sufficient conditions for convergence.

Theorem 2.1. Let X be a real Banach space and C a nonempty closed
convex nonexpansive retract of X with P as a nonexpansive retraction. Let
T1,T5,...,TNn : C — X be N asymptotically quasi-nonexpansive-type nonself-
mappings such that F = NN, F(T;) # 0 and closed (here F(T;) denotes
the set of fized points of T;). Let {an;}5>, i = 1,2,...,N and {bni}>24,
i=1,2,...,N be real sequences in [0,1] such that ap; + bp; <1 for alln > 1,
i =1,2,...,N, and > ;7 ani < 00, Y o by < 00,4 = 1,2,....N, and
let {uni}o2, i = 1,2,...,N be bounded sequences in C. From an arbitrary
z1 € C, define the sequence {x,} by (1.14). Then {x,} converges strongly to
a common fixed point of 11,15, ..., TN if and only if

liminf d(z,, F') = 0,
n—oo

where d(xp, F) = infycp ||z, —yl|, n > 1.
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Proof. The necessity of the conditions is obvious. Thus, we will only prove
the sufficiency. Let p € F, by boundedness of the sequences {u,;}22, i =
1,2,..., N, so we can put

M = sup Hum _p”-
n>1, i=1,2,...,N

Since T1,Ts,..., Ty : C — X are asymptotically quasi-nonexpansive-type
nonself-mappings, for any given € > 0, there exists a natural number ng such
that for all n > ng and 2* € F

sup  {|T(PT)" e —a¥|| — [l — ™[} <e.
zel, i=1,2,...,N

Since {x,} and {yn;} C C,i=1,2,...,N — 1, for any n > ng and z* € F, we
have

T (PT)" Yyt — 2*|| = lym — 2*|| <,

[ T2(PT2)" a2 — a*|| = lyn2 — 2*|| <,
: (21)

| TN—1 (PT)™ Yyun—1 — || = |lynn—1 — 2*| <&,

TN (PTN)" Y2, — 2| — |20 — 2] < €.

For each n > ng, using (1.14) and (2.1), we have

lyn1 = pll = |P((1 = anz — bp2)yn2 + anaTo(PTo)™"  yna + bugting) — P(p)||
< H(l — Gn2 — bn?)yn2 + an2T2(PT2)n_lyn2 + bpotn2 — pH
< (1= an2 — bp2) || yn2 — pll + ana|| To(PT2)" yna — p||

+bn2Hun2 _p”
= (1= bn2)llyn2 = pll + ana(| T2 (PT2)" yn2 — pll = llym2 — pl))
+bn2Hun2 _p”

< (1 - bn?)HyHQ - p” + an2e + bn2M
< lyn2 — pll + anze + bpa M.

Continuing, we get that

lyni = Il < llyni+1 — pll + @nit1e + bpiya M, i =1,2,... . N —2.  (2.2)
By using (1.14) and (2.1), we have
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[ynn—1 — 1|
= [|P((1 = ann — ban)@n + annTn (PTN)" 2y + bununn) — P()||
<X = ann — bun) T + annTN (PTN)" 2y 4 buntny — |
< (1= ann = bunl|n = p|| + ann || Tn (PTN)" " 2y — p
+ bpn||unn — p|
= (1= ban)l|zn = pll + ann (I TN (PTN)" 2y — pl| = [l — p]|)
+ bun|lunn — P
< (1= bnn)l[#n = pll + anne + buy M
< lln = pll + anne + bun M. (2.3)

From (2.2) and (2.3), we have
[ynn—2 = Pl < lynn—1 —pll + ann—18 + bpn_1 M

< lzn — pl| + anne + bpn M + apy—1€ + byy—1 M
= ||:En - p” + (anN + anN—1)5 + (bnN + bnN—l)M~

By induction, we can show that for any i =1,2,..., N — 1,

i—1

i—1
lynn—i = pll < llen = pll + O ann—g)e + (O ban—j) M. (2.4)
j=0 j=0

By taking i = N — 1 in (2.4), we have

N—2 N—2
lyns = pll < lzn —pll + (O anv—j)e + (O bun—j) M. (2.5)
§=0 §=0

Hence for any n > ng, it follows from (1.14), (2.1) and (2.5) that
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|Znt1 — 2l = [P((1 = an1 — bn1)Yn1 + an1Ti(PT)™  yn1 + bpiun1) — P()||
< (1 = an1 = bn1)Yn1 + a1 TL(PT)™ Yyn1 + bpiuns — pl|
< (1= an1 — b)) |lyn1 — Il + an1 | T1(PT)" g1 — pl|

+ bnluunl _pH
= (1= bn1)|lyn1 = pll + ant (ITL(PT)" g1 — pll = llym1 — pll)
+ bTLlHunl _pH

S (1 - bnl)”ynl —PH + apie + bnlM
< yn1 — pll + apie + bpa M

N-2 N-2
< H.’L’n _pH + (Z anN—j)E + (Z bnN—j)M + anpi€ + b1 M
7=0 7=0

= ||z = pll + (anN + @nn-1 + @Gnn—2 + ... + an2)e
+ (bpn +buN—1 +bpN—2+ ...+ bp2) M + apie + by M

N N
= llzn —pll + O anj)e + O buj)M
j=1 j=1
= lan — pll + An, (2.6)

where A,, = (Z;\le anj)€+(2§»v:1 bnj)M,n > 1.Since Y 07 | ani < 00, D00 by
< o0, i=1,2,...,N, it follows that Y > A, < co. We obtained by Lemma
1.3 that lim,_, ||z, — pl|| exists. Hence {x,} is bounded.

By the arbitrariness of p € F) taking the inf on both sides in the inequality
(2.6), we have

inf — || < inf — A
;anwn—H |l fggFHxn pll + An

for all n > ng, and so

d(.’I}n+1,F) < d(xnaF) + An

for all n > ng.
Since Y 7| A, < oo we obtained by Lemma 1.3 that lim, .. d(zn, F)
exists. By assumption, liminf, o d(z,, F') = 0 we have

lim d(z,, F)=0. (2.7)

n—oo
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Next, we prove that the sequence {z,} defined by (1.14) is a Cauchy se-
quence in C. For all integer m > 1, any n > ng, and any p € F, by using (2.6),
we have

[Zn4m — pll < [|#nrm—1 — Pl + Antm—1
< ||.%‘n+m_2 - pH + (An+m—1 + An+m—2)

n+m—1
<oa—pll+ > A (2.8)

k=n

For all integer m > 1, any n > ng, by using (2.8), we have

Hanrm - wn” = Hxn+m —-p+p— :ETLH
< wnpm = pll + [|zn — |l
n+m—1
<Mow—pll+ S At llzn—pl
k=n
n+m—1
— 2w, —pl+ > A (2.9
k=n

Using (2.9), by the arbitrariness of p € F, we have
(o)
|Znsm — Tall < 2d(2n, )+ Ay (2.10)
k=n

for all n > ng.

Now, since > > A, < oo and lim, o0 d(2p, F) = 0, given ¢ > 0, there
exists a positive integer n; > ng such that for all n > ny, d(z,, F) < § and
> nen Ak < 5. So for all integers n > ny, m > 1, we obtain from (2.10) that
|Zntm — x| < €. Hence, {z,} is a Cauchy sequence in C. Since C is a closed
subset of X, and so it is complete. Let lim, .o x, = x*. Then 2* € C. It
remains to show that z* € F. Suppose for contradiction that z* € F¢ (where
F¢ denotes the complement of F'). Since F' is closed set, d(z*, F') > 0. But,

for all p € F, we have ||z* — p|| < ||z* — z,|| + ||z, — p|| which implies

d(z*,F) < ||lz* — x| + d(xn, F). (2.11)

Using (2.7) and letting n — oo in (2.11) we obtain d(z*, F) < 0 which
contradicts d(x*, F') > 0. Thus, 2* € F. This completes the proof. O
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Since every asymptotically quasi-nonexpansive nonself-mapping is asymp-
totically quasi-nonexpansive-type nonself-mapping, so the following result is
directly obtained by Theorem 2.1.

Theorem 2.2. Let X be a real Banach space and C' a nonempty closed con-
vex nonexpansive retract of X with P as a nonerpansive retraction. Let
T1,T5,..., TNy : C — X be N asymptotically quasi-nonexpansive nonself-
mappings such that F = NN, F(T;) # 0 and closed. Let {an}32,, i =
1,2,...,N and {bp;}22 4, i = 1,2,..., N be real sequences in [0,1] such that
Anitbni <1foralln>1,i=1,2,...,N, and > ;7 ani < 00, > o7 bp; < 00,
i=1,2,...,N, and let {un;}52¢, 1 = 1,2,..., N be bounded sequences in C.
From an arbitrary 1 € C, define the sequence {x,} by (1.14). Then {x,}
converges strongly to a common fixed point of 11,15, ..., TN if and only if
liminf, o d(zy,, F) = 0.

Remark 2.1. If 71,75,...,Ty : C' — X in theorem 2.1 are asymptotically
nonexpansive nonself-mappings, then taking n = 1 in the inequality (1.10)
(Definition 1.2), we see that T1,T5,...,Ty : C — X are continuous asymp-
totically nonexpansive nonself-mappings. It is easy to prove that the common
fixed point set F' of 11,715, ..., TN is closed.

In view of Remark 2.1, the following result can be obtained by Theorem
2.1.

Theorem 2.3. Let X be a real Banach space and C a nonempty closed
convexr nonexpansive retract of X with P as a nonexpansive retraction. Let
T1,T5,..., TNy : C — X be N asymptotically nonexpansive nonself-mappings
such that F = NY,F(T;) # 0. Let {an;}5%,, i = 1,2,...,N and {by;}>°,
i=1,2,...,N be real sequences in [0,1] such that an; + bp; <1 for alln > 1,
i =1,2,...,N, and > 07 api < 00, Y o0 by < 00,4 =1,2,....N, and
let {uni}s2 1, @ = 1,2,...,N be bounded sequences in C. From an arbitrary
z1 € C, define the sequence {x,} by (1.14). Then {x,} converges strongly to a

common fixed point of Th, Ty, ..., Tn if and only if liminf,,_,. d(zy, F') = 0.
2.2. Convergence theorem in real uniformly convex Banach spaces.

Theorem 2.4. Let X be a real uniformly convex Banach space and C a
nonempty closed convexr nonexpansive retract of X with P as a nonerpan-
sive retraction. Let T1,Ts,...,Tn : C — X be N uniformly L-Lipschitzian
and asymptotically quasi-nonerpansive-type nonself-mappings such that F =
NN F(T;) # 0 and closed. Let {ani}%q, i = 1,2,...,N and {by;}32,, i =
1,2,..., N be real sequences in [0,1] such that ap;,an; + bni are in [s,1 — §]
for some s € (0,1) and for allm > 1,4 =1,2,...,N, and Y 7 an < 00,
oo 1 bpi < 00,1 =1,2,...,N, and let {un;}52, i = 1,2,..., N be bounded
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sequences in C'. From an arbitrary x1 € C, define the sequence {xy} by (1.14).
Then lim,, . ||2n — Tixy|| =0,i=1,2,..., N.

Proof. We have {z,} is bounded (see proof Theorem 2.1). So, there exists
r > 0 such that {z,} C B,, Vn > 1; where B, is the closed ball of X with
center zero and radius r. Let p € F, by boundedness of the sequences {un;}72 4,
1=1,2,...,N, so we can put

M= sup [jun —p|.
n>1, i=1,2,...,N
Since 11,15, . .., T are asymptotically quasi-nonexpansive-type nonself-mapp-

ings. Applying (1.5), we have for any given € > 0, there exists a positive integer
ng such that for all n > ng and z* € F

sup  {|T(PT)" e —a*|* — [lz —2*|*} < <.
zeC, i=1,2,...,.N

Since {z,} and {yn;} C C,i=1,2,...,N — 1, for any n > ng and z* € F, we
have

(1T (PT0)™ Yy — ¥ = [lym — 2*||* <o,
ITo(PT2)" M yng — 2*[1* = |lyn2 — 2*|1 <,
: (2.12)
HTN—l(PTl)nilynN—l - x*HQ - ”ynN—l - .’L'*H2 <g,

| TN (PTN)" 2, — 22 — ||lzn — 2*]]? < e.

Now, for N =1, we get from (1.14) that

1 €C, Tpp = P((l — anpl1 — bnl)xn + aanl(PTl)”_lxn + bnlunl). (2.13)
For each n > ng, using (2.12), (2.13) and Lemma 1.4, we have

2041 = plI* < (1 = an1 = bp1) (@0 — p) + a1 (Ty(PTY)" 'z — p)
+ byt (un1 — )|
< (1= an1 = bp1)l[zn — Pl + an | TL (PTL)" iy — pl?
+ b [[unt = plI* = an1 (1 = any = bu)g(| T1 (PT)" 2y — @)
= (1= bn1)||n — pI* + an (|7 (PT)"  @n — pl|* = |20 — pII?)
+ bt flunt = plI* = an1 (1 — an1 — bu1)g(| T2 (PTY)™ 2y — 20|)
< l@n = pll* + ane? + by M
—api(l —ap — bnl)g(HTl(PTl)”_lxn —z|]). (2.14)
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Using (2.14), we have

m
> g(IT(PTy)" = )

n=ng

m
Z [@n — pH Hxn+1—p||2)

m
+52 Z an1+M2 Z bn1

n=no n=ngo
m m
= |[Zny —pI> +€* Y an+M> Y bar. (2.15)
n=no n=ngo

Since Y 07 ani < 00, D02 1 bp; < o00,i=1,2,..., N, it follows that

m
62 E ap1 < 00

n=no
and
m
]\42 Z bp1 < 00.
n=ng
By letting m — oo in (2.15) we get

o

Y 9(ITi(PT)" ey — ) < oo,

n=ng

and therefore lim,, .o g(||T1(PT1)" *2, —x,]|) = 0. Since g is strictly increas-
ing and continuous at 0 with g(0) = 0, it follows that

lim ||Ty(PT1)" ‘a, — x,] = 0. (2.16)
n—0o0
For N =2, (1.14) becomes
x1 € C,

Tn+l = P((l — anl — bnl)ynl + an1Th (PTl)n_lynl + bnlun1)7 (217)
Ynl = P((l — an2 — bn2>xn + an2T2(PT2)n71xn + bn2un2)-

For each n > ng, using (2.12), (2.17) and Lemma 1.4, we have
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Yn1 — plI?
< (1 = anz = bn2)(@n — p) + an2(To(PT2)" 2, — p)
+ b2 (un2 — p) ||
< (1= an2 = bp2)||zn — plI? + an2|| To(PT2)" 2y — pl?
+ bna|tne — pl|* = an2(1 — anz2 — bu2)g (|| T2(PT2)" oy — 24 |)
= (1= bn2)||wn — plI* + anz(|T2(PT2)" ' @n — pl|* = [lzn — pl|?)
+ bnatng — pl|? — an2(1 — anz2 — bu2)g(|| T2(PT2)" 2y, — x4 |)
< lzn — plI? + an2e® + bpo M?
— ana(1 = anz2 = bp2)g(|To(PT2)" iy — ),

and so

|Zn+1 _PH2
< (1 = an1 = bn1) (Yn1 — p) + ant (TL(PTY)™ 'yt — p)
+ bp1 (up1 — p)”2
< (1= an1 = bn1) lyn1 — P + ant | TL(PT)™  yn1 — pl?
+ b [[unt = plI* = an1 (1 = an1 = bu1)g(I T2 (PTL)" ™ Y1 — g ||)
= (1= b)) lyn1 — 2l + ant (1T (PT)™  yn1 — pII* = llyn1 — plI?)
+ bt |[tn1 — plI* = an1 (1 = an1 — bn1)g(| T2 (PT1)" Y1 — )
< lyn1 — pII* + an1e? + by M?
— a1 (1 = an1 = b)) g([|TL(PT)"™ Y1 — yma[])
< lzn — pl|? + an2e® + bpaM? + ap1e? + by M?
— an1 (1 = an1 = bp1)g([|TL(PT)™ Y1 — Y [])
— ana(1 = apg — bp2)g(|| To(PTY)" ay, — 2]
= ||lzn — plI? + (an1 + an2)e® + (bp1 + bpo) M>
— an1 (1 = an1 = b)) g([| T2 (PT1)"™ Y1 — Y [])
— an2(1 — ang — bp2)g(| To(PT2)" 1y, — 2 |). (2.18)

From (2.18), we obtain the following two important inequalities
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an2(1 — an2 — bn?)g(HT2(PT2>n_lxn )
< lzn = plI* = llzns1 — pl?
+ (@n1 + an2)e? + (bp1 + bpo) M?

and

an1 (1 —an1 — bnl)g(”Tl(PTl)n_lynl — Yn1l])
< llzn =l = lznss — plf?
+ (an1 + an2)e? + (bn1 + bpa) M.
Using (2.19), we have

m
23 gITa(PTe)" )
n=ng
m
< (lzn = pl? = [@n1 = pl)
n=ng
m m
+e2 > (an1 + an2) + M2 (bt + bn2)
n=ngo n=no
m
— Jang —PI2+2 3 (n + an2)
n=ng
m
+ ]\42 Z (bnl + bn2)

n=ng
Since Y 7 ani < 00, D02 1 bp; < o00,i=1,2,..., N, it follows that

m

g2 Z (anl + ang) < 00

n=ng

and
m

M2 Z (bnl +bn2) < Q.

n=ng
By letting m — oo in (2.21) we get

o0

Y 9(IT(PT)" ey — anl]) < oo

n=ng

(2.19)

(2.20)

(2.21)
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and therefore lim,, o g(||T2(PT2)" 12, — 2, ||) = 0. Since g is strictly increas-
ing and continuous at 0 with g(0) = 0, it follows that

lim ||To(PT2)" e, — 2, = 0. (2.22)
n—oo

By using a similar method, together with (2.20), we can prove that

lim |71 (PT1)" a1 — ym|| = 0. (2.23)
n—oo

Since Y 07 ani < 00, Dol bpi < 00, i =1,2,...,N, and {z,}, {uni}2,
i=1,2,...,N are all bounded. Using (2.17) and (2.22), we have

||yn1 - xn” < an2||T2(PT2)n_1$n - xn” + bn2||un2 - an
—0 (as n — o0). (2.24)

Since Y 07 ani < 00, > o2 bp < 00,7 =1,2,...,N, and {zn}, {uni}i2,
i=1,2,...,N are all bounded. Using (2.17), (2.23) and (2.24), we have

[Zn+1 — znl
< (1= ap1 = bpt)[ym1 = 2l + am | T2 (PT2)" Y1 — 241
+ bntllupt — x|
= (1= an1 = ba1) [9n1 = @nll + a1 1 TL(PT1)" Yt = Y1 + Y1 — 20|
+ bntllunt — x|
< (1= an1 = b)) [Yn1 = @l + a1 [ T1(PT1)" g1t =y |
+ antl[yn1 — ol + bnillunt — 24|
< lyn1 = @nll + a1 [| T (PT)" gt — Y| + bnt [[tn1 — 0|
—0 (as n — 00). (2.25)

Since T1,T5, . .., T are uniformly L-Lipschitzian. Using (2.16) and (2.25), we
have
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Znt1 — T (PT)" @ |
= ||zpt1 — T + Ty — Tl(PTl)”_lmn
+ Ty (PT) " a, — T1(PTY)" L2
<N #nga =zl + T (PTY)" 2 — To(PTY)™ |
Ty (P72 —
< lzntr — anll + Lllzntr — |
+ | T (PT) Yy, — 20| — 0 (as n — 00). (2.26)

In addition,

| #ng1 — Ty (PTY)" 2p1 |
= ||zpt1 — zp + 2 — Tl(PTl)"_Z:L“n
+ T, (PT))" 2z, — Ty (PTY)™ %201 ||
< #nsr = @all + [T (PT1)" 20 — a4
+ | T (PT)" g1 — TL(PT1)"™ ||
< nir = zall + [T (PT)" 220 —
+ Ll|@ns1 — aall,

where L > 0. It follows from (2.25) and (2.26) that

lim_ln1 — Ty (PTy)" ?2ps1] = 0. (2.27)

n—

We denote (PT1)'~! to be the identity maps from C onto itself. Thus by the
inequality (2.26) and (2.27), we have

[#n41 — T1n 1]

= |nt1 = T1(PT)" gy + Ti(PT)"  @ng1 — Ting |
< #psr = To(PT)"  nga | + I Ti(PT)" pir — Tinsa |
= ||#nt1 = TL(PT)" |

+ [T (PT) ™ (PT)" = Ti(PT) g |
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< #ni1 = To(PT)" g || + LI (PT)™  @ng1 — 2 |

T (
= |#n41 — T1(PTY)" |
+ L (PTy)(PT0)" 2n11 — Plaag)||
< wnir = Ti(PT)" || + LI T (PT)™ 22041 — o |
—0 (as n — 00),

which implies that lim, . ||z, — Thzy| = 0. Similarly, we may show that
lim,, 00 ||Xn — Tixn|| = 0,4 =1,2,..., N. The proof is completed. O

In the next result, we prove the strong convergence of the scheme (1.14)
under condition (C') which is weaker than the compactness of the domain of
the mappings.

Theorem 2.5. Let X be a real uniformly convex Banach space and C a
nonempty closed convexr nonexpansive retract of X with P as a nonexpan-
sive retraction. Let Ty, Ts,...,Tn : C — X be N uniformly L-Lipschitzian
and asymptotically quasi-nonexpansive-type nonself-mappings such that F =
NN, F(T;) # 0 and closed. Let {an;}2°,, i = 1,2,...,N and {by;}3°,, i =
1,2,..., N be real sequences in [0,1] such that ap;,an; + bni are in [s,1 — §]
for some s € (0,1) and for allm > 1,4 =1,2,...,N, and Y 7 an < 00,
oo 1 bpi < 00,1 =1,2,...,N, and let {un;}52,, i = 1,2,..., N be bounded
sequences in C. Suppose that there exists one of 11,75, ..., TN satisfying con-
dition (C). From an arbitrary x1 € C, define the sequence {x,} by (1.14).
Then {x,} converges strongly to a common fized point of Th,Ts, ..., Tn.

Proof. We may assume that 7T} satisfies condition (C) without loss of gener-
ality. By Theorem 2.4, we have lim, o ||2, — Tixn|| = 0,4 =1,2,...,N. It

follows from condition (C) that
lim f(d(zp, F)) < lim ||z, — Tiz,| = 0.

This implies that lim, .. f(d(zn, F)) = 0. Since f : [0,00) — [0,00) is a
nondecreasing function satisfying f(0) = 0, f(r) > 0 for all » € (0,00), we
obtain that lim,, .~ d(z,, F') = 0. Hence, liminf,,_,~ d(z,, F') = 0. Now apply
Theorem 2.1. This completes the proof. O

In view of Remark 2.1, the following result can be obtained by Theorem
2.5.

Theorem 2.6. Let X be a real uniformly convex Banach space and C a
nonempty closed convexr nonexpansive retract of X with P as a nonerpan-
sive retraction. Let Th,Ts, ..., Ty : C — X be N asymptotically nonexpansive
nonself-mappings such that F = NN F(T;) # 0. Let {an;i}5%,,i=1,2,...,N
and {bpi}02 1, i=1,2,..., N be real sequences in [0, 1] such that ap;, ani + bp;
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are in [s,1 — s| for some s € (0,1) and for all n > 1, i = 1,2,..., N,
and Y00 an; < 00, Yoo by < 00, i = 1,2,...,N, and let {un;}5,
i = 1,2,...,N be bounded sequences in C. Suppose that there exists one
of Ty, Ty, ..., Ty satisfying condition (C). From an arbitrary 1 € C, define
the sequence {xyn} by (1.14). Then {x,} converges strongly to a common fized
point of Ty, 1o, ..., Tn.
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