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1. Introduction and preliminaries

The beta function B(α, β) is defined by

B(α, β) =


∫ 1

0
tα−1(1− t)β−1 dt (min {<(α), <(β)} > 0)

Γ(α) Γ(β)

Γ(α+ β)

(
α, β ∈ C \ Z−0

)
,

(1.1)

where Γ is the familiar gamma function (see, e.g., [12, Section 1.1]). Here and
in the following, let C, R+, N, and Z−0 be the sets of complex numbers, positive
real numbers, positive integers, and non-positive integers, respectively.

The Gauss hypergeometric function 2F1 and the confluent hypergeometric
function 1F1 are defined by (see, e.g., [11, 13])

2F1(a, b; c; z) =

∞∑
n=0

(a)n(b)n
(c)n

zn

n!

(
|z| < 1; a, b ∈ C, c ∈ C \ Z−0

)
(1.2)

and

Φ(a; c; z) = 1F1(a; c; z) =
∞∑
n=0

(a)n
(c)n

zn

n!

(
a ∈ C, c ∈ C \ Z−0

)
. (1.3)

Here and in the following, (λ)ν is the Pochhammer symbol defined (for λ, ν ∈
C) by (see [12, p. 2 and p. 5])

(λ)ν : =
Γ(λ+ ν)

Γ(λ)
(λ, ν ∈ C \ Z−0 )

=

{
1 (ν = 0)

λ(λ+ 1) · · · (λ+ n− 1) (ν = n ∈ N).

(1.4)

The Appell’s series or bivariate hypergeometric series F1 is defined by (see,
e.g., [13, p. 22])

F1(a, b1, b2; c;x, y) =
∞∑

m,n=0

(a)m+n(b1)m(b2)n
(c)m+n

xm

m!

yn

n!
(1.5)

(
max{|x|, |y|} < 1; a, b1, b2 ∈ C, c ∈ C \ Z−0

)
.

We recall integral representations for the above functions 2F1, 1F1, and F1

(see, e.g, [12, Section 1.5]; see also [13, p. 276])

2F1(a, b; c; z) =
Γ(c)

Γ(b)Γ(c− b)

∫ 1

0
tb−1(1− t)c−b−1(1− zt)−a dt (1.6)

(<(c) > <(b) > 0, | arg(1− z)| < π) ;
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1F1(a; c; z) =
Γ(c)

Γ(a)Γ(c− a)

∫ 1

0
ta−1(1− t)c−a−1ezt dt (1.7)

(<(c) > <(a) > 0) ;

F1 (a, b1, b2; c;x, y) =
Γ(c)

Γ(a)Γ(c− a)
(1.8)

×
∫ 1

0
ta−1(1− t)c−a−1(1− xt)−b1(1− yt)−b2 dt

(<(c) > <(a) > 0; | arg(1− x)| < π, | arg(1− y)| < π) .

Chaudhry et al. [2] introduced and investigated the following extended beta
function

B(α, β; p) = Bp(α, β) =

∫ 1

0
tα−1(1− t)β−1 e−

p
t(1−t) dt (1.9)

(min {<(α), <(β)} > 0; <(p) > 0) .

Obviously B(α, β; 0) = B(α, β).
Chaudhry et al. [3] used the extended beta function Bp(α, β) to extend the

hypergeometric function 2F1 and the confluent hypergeometric function Φ as
follows:

Fp(a, b; c; z) =
∞∑
n=0

Bp(b+ n, c− b)
B(b, c− b)

(a)n
zn

n!
(p ≥ 0) (1.10)

and

Φp(b; c; z) =
∞∑
n=0

Bp(b+ n, c− b)
B(b, c− b)

zn

n!
(p ≥ 0) . (1.11)

Clearly F0(a, b; c; z) = 2F1(a, b; c; z) and Φ0(b; c; z) = Φ(b; c; z). They [3] pre-
sented the following integral representations

Fp(a, b; c; z) =
1

B(b, c− b)

×
∫ 1

0
tb−1(1− t)c−b−1(1− zt)−a exp

(
− p

t(1− t)

)
dt

(1.12)

(p ≥ 0; <(c) > <(b) > 0; | arg(1− z)| < π)

and

Φp(b; c; z) =
1

B(b, c− b)

∫ 1

0
tb−1(1− t)c−b−1 exp

(
zt− p

t(1− t)

)
dt (1.13)

(p ≥ 0; <(c) > <(b) > 0) .
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Özarslan and Özergin [8] used the Bp(α, β) to extend the Appell’s function
F1 and presented its integral representation

F1(a, b1, b2; c;x, y; p) =

∞∑
n=0

Bp(a+m+ n, c− a)

B(a, c− a)
(b1)m(b2)n

xm

m!

yn

n!
(1.14)

and

F1(a, b1, b2; c;x, y; p) =
1

B(a, c− a)

×
∫ 1

0
ta−1(1− t)c−a−1(1− xt)−b1(1− yt)−b2 exp

(
− p

t(1− t)

)
dt

(1.15)

(p ≥ 0; <(c) > <(a) > 0; | arg(1− x)| < π, | arg(1− y)| < π) .

Obviously, the particular cases p = 0 of (1.14) and (1.15) reduce, respectively,
to (1.5) and (1.8).

Choi et al. [4] extended the beta function B(α, β)

B(α, β; p, q) = Bp,q(α, β) =

∫ 1

0
tα−1(1− t)β−1e−

p
t
− q

1−t dt (1.16)

(min {<(α), <(β)} > 0; min {p, q} > 0) .

Obviously, Bp,p(α, β) = Bp(α, β) and B0,0(α, β) = B(α, β). They [4] used
(1.16) to further extend the Fp and Φp and investigate

Fp,q(a, b; c; z) =

∞∑
n=0

Bp,q(b+ n, c− b)
B(b, c− b)

(a)n
zn

n!
(p, q ≥ 0) (1.17)

and

Φp,q(b; c; z) =
∞∑
n=0

Bp,q(b+ n, c− b)
B(b, c− b)

zn

n!
(p, q ≥ 0), (1.18)

with their integral representations

Fp,q(a, b; c; z) =
1

B(b, c− b)

×
∫ 1

0
tb−1(1− t)c−b−1(1− zt)−a exp

(
− p

t
− q

(1− t)

)
dt

(1.19)

(p, q ≥ 0; <(c) > <(b) > 0; | arg(1− z)| < π)

and

Φp,q(b; c; z) =
1

B(b, c− b)

×
∫ 1

0
tb−1(1− t)c−b−1 exp

(
zt− p

t
− q

(1− t)

)
dt

(1.20)

(p, q ≥ 0; <(c) > <(b) > 0) .
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Baleanu et al. [1] used Bp,q(α, β) to further extend the Appell’s function F1

F1(a, b1, b2; c;x, y; p, q) =
∞∑
n=0

Bp,q(a+m+ n, c− a)

B(a, c− a)
(b1)m(b2)n

xm

m!

yn

n!
(1.21)

(max{|x|, |y|} < 1; p, q ≥ 0)

and presented its integral representation

F1(a, b1, b2; c;x, y; p, q) =
1

B(a, c− a)

×
∫ 1

0
ta−1(1− t)c−a−1(1− xt)−b1(1− yt)−b2 exp

(
− p

t
− q

1− t

)
dt,

(1.22)

(p, q ≥ 0; <(c) > <(a) > 0; | arg(1− x)| < π, | arg(1− y)| < π) .

Clearly F1(a, b1, b2; c;x, y; p, p) = F1(a, b1, b2; c;x, y; p).
Mubeen et al. [7] presented a further extension of the extended beta function

Bp,q(α, β)

Bλ,ρ(α, β; p, q) = Bλ,ρ
p,q (α, β)

=

∫ 1

0
tα−1(1− t)β−1 1F1

[
λ; ρ;−p

t

]
1F1

[
λ; ρ;− q

1− t

]
dt

(1.23)

(
min {<(p), <(q)} > 0; min {<(α), <(β)} > 0; λ ∈ C, ρ ∈ C \ Z−0

)
.

Obviously Bρ,ρ
p,q (α, β) = Bp,q(α, β).

Here, we introduce further extensions of the (p, q)-extended functions
Fp,q(a, b; c; z) in (1.17) and Φp,q(b; c; z) in (1.18) as follows:

F λ,ρp,q (a, b; c; z) :=
∞∑
n=0

Bλ,ρ
p,q (b+ n, c− b)
B(b, c− b)

(a)n
zn

n!
(p, q ≥ 0; |z| < 1) (1.24)

and

Φλ,ρ
p,q (b; c; z) :=

∞∑
n=0

Bλ,ρ
p,q (b+ n, c− b)
B(b, c− b)

zn

n!
(p, q ≥ 0), (1.25)

together with the following extended Appell function:

F1

(
a, b1, b2; c;x, y; p, q;λ, ρ) :=

∞∑
m,n=0

(b1)m(b2)n
Bλ,ρ
p,q (a+m+ n, c− a)

B(a, c− a)

xm

m!

yn

n!

(1.26)

(p, q ≥ 0; max {|x|, |y|} < 1) .

Clearly, F ρ,ρp,q (a, b; c; z) = Fp,q(a, b; c; z), Φρ,ρ
p,q(b; c; z) = Φp,q(b; c; z), and

F1

(
a, b1, b2; c;x, y; p, q; ρ, ρ) = F1

(
a, b1, b2; c;x, y; p, q).
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Then we aim to present integral representations for the extended functions
(1.24), (1.25) and (1.26). Also we introduce a fractional differential operator
involving the extended function in (1.24) and investigate some of its properties.

2. Integral representations

Here we present certain integral representations for the functions in (1.24),
(1.25) and (1.26).

Theorem 2.1. Each of the following integral representations holds.

F λ,ρp,q (a, b; c; z) =
1

B(b, c− b)

∫ 1

0
tb−1(1− t)c−b−1(1− tz)−a

× 1F1

[
λ; ρ;−p

t

]
1F1

[
λ; ρ;− q

1− t

]
dt

(2.1)

(
min {<(p), <(q)} > 0; <(c) > <(b) > 0;

λ ∈ C, ρ ∈ C \ Z−0 ; | arg(1− z)| < π
)
;

Φλ,ρ
p,q (b; c; z) =

1

B(b, c− b)

∫ 1

0
tb−1(1− t)c−b−1 ezt

× 1F1

[
λ; ρ;−p

t

]
1F1

[
λ; ρ;− q

1− t

]
dt

(2.2)

(
min {<(p), <(q)} > 0; <(c) > <(b) > 0; λ ∈ C, ρ ∈ C \ Z−0

)
;

F1

(
a, b1, b2; c;x, y; p, q;λ, ρ

)
=

1

B(a, c− a)

∫ 1

0
ta−1(1− t)c−a−1

× (1− tx)−b1(1− ty)−b2 1F1

[
λ; ρ;−p

t

]
1F1

[
λ; ρ;− q

1− t

]
dt

(2.3)

(
min {<(p), <(q)} > 0; <(c) > <(a) > 0;

λ ∈ C, ρ ∈ C \ Z−0 ; | arg(1− x)| < π, | arg(1− y)| < π
)
.

Proof. Using the definition (1.23) in (1.24) and interchanging the order of
integral and summation, which is verified under the assumptions given in this
theorem, we have

F λ,ρp,q (a, b; c; z) =
1

B(b, c− b)

∫ 1

0
tb−1(1− t)c−b−1

× 1F1

[
λ; ρ;−p

t

]
1F1

[
λ; ρ;− q

1− t

]{ ∞∑
n=0

(a)n(tz)n

n!

}
dt.

(2.4)
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Recalling the following generalized binomial theorem
∞∑
n=0

(α)n
n!

zn = (1− z)−α (|z| < 1; α ∈ C) (2.5)

in the summation in (2.4), we obtain the desired result (2.1).

A similar argument as in the proof of (2.1) will establish the results in (2.2)
and (2.3). We omit the details. �

3. Fractional integral and derivative operators

In this section, we define further extension of extended Riemann-Liouville
fractional derivative.

The Riemann-Liouville fractional integral of order α ∈ C with <(α) > 0 of
a function f is defined by (see, e.g., [6])

Iαx f(x) =
1

Γ(α)

∫ x

0
f(t) (x− t)α−1 dt (x > 0), (3.1)

where the right side exits. The Riemann-Liouville fractional derivative of order
α ∈ C with <(α) ≥ 0 of a function f(x) is defined by

Dα
xf(x) =

1

Γ (n− α)

dn

dxn

∫ x

0
f(t) (x− t)n−α−1 dt

=
dn

dxn
In−αx f(x) (n = [<(α)] + 1, x > 0) .

(3.2)

Özarslan and Özergin [8] extended the Riemann-Liouville integral and de-
rivative of order α as follows:

Iα,px f(x) =
1

Γ(α)

∫ x

0
f(t) (x− t)α−1 exp

(
− px2

t(x− t)

)
dt (3.3)

(<(α) > 0, <(p) > 0, x > 0)

and

Dα,p
x f(x) =

1

Γ (n− α)

dn

dxn

∫ x

0
f(t) (x− t)n−α−1 exp

(
− px2

t(x− t)

)
dt

=
dn

dxn
In−α,px f(x) (<(α) ≥ 0, n = [<(α)] + 1, <(p) > 0, x > 0) .

(3.4)
Baleanu et al. [1] extended the fractional integral and derivative (3.3) and

(3.4) as follows:

Iαx {f(x); p, q} =
1

Γ(α)

∫ x

0
f(t) (x− t)α−1 exp

(
− px

t
− qx

x− t

)
dt (3.5)
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(<(α) > 0, min{<(p), <(q)} > 0, x > 0)

and

Dα
x{f(x); p, q} =

1

Γ (n− α)

dn

dxn

∫ x

0
f(t) (x− t)n−α−1 exp

(
− px

t
− qx

x− t

)
dt

=
dn

dxn
In−αx {f(x); p, q}

(3.6)

(<(α) ≥ 0, n = [<(α)] + 1, min{<(p), <(q)} > 0, x > 0) .

Here we introduce further extensions of the extended fractional integral and
derivative (3.5) and (3.6) defined by

Iαx {f(x); p, q;λ, ρ} =
1

Γ(α)

∫ x

0
f(t) (x− t)α−1

× 1F1

[
λ; ρ;−px

t

]
1F1

[
λ; ρ;− qx

x− t

]
dt

(3.7)

(
<(α) > 0, min{<(p), <(q)} > 0, x > 0, λ ∈ C, ρ ∈ C \ Z−0

)
and

Dα
x{f(x); p, q;λ, ρ} =

1

Γ (n− α)

dn

dxn

∫ x

0
f(t) (x− t)n−α−1

× 1F1

[
λ; ρ;−px

t

]
1F1

[
λ; ρ;− qx

x− t

]
dt

=
dn

dxn
In−αx {f(x); p, q;λ, ρ}

(3.8)

(
<(α) ≥ 0, n = [<(α)] + 1, min{<(p), <(q)} > 0, x > 0, λ ∈ C, ρ ∈ C \ Z−0

)
.

Obviously, the extended fractional integral and derivative (3.7) and (3.8)
when λ = ρ reduce, respectively, to (3.5) and (3.6).

We present some formulas involving the operators (3.7) and (3.8).

Theorem 3.1. The following formula holds true.

Iαx {xη; p, q;λ, ρ} =
Bλ,ρ
p,q (η + 1, α)

Γ(α)
xα+η. (3.9)

(
<(α) > 0, <(η) > −1, min{<(p), <(q)} > 0, x ∈ R+, λ ∈ C, ρ ∈ C \ Z−0

)
Proof. We set f(t) = tη in (3.7). Then, letting t = xu in the resulting identity
and using (1.23), we obtain the desired result. �
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Theorem 3.2. Let f(t) =
∞∑
n=0

an t
n (|t| < δ) for some δ ∈ R+. Then, for

each 0 < x < δ, the following formula holds true.

Iαx {f(x); p, q;λ, ρ} =

∞∑
n=0

an I
α
x {xn; p, q;λ, ρ}

=
xα

Γ(α)

∞∑
n=0

anB
λ,ρ
p,q (n+ 1, α)xn

(3.10)

(
<(α) > 0, min{<(p), <(q)} > 0, λ ∈ C, ρ ∈ C \ Z−0

)
.

Proof. We set the power series of f(t) in Iαx {f(x); p, q;λ, ρ}. Then we find that
the integrand converges uniformly under the given conditions. This verifies
term-by-term integration. Finally, using (3.9), we get the desired result. �

Theorem 3.3. The following formula holds true.

Iµ−ηx {xη−1(1− x)−β; p, q;λ, ρ} =
Γ(η)

Γ(µ)
xµ−1 F λ,ρp,q

(
β; η;µ;x

)
(3.11)

(
x ∈ R+, <(µ) > <(η) > 0, min{<(p), <(q)} > 0, λ ∈ C, ρ ∈ C \ Z−0

)
.

Proof. Using (3.7) and letting t = xu, we have

Iµ−ηx {xη−1(1− x)−β; p, q;λ, ρ} =
xµ−1

Γ(η − µ)

∫ 1

0
uη−1(1− ux)−β(1− u)µ−η−1

× 1F1

[
λ; ρ;−p

u

]
1F1

[
λ; ρ;− q

1− u

]
du,

which, in view of (2.1), leads to the right side of (3.11). �

Theorem 3.4. Let x ∈ R+, |ax| < 1 and |bx| < 1. Then

Iµ−ηx {xη−1(1− ax)−α(1− bx)−β; p, q;λ, ρ}

=
Γ(η)

Γ(µ)
xµ−1 F1

(
η, α, β;µ; ax, bx; p, q;λ, ρ

) (3.12)

(
<(µ) > <(η) > 0, min{<(p), <(q)} > 0, λ ∈ C, ρ ∈ C \ Z−0

)
.

Proof. Using (2.5), we have

(1− ax)−α(1− bx)−β =
∞∑
m=0

∞∑
n=0

(α)m(β)n
(ax)m

m!

(bx)n

n!
. (3.13)
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Applying (3.10) to (3.13), we get

Iµ−ηx {xη−1(1− ax)−α(1− bx)−β; p, q;λ, ρ}

=
xµ−1

Γ(µ− η)

∞∑
m=0

∞∑
n=0

(α)m(β)nB
λ,ρ
p,q (η +m+ n, µ− η)

(ax)m

m!

(bx)n

n!
,

which, in terms of (1.26), leads to the right side of (3.12). �

Setting b = 0 in the result in Theorem 3.4 with the help of (2.1) and (2.3),
we obtain a useful identity, which is asserted by the following corollary.

Corollary 3.5. Let x ∈ R+ and |ax| < 1. Then

Iµ−ηx {xη−1(1− ax)−α; p, q;λ, ρ} =
Γ(η)

Γ(µ)
xµ−1F λ,ρp,q

(
α; η;µ; ax

)
(3.14)

(
<(µ) > <(η) > 0, min{<(p), <(q)} > 0, λ ∈ C, ρ ∈ C \ Z−0

)
.

Recall the extended gamma function (see [9, Eq. (3)])

Γ(α,β)
ν (x) :=

∫ ∞
0

tx−1 1F1

[
α;β;−t− ν

t

]
dt (3.15)

(min {<(α), <(β)} > 0, <(ν) > 0, <(x) > 0) .

Also let Γ(α,β)(x) := Γ
(α,β)
0 (x).

Theorem 3.6. The following Mellin transform formula holds.

M {Iαx {xη; p, q;λ, ρ}; p→ r, q → s} =
xα+η

Γ(α)
B(r+η+1, s+α) Γ(λ,ρ)(r) Γ(λ,ρ)(s)

(3.16)(
<(α) > 0, x > 0, min {<(p), <(q)} > 0,

min {<(λ), <(ρ)} > 0, min {<(r), <(s)} > 0
)
.

Proof. Let L1 be the left side of (3.16). Taking the Mellin transform on (3.7),
we obtain

L1 =
1

Γ(α)

∫ ∞
0

∫ ∞
0

pr−1qs−1
{∫ x

0
tη(x− t)α−1

× 1F1

[
λ; ρ;−px

t

]
1F1

[
λ; ρ;− qx

(x− t)

]
dt
}
dp dq.

(3.17)
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Setting t = ux in (3.17) and interchanging the order of integrals, which is
verified under the conditions here, we get

L1 =
xα+η

Γ(α)

∫ 1

0
uη (1− u)α−1

(∫ ∞
0

pr−1 1F1

[
λ; ρ;−p

u

]
dp
)

×
(∫ ∞

0
qs−1 1F1

[
λ; ρ;− q

1− u

]
dq
)
du.

(3.18)

Letting p = ua and q = (1 − u)b in the integrals in the first and second
parentheses of (3.18), respectively, and using (3.15), we have the desired result.

�

Theorem 3.7. The following Mellin transform formula holds.

M {Iαx {(1− x)η; p, q;λ, ρ}; p→ r, q → s} =
xα r!

Γ(α)
Γ(r + s+ α+ 1)

× Γ(s+ α) Γ(λ,ρ)(r) Γ(λ,ρ)(s) 2F1

(
− η, r + 1; r + s+ α+ 1;x

) (3.19)

(
<(α) > 0, <(η) > −1, x > 0, min {<(p), <(q)} > 0,

min {<(λ), <(ρ)} > 0, min {<(r), <(s)} > 0
)
.

Proof. Let L2 be the left side of (3.19). Expanding (1−x)η =
∑∞

n=0 (−η)n
xn

n!
and taking term-by-term integration, we have

L2 =

∞∑
n=0

(−η)n
n!

M {Iαx {xn; p, q;λ, ρ}; p→ r, q → s} . (3.20)

Applying the result in Theorem 3.6 to the right-sided Mellin transforms and
simplifying, we arrive at the right side of (3.19). �

4. Generating relations

Here we establish two generating relations for the extended (p, q)-functions
(1.24).

Theorem 4.1. The following generating relation holds.

(1− t)−α F λ,ρp,q

(
α, β; γ;

x

1− t

)
=

∞∑
n=0

(α)n
n!

F λ,ρp,q

(
α+ n, β; γ;x

)
tn (4.1)

(
|t| < |1− x|, <(γ) > <(β) > 0, min{<(p), <(q)} > 0, λ ∈ C, ρ ∈ C \ Z−0

)
.
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Proof. Consider the following function fα(t, x) = (1 − x − t)−α in two ways.
Firstly we use (2.5) to find

fα(t, x) = (1− x)−α
(

1− t

1− x

)−α
= (1− x)−α

∞∑
n=0

(α)n
n!

tn

(1− x)n
(|t| < |1− x|).

(4.2)

Multiplying both sides of (4.2) by xβ−1 and taking the operator Iγ−βx (·; p, q;λ, ρ)
on both sides of the resulting identity, term-by-term on its right side, and using
(3.11), we get

Iγ−βx

(
xβ−1fα(t, x); p, q;λ, ρ

)
=

Γ(β)

Γ(γ)
xγ−1

∞∑
n=0

(α)n
n!

F λ,ρp,q

(
α+ n, β; γ;x

)
tn.

(4.3)
Secondly we consider

fα(t, x) = (1− t)−α
(

1− x

1− t

)−α
. (4.4)

Multiplying both sides of (4.4) by xβ−1 and taking the operator Iγ−βx (·; p, q;λ, ρ)
on both sides of the resulting identity, and using (3.14), we obtain

Iγ−βx

(
xβ−1fα(t, x); p, q;λ, ρ

)
=

Γ(β)

Γ(γ)
xγ−1 (1− t)−α F λ,ρp,q

(
α, β; γ;

x

1− t

)
.

(4.5)
Equating (4.3) and (4.5), we get the desired result (4.1). �

Theorem 4.2. The following generating relation holds.

(1− t)−βF1

(
α, δ, β; γ;x,

xt

t− 1
; p, q;λ, ρ

)
=
∞∑
n=0

(β)n
n!

F λ,ρp,q

(
δ − n;β; γ;x

)
tn

(4.6)(
|xt| < |t− 1|, <(γ) > <(α) > 0, min{<(p), <(q)} > 0, λ ∈ C, ρ ∈ C \ Z−0

)
.

Proof. Consider the function gβ(x, t) = (1 − t + xt)−β. Similarly as in the
proof of Theorem 4.1, we consider gβ(x, t) in two ways to find

(1− t)−β
(

1− xt

t− 1

)−β
=
∞∑
n=0

(β)n
n!

(1− x)n tn. (4.7)

Multiplying both sides of (4.7) by xα−1(1 − x)−δ and taking the operator

Iγ−αx (·; p, q;λ, ρ) on both sides of the resulting identity, and using (3.12) and
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(3.11), respectively, on the left side and right side of the final resulting identity,
we obtain the desired result (4.6). �

5. Concluding remarks

The results presented here are presumably new and potentially useful. They,
being very general, can be specialized to yield some known results (see, e.g.,
[1, 5]) as well as new ones.
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