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1. INTRODUCTION AND PRELIMINARIES

The beta function B(a, () is defined by

/ L1 0P dt (min {R(a), R(B)} > 0)
0

['(a) I(B)
T(a+3)

where T is the familiar gamma function (see, e.g., [12, Section 1.1]). Here and
in the following, let C, R™, N, and Z; be the sets of complex numbers, positive
real numbers, positive integers, and non-positive integers, respectively.

The Gauss hypergeometric function 9 F; and the confluent hypergeometric
function 1 F are defined by (see, e.g., [11, 13])

oF1(a,b;c;2) = Z (azz)(:)ni:

n=0

B(a, B) = (1.1)

(oz,BE(C\Za),

(|2 <1; a,b€C, ceC\Zy) (1.2)

and

n

O(asc;2) =1F1(a;¢2) = Z (a)n 2

@l (aeC, ceC\Zy). (1.3)

n=0

Here and in the following, (\), is the Pochhammer symbol defined (for A, v €
C) by (see [12, p. 2 and p. 5])

W= S ovecnzy)
, w=0) (1.4)
:{)\(A+1)---()\+n—1) (v=neN).

The Appell’s series or bivariate hypergeometric series F} is defined by (see,
e.g., [13, p. 22])

(@) mtn(01)m (b2)n ™ y"
Fia,b,byiciz,y) = Y (@) +(c§ f (b2) e (1.5)
m,n=0 mTn T

(max{|z|, |y|} <1; a, b1, ba €C, c€ C\ Zy).
We recall integral representations for the above functions o}, 1 F1, and F
(see, e.g, [12, Section 1.5]; see also [13, p. 276])

F(C) ! b—1/9 _ pyc—b—-1 — at)7 @
F(b)F(c—b)/o 11— )1 — zt)"%dt (1.6)

(R(c) > R(b) >0, |arg(l —2)| <m);

2F1(a7 ba G Z) =
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‘ 1
1Fi(a;e2) = F(CL)FP(C)—CL)/O (1 =) lett gt (1.7)
(R(c) > R(a) > 0);
Fi(a,by,b2; ¢, y) F(a)l;((cc)_a) (1.8)

1
« / 1911 = oL — )P (1 — yt) b2 dt
0

(R(c) > R(a) > 0; |arg(l —z)| <, |arg(l —y)| < 7).
Chaudhry et al. [2] introduced and investigated the following extended beta
function

B(a, B;p) = Bp(a, B) = /01 11 — )l eT TP gt (1.9)

(min {R(a), R(B)} > 0; R(p) > 0).
Obviously B(a, 8;0) = B(a, ).
Chaudhry et al. [3] used the extended beta function By(«, 3) to extend the
hypergeometric function oF; and the confluent hypergeometric function ® as

follows:

B,(b+n,c—b z"
Fy(a,b;c; z) = Z p(B(b ‘D) )(a)nn! (p>0) (1.10)
n=0 ’
and
> By(b+mn,c—1b) 2"
Wb =) “pn ey P20 (1.11)
n=0 ’

Clearly Fy(a,b;c;z) = oFi1(a,b;c; z) and ®g(b;c;z) = ®(b;c;z). They [3] pre-
sented the following integral representations
1

Fy(a,b;c;z) = Blhc—b)

(1.12)

1
X /0 =11 — $)°P"1(1 — 2¢)7% exp ( - t(lp— t)) dt

(p=0; R(c) > R(b) > 0; |arg(l —2)| <m)
and

1
O, (b;c; 2) = B(b,i—b)/o 71 (1 =) Lexp (zt - t(lp— t)) dt  (1.13)

(p >0; R(c) > RN(b) >0).
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Ozarslan and Ozergin [8] used the By(a, 8) to extend the Appell’s function
F1 and presented its integral representation

oo

By(a+m+mn,c—a) ™ y"
F . cm) — p ’ — - (1.14
1(a,b1,b2,c,x,y,p) 7;) B(a,c—a) (bl)m(bQ)n m! n! ( )
and
1
Fi(a,b1,by;c;,y;p) = Blac—a)
: (1.15)

1
a— c—a— —b1 —ba p
X/O N1 — )N (L — )T (L —yt) exp(—t(l_t))dt

(b > 0; R(e) > R(a) > 0; |arg(1 — )| <, |arg(1 —y)| < 7).
Obviously, the particular cases p = 0 of (1.14) and (1.15) reduce, respectively,
to (1.5) and (1.8).

Choi et al. [4] extended the beta function B(«, )

1
Bl(a, B;p,q) = Bpg(a, f) = / (1) e T dt (1.16)
0

(min {R(e), R(B)} > 0; min {p, ¢} >0).
Obviously, By(a,8) = By(a,B) and Boola, 8) = B(a,B). They [4] used
(1.16) to further extend the F}, and ®, and investigate

> Bpy(b+n,c—b) 2"
Fpqla,byc;z) = Z qu(b c—b) (a)nﬁ (p, ¢ >0) (1.17)
n=0 ’ ’
and
> Bpgb+n,c—b)2"
Opglbicz) =) p‘jg(b . (p, ¢ >0), (1.18)
n=0 ’

with their integral representations

1
Fp,q(a, b, C; Z) = m

) (1.19)
X /0 11— )1 — 24) 7 exp < - 2% G z t)) dt
(p, g = 0; R(c) > R(b) > 0; [arg(l —z)| <)
and
1
D, q(bic;2) = m
(1.20)

1
X / =11 — $)ebT exp (zt - % S ) dt
0

1-1
(p, ¢ = 0; R(c) > R(b) >0).
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Baleanu et al. [1] used B, 4(c, B) to further extend the Appell’s function F;

o0

Bps(a+m+mn,c—a) ™y
Fi(a, b1, bo; c; 2, y; = = : b1)m(b2)n — = (1.21
1((1, 1, 27Camay7p7q) ngo B(a,c—a) ( 1)m( 2)n m! nl ( )
(max{|z|, [y[} <1; p, ¢ 2 0)
and presented its integral representation
1
Fi(a, b1, bs;c; ; ==
1(@, 1 2707%%?79) B(a,c—a)
1 (1.22)
x / $971(1 — £)°9 (1 — 2t) 701 (1 — yt) P2 exp ( - % - %)dt,
0 _

(P, ¢ = 0; R(c) > R(a) > 0; |arg(l —z)| <, |arg(l —y)| < 7).

Clearly Fi(a, b1, bo; ¢; @, y;p, p) = Fi(a, bi, by ¢ @, ;).
Mubeen et al. [7] presented a further extension of the extended beta function
By q(e, B)

BM(a, B;p.q) = By (o, B)

Y - D 4

_/0 t 1(1—t)ﬁ 11F1 {)\,p,—g] 1F1[)\,p,—m}dt
(min {R(p), R(¢)} > 0; min{R(«), R(B)} >0; NeC, pe< C\Za) )

Obviously BYE(a, ) = Byq(a, A).
Here, we introduce further extensions of the (p, ¢)-extended functions
F,q(a,b;c; 2) in (1.17) and @, 4(b; ¢; 2) in (1.18) as follows:

(1.23)

> By (b+n,c—b) 2"
Ap e ) D:q ) z )
F)P(a,byc;z) = 7; Bloc—b) (@n—y (o a>0;|2[<1) (1.24)
and
X BYP(b+n,c—b) 2"
OpP(biciz) =Y ”’qB<(b D) >n, (P, ¢ >0), (1.25)
n=0 ’ '

together with the following extended Appell function:

00 A
Byf(a+m+mn,c—a)z™y"
Fy (a, b1, bo; 2,y G A p) = Y (B1)m(b2)n pq(B(a e a) )m,n,
m,n=0 ’ T
(1.26)

(p, ¢ = 0; max {[z|, [y|} <1).
Clearly, Fyl(a,b;c;z) = Fp4(a,b;c; z), ®pa(b; c;z) = ®p 4(b; ¢; 2), and
F (a, b1, bas ;Y5 p, 45 p, p) = F1 (a, b1, ba; ¢; T, Y5 p, ).
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Then we aim to present integral representations for the extended functions
(1.24), (1.25) and (1.26). Also we introduce a fractional differential operator
involving the extended function in (1.24) and investigate some of its properties.

2. INTEGRAL REPRESENTATIONS

Here we present certain integral representations for the functions in (1.24),
(1.25) and (1.26).

Theorem 2.1. Each of the following integral representations holds.

1 ! b—1/1 _ pyc—b—1/1 Z)a
B(b,c—b)/o P11 = p)ebl(1 — g2) o

X 11 [A; p; Jﬂ 1F1 [/\;p; f%_t} dt

(min {R(p), R(@)} > 0; R(e) > R(b) > 0;
AeC,peC\Zy; |arg(l —z)| <m);

Fp):;]p(a, byc;z) =

1 1
DM (b: ¢y 2) = / (1 — )eTi e
b = g [ - -
X 1 [A;P; —ﬂ 1F1 [)\;M —%_J dt

(min {R(p), R(q)} > 0; R(c) > R(b) >0; A€ C, pe C\Z);

1 v e
F1<a7bl,b2;c;337y;pa%>\7P) = B(aca)/ 1 =)t
b 0

X (1—tz) ™ (1 —ty) ™" 1 Fy [A; p; —ﬂ 1F [/\;p; —%_J dt

(min {R(p), R(q)} > 0; R(c) > R(a) > 0;
ANeC,peC\Zy; |arg(l —z)| <, |arg(l —y)| < ).

Proof. Using the definition (1.23) in (1.24) and interchanging the order of
integral and summation, which is verified under the assumptions given in this
theorem, we have

1 1
FMlabiesz) = — — =11 _ b1
p,q (CL, ’07 Z) B(b,c_ b) A ( )

x 1Fy [/\§ i —ﬂ 151 {)\3 s —L] { i (@)nt2)" } dt.

n!

(2.4)
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Recalling the following generalized binomial theorem

> ((z).n =01-27" (¢l <L a€C) (2.5)
n=0

in the summation in (2.4), we obtain the desired result (2.1).

A similar argument as in the proof of (2.1) will establish the results in (2.2)
and (2.3). We omit the details. O

3. FRACTIONAL INTEGRAL AND DERIVATIVE OPERATORS

In this section, we define further extension of extended Riemann-Liouville
fractional derivative.

The Riemann-Liouville fractional integral of order o € C with R(«w) > 0 of
a function f is defined by (see e.g., [6])

°f(x) /f V@ —t)*1dt (x> 0), (3.1)

where the right side exits. The Rlemann Liouville fractional derivative of order
a € C with R(a) > 0 of a function f(x) is defined by

D) = o [, T =07 e
dn n—ox
Tdan ”

Ozarslan and Ozergin [8] extended the Riemann-Liouville integral and de-
rivative of order o as fOHOWS'

(3.2)
fx) (n=R)]+1, x>0).

.’E2
IPPf(x / ft) (x =) exp(—t(f_t))dt (3.3)
() >0, R(p) >0, x >0)
and
n T ZCQ
O T % | o=t e (- 2
=T ens(a) (Ra) > 0,n = [Ra)] + 1, R(p) > 0, > 0).

(3.4)
Baleanu et al. [1] extended the fractional integral and derivative (3.3) and
(3.4) as follows:

LS (@);p,a} = /f (z — 1)~ eXp( pf—xqft)dt (3.5)
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(R(«) > 0, min{R(p), R(q)} >0, z > 0)

and
d?’l T - "
Dﬁ{f(x);pﬂ}:r(nl_a)m /0 T P G L T
= @)
(3.6)

(R(a) >0, n = [R(a)] + 1, min{R(p), R(¢)} >0, x > 0).

Here we introduce further extensions of the extended fractional integral and
derivative (3.5) and (3.6) defined by

(@), q; A 0} =F(1a) /Ox F(8) (= 1)2 !
X 1F [A; p; —%} 111 [A; p; —%] dt

(R(a) > 0, min{R(p), R(¢)} >0,z >0, A€ C, peC\Z)

and

N e A e

x 1F1 [)\;P; —%} 1F1 [NP; - qxt} dt (3.8)

xr —

:% LS (@);p.q; A p}
(R(@) >0, n = [R(a)] + 1, min{R(p), R(¢)} >0, 2>0, A € C, pe C\Z).

Obviously, the extended fractional integral and derivative (3.7) and (3.8)
when A = p reduce, respectively, to (3.5) and (3.6).

We present some formulas involving the operators (3.7) and (3.8).
Theorem 3.1. The following formula holds true.
Byi(n+1,0) o

I p g\, p) =
Axip s A p} (@)

", (3.9)

(R(a) >0, R(n) > —1, min{R(p), R(¢)} >0,z e R*, A€ C, pe C\Z;)

Proof. We set f(t) =t"in (3.7). Then, letting t = zu in the resulting identity
and using (1.23), we obtain the desired result. O
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Theorem 3.2. Let f(t) = Z ant™ (|t| < &) for some 6 € RT. Then, for
each 0 < x <9, the followmg formula holds true.

LA (@)ip s A p} = Z an I {x";p, ;A p}

=0 (3.10)

ZanB/\’p n+1,a)z"

(R(@) > 0, min{R(p), R(q)} >0, A€ C, pe C\Z;).

Proof. We set the power series of f(t) in I${f(z);p,q; A, p}. Then we find that
the integrand converges uniformly under the given conditions. This verifies
term-by-term integration. Finally, using (3.9), we get the desired result. [

Theorem 3.3. The following formula holds true.

_ _ _ r _
I (1 — ) Bip, g A, p} = nggxu g (Bme) 1)

(z € RT, R(p) > R(n) > 0, min{R(p), R(¢)} >0, A€ C, pcC\Zj).

Proof. Using (3.7) and letting ¢t = zu, we have

k1

1
11 (1 — 2) P ipgi A, p) = | / W1 — ) (1 — )

L(n—w) Jo

x 1F [/\;p; —ﬂ 17 [A;p; } du,

1—
which, in view of (2.1), leads to the right side of (3.11). O

Theorem 3.4. Let x € RY, |ax| <1 and |bx| < 1. Then
=M (1 = ax) (1 = bx)~;p, g A, p}

3.12
= mx“‘l £y (77, a, B; pi; az, br; p, q; X, p) (312
(?R(u) > R(n) > 0, min{R(p), R(¢)} >0, A€ C, p e C\Za) )
Proof. Using (2.5), we have
(1 —a2) (1) = 3 D (@3, 90 P 3y

m=0n=0
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Applying (3.10) to (3.13), we get

{2 (1 — ax) (1 = bx) i p, ¢ A, p}

o1 2
- I‘(:_n) Z Z(a)m(ﬁ)n B}),\jg(?]+m+n,u —n)

m=0n=0

m)! n!

which, in terms of (1.26), leads to the right side of (3.12). O

Setting b = 0 in the result in Theorem 3.4 with the help of (2.1) and (2.3),
we obtain a useful identity, which is asserted by the following corollary.

Corollary 3.5. Let € RT and |ax| < 1. Then

r
]5—77{:577—1(1 —az)"%p, ;A\ ph = FEZ%:U“_IF;:;{) (a; n; 1; am) (3.14)

(R(1) > R(n) > 0, min{R(p), R(¢)} >0, A€ C, pe C\Z;).
Recall the extended gamma function (see [9, Eq. (3)])
Fl(,a’ﬁ) (z) = / R {a; B;—t — %] dt (3.15)
0

(min {R(a), R(B)} > 0, R(v) > 0, R(z) > 0).
Also let T(@H) (z) := T ().

Theorem 3.6. The following Mellin transform formula holds.
l,a—l-’r]
I'(a)

B(r+n+1, s+a) TA) () D) ()
(3.16)

M2 p, ;N\ psp— 1, g = s} =

(R(a) > 0, z > 0, min {R(p), R(q)} > 0,

min {R(X), R(p)} > 0, min {R(r), R(s)} > 0).

Proof. Let L; be the left side of (3.16). Taking the Mellin transform on (3.7),
we obtain

X 1 [/\; p; —‘%} 1 [A; p;— (xqf t)}dt} dp dg.
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Setting ¢ = uz in (3.17) and interchanging the order of integrals, which is
verified under the conditions here, we get

= [ ([ o)

x (/OOO ¢ R [/\;p; —ﬁ]dq) du.

Letting p = wa and ¢ = (1 — w)b in the integrals in the first and second
parentheses of (3.18), respectively, and using (3.15), we have the desired result.
O

(3.18)

Theorem 3.7. The following Mellin transform formula holds.

Q4|

fm{fﬁ{(l—m)";p,qsk,p};p%hq—>3}:i(a)r(r+s+a+1) 510
3.19
><F(s+a)F(>"p)(7‘)F(>"p)(s)gFl(—7],7"—!—1;T+s+a—|—1;x)

(8?(04) >0, R(n) > -1, z > 0, min {R(p), R(q)} > 0,
min {R(X), R(p)} > 0, min {R(r), R(s)} > 0).

Proof. Let Ly be the left side of (3.19). Expanding (1—x)" = >, (—1)n xn—T
and taking term-by-term integration, we have

L= T et pkip s a8}, (320

n=0

Applying the result in Theorem 3.6 to the right-sided Mellin transforms and
simplifying, we arrive at the right side of (3.19). O

4. GENERATING RELATIONS

Here we establish two generating relations for the extended (p, ¢)-functions
(1.24).

Theorem 4.1. The following generating relation holds.

) - i ) Fﬁbp(a +n,8;7; x)t” (4.1)

n!

_ X
(1-1) aFﬁf(Oz,B;v; T3

(1] < [1 — 2], R(7) > R(B) > 0, min{R(p), R(g)} >0, A€ C, p€ C\ Zg).
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Proof. Consider the following function f,(t,z) = (1 — 2 — )™ in two ways.
Firstly we use (2.5) to find

o) = (- (1-11)

1—=x

(4.2)

o (@)t

— _ —Q n —

SO Y s (< 1))
n=0

Multiplying both sides of (4.2) by 2~ and taking the operator i (50, 5\, p)

on both sides of the resulting identity, term-by-term on its right side, and using

(3.11), we get

- (ﬂfﬁ_lfa(t,w);p, q;/\,p) = ll:gfg 2 (O;L),”
n=0 ’

A, Ay
Fp,qp<o‘+n,57%$)tn-

(4.3)
Secondly we consider

faltz) = (1— 1)~ (1 - 1ft>_a. (4.4)

Multiplying both sides of (4.4) by 2°~! and taking the operator 7" (50,5 A p)
on both sides of the resulting identity, and using (3.14), we obtain

8 ( 6 I'B) - - x
y=B ( .1 . . — =11 _ p\—a pApe A
I} (l‘ fa(t,z);p, q,A,p) Ty~ (1=t k4 (a,ﬁ,% T t).
(4.5)
Equating (4.3) and (4.5), we get the desired result (4.1). O

Theorem 4.2. The following generating relation holds.

- xt — (B)n n
(1-1) ﬁFl(aJ,B;v;x,m;p,q;/\,p) :Z(n)! in’q”(é—n;ﬂw;x)t
n=0

(4.6)
(Jot| < |t = 1], R(v) > R(a) > 0, min{R(p), R(¢)} >0, A€ C, pe C\Zy).

Proof. Consider the function gg(z,t) = (1 —t+ xt)78. Similarly as in the
proof of Theorem 4.1, we consider g(z,t) in two ways to find

(1—1)B <1 - ”) L i Bhn (1 _ gyngm. (4.7)

t—1 n!

n=0

Multiplying both sides of (4.7) by z® (1 — 2)~% and taking the operator
I (:;p,q; A, p) on both sides of the resulting identity, and using (3.12) and
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(3.11), respectively, on the left side and right side of the final resulting identity,
we obtain the desired result (4.6). O

5. CONCLUDING REMARKS

The results presented here are presumably new and potentially useful. They,
being very general, can be specialized to yield some known results (see, e.g.,
[1, 5]) as well as new ones.
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