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Abstract. Three common stationary point theorems for some multi-valued F-contractions
with d-distance in bounded complete metric spaces are proved. The results obtained in this
paper are extended or are different from several results in the literature. Three nontrivial

examples are given.

1. INTRODUCTION AND PRELIMINARIES

It is well known that one of the fundamental results in fixed point theory is
the Banach fixed point theorem. Because of its importance in mathematical
theory, this result has been extended and generalized in many directions for
single-valued and multi-valued cases. Fixed point theorems for multi-valued
contractive mappings were studied by using both Hausdorff metric H ([10, 16,
17]) and é-distance ([6, 12-14, 21]).
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In 1969, Nadler [17] introduced the multi-valued contraction mapping by
using the Huasdorff metric and proved the following result.

Theorem 1.1. ([17]) Let (X,d) be a complete metric space, CB(X) be the
family of all nonempty closed and bounded subsets of X, and S : X — CB(X)
be a mapping satisfying

H(Sxz,Sy) <rd(x,y), Vr,ye X, (1.1)

where r € [0,1) is a constant. Then S has a fized point.

Making use of d-distance, Fisher [6] obtained the following common fixed
point theorem for a pair of multi-valued contractive mappings.

Theorem 1.2. ([6]) Let (X,d) be a bounded complete metric space, B(X) be
the family of all nonempty bounded subsets of X, and S,T : X — B(X) be
commuting mappings satisfying for all z,y € X,

0(Sz, Ty) < rmax{d(x,Sx),d(y, Ty),d(x, Ty),0(y, Sx),d(z,y)}, (1.2)

where r € [0,1) is a constant. Then S and T have a common fized point.

Let F be the set of all functions F' : (0,400) — (—00,+00) satisfying the
following conditions:

(F1) F is strictly increasing;

(F2) For each sequence {ay, }n>1 of positive numbers, lim,_, o, = 0 if and
only if lim,, o0 F(ay) = —00;

(F3) There exists k € (0, 1) such that lim,_,o+ o*F(a) = 0.

Definition 1.3. ([20]) Let (X, d) be a metric space. A mapping f: X — X
is called F'-contraction if there exist 7 > 0 and F' € F such that

T+ F(d(fx, fy)) < F(d(z,y)), Vz,y <€ X with d(fz, fy) > 0.

One of the most interesting generalizations of the Banach fixed point theo-
rem was given by Wardowski [20] in 2012. He proved a new fixed point theorem
for F-contraction. Afterwards, a few researchers [1-4, 11,15,18-20] introduced
new F'-contractions for single-valued and multi-valued mappings and proved
the existence of fixed points for these F-contractions. In particular, Acar and
Altun [3] and Acar et al. [4] proved the following fixed point theorems.

Theorem 1.4. ([3]) Let (X,d) be a complete metric space and S : X — B(X)
be a multi-valued mapping. Assume that F € F, F is continuous and Sz is
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closed for all x € X and there exists T > 0 satisfying
T+ F(6(Sz,5y)) < F(M(x,y)),

1.
Va,y € X with min{d(Sz, Sy),d(z,y)} > 0, (13)

where

M(z,y) = max {d(x, y),d(x, Sz),d(y, Sy), %[d(l‘, Sy) + d(y, Sx)]} (1.4)

Then S has a fized point.

Theorem 1.5. ([4]) Let (X, d) be a complete metric space, K(X) be the family
of all nonempty compact subsets of X, and S : X — K(X) be a multi-valued
mapping. Assume that F € F, F' or S is continuous and there exists T > 0
satisfying

T+ F(H(Sz,Sy)) < F(M(z,y)), Vz,ye€ X with H(Sz,Sy) >0, (1.5)
where M(z,y) is defined by (1.4). Then S has a fized point.

Motivated and inspired by the results in [1-21], in this paper we introduce
a few multi-valued F-contractions (2.1), (2.13) and (2.14) with J-distance and
establish the existence and uniqueness of common stationary point for these
multi-valued F-contractions. Three examples are included to illustrate that
the results obtained are extended or are different from results in [3, 4, 6, 12, 17].

Throughout this paper, let N and R denote the set of all positive integers
and all real numbers, respectively, Ny = N U {0} and Rt = [0,+0c0). Let
(X,d) be a metric space. It is clear that () # K(X) C CB(X) C B(X). The
Hausdorff metric H : CB(X) x CB(X) — [0, +00) is defined by

H(A, B) = max { sup d(zx, B), sup d(y,A)}, VA,B C CB(X),
€A yeDB

where d(z, B) = inf{d(x,y) : y € B}. For A, B C X, define
0(A, B) = sup{d(a,b) :a € A,b € B} and 6(A, A) = §(A4).

If A is singleton {a}, we write 0(A, B) = §(a,B). Let S,T : X — B(X) and
f:X — X. Apoint z € X is called a stationary point of S if Sz = {z}. Note
that every stationary point of S is a fixed point of S, but not conversely. A
point z € X is called a common stationary point of S and T"if Sz = Tz = {z}.
S and T are said to be commuting if STx = T'Sx for all x € X. S and f are
said to be commuting if Sfx = fSz for all x € X. Define

Cr={g:9:X — X satisfies that g and f are commuting}
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and
Cs ={G:G: X — B(X) satisfies that G and S are commuting}.

It is clear that Cs D {S™ :n € No} and Cy 2 {f™ : n € Np}, where S = f0 =
tx and ix denotes the identity mapping in X.
Let F : (0,4+00) —» R and n : (0,400) — (0,+00) be two mappings, A be
the set of all pairs (F,n) satisfying the following:
(A1) F is upper semicontinuous and strictly increasing;
(A2) limy, o0 t,, = 0 for each positive sequence {ty, }nen with limy, o0 F'(t,) =
—00;
(A3) 7 is lower semicontinuous nonincreasing and 7(t,,) - 0 for each strictly
decreasing sequence {ty, }nen.

Definition 1.6. ([7]) Let {A,}nen be a sequence of sets in B(X) and A €
B(X). The sequence {Ay, }nen is said to converge to the set A if
(1) each point a € A is the limit of some convergent sequence {ay }nen,
where a,, € A, for n € N;
(2) for arbitrary € > 0, there exists k € N such that A, C A, for n > F,
where A, is the union of all open spheres with centers in A and radius
€.

Lemma 1.7. ([5]) If {An}nen and {By}nen are sequences of bounded subsets
of a complete metric space (X, d) which converge to the bounded subsets A and
B, respectively, then the sequence {0(Apn, Bpn)tnen converges to §(A, B).

2. MAIN RESULTS

In this section, we prove stationary point theorems for the multi-valued
F-contractions (2.1), (2.13) and (2.14) below with J-distance.

Theorem 2.1. Let (X, d) be a bounded complete metric space and S, T : X —
B(X) be continuous and commuting mappings satisfying

F(6(SPT2, S'T7y)) < F(8(Upecsy D{z,y}) —n(6(Upecs, D{z, y})), 2.1)

Yo,y € X with §(SPT%, S*T7y) > 0, .

where (F,n) € A and p,q,i,j € Ng with p,j € N or q,i € N. Then

(i) S and T have a unique common stationary point z € X ;
(ii) The sequence {S™"T"x}nen converges to {z} for allx € X.

Proof. Let k = max{p, ¢} + max{i, j}, X,, = S"T"X and §,, = §(X,,) for each
n € Np. Clearly,
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Xnt1 € X, and 601 < 0, Vn € Ny (2.2)
and
DX, =DS"T"X = S"T"DX C S"T"X = X,,,V(n,D) € Ny x Csr. (2.3)
Let A, B C X. It follows from (2.1) and (F,n) € A that for all (a,b) €
A x B with §(SPT%, S"T7b) > 0
F(6(SPT%, S"T7b))
< F(0(Upecsr D{a, b})) — n(6(Upecsy D{a, b}))
< F(6(Upecsr (DAU DB))) = 1(0(Upecs, (DAU DB))),
which yields that
F(5(SPTA, ST’ B))
< F(0(Upecs, (DAU DB))) = n(6(Upecs, (PAU DB)))
for all A, B C X with §(SPTA, S'T'B) > 0.
Assume that there exists ng € N such that §,, = 0. It follows that
SmoTmX = {z} for some z € X. (2.3) means that Tz = Sz = {z}. That is,

z € X is common stationary point of S and T. Assume that §,, > 0 for all
n € Ny. In light of (2.1)-(2.4) and (F,n) € A, we deduce that

F(63) = F(6(SPT2Sk—PTk-x §iTI gk—iTk=i X))
< F(8(Upecsy D(S*PT 91X U S*'TH X))
— n(6(Upecs, D(S*PTF 41X U SF'TH 7 X))
< F(0(X)) —n(6(X))
= F(d0) — n(o)

(2.4)

and
F(0g1) = F(5(SPTISH—PTF4X,, SITISFTE=I X))

< F(6(Upecg, D(SHPTE=9X, U SF=ITE=I X))
— n(6(Upecg, D(SFPTF 91X, U SFITFI X})))
< F(0k) — (k).
Repeating this process, we conclude that
F(6kn) = F(O(SPTISM PTF 91X 1), S'TISM ' TF T X 1))
< F(6(Upecsy D(SHPTH1X 1) U S* ' T* T Xp0m1))))
— 0(6(Upecsy D(S*PTF X1y U SP T X 1))
< F(okmn-1)) = 1(0k(n-1)); Yn €N.

(2.5)
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By virtue of (2.5), we get that
77(5k(n—1)) < F(ék(n—l)) - F((Skn)a Vn € N. (26)

In terms of n(dyn—1)) > 0 for each n € N, we have F'(0y(,—1)) > F'(0kn)-
It follows from (A1) that {0k, }nen, is a strictly decreasing positive sequence,
which implies that there exists a constant ¢ > 0 with lim,,_,o 0, = c.

Next, we show that ¢ = 0. By means of (2.6), we conclude immediately

that
F(6kn) < F(Ok(n—1)) — 1(Okn-1))
< F(Orn—-2)) — 1(0kn-2)) — 1(0k(n-1))
< F(00) = n(d0) = -+ = n(Orn—2)) = 1(0k(n-1))>
that is,
S0 n(6ki) < F(8) = F(6kn), Yn €N, (2.7)

Note that {0k, }nen, is strictly decreasing. Making use of (A3), we arrive at
n(0kn) - 0, which gives that X°,n(dy;) = +oo. It follows from (2.7) that

lim, 00 F(0gn) = —oo. In light of (A2), we have lim, o dg,, = 0, which
together with (2.2) yields that
lim 6, = lim dg, = 0. (2.8)
n—0o0 n—oo

Choose z,, € X,, for each n € N. In view of (2.2), we infer that
d(Zp, Tm) < 0(Xp, Xon) < 0n, Vm,n €N with m > n.

Consequently, {z, },en is a Cauchy sequence by (2.8). Since X is complete, it
follows that there exists a point z in X such that lim,,_,o z, = z. From (2.2),

we have
0(z, Xpn) < d(z,zm) + 6(xm, Xn)

)
<d(z,xm) + 6(Xm, Xn) (2.9)
<d(z,zm)+ 6p, VYm,n €N with m > n.
Letting m tend to infinity in (2.9), we obtain that
0(z, Xn) <bn, YneN. (2.10)

Since S and T are continuous and lim, o ,, = 2, it follows that {Sz, }nen
and {Tzy, }nen converge to {Sz} and {T'z}, respectively. Note that

Sz, CSS"T"X =S"T"SX CX,, VneN,
Te, CTS"T"X =S"T"TX C X,,, VneN.
In view of (2.8), (2.10) and (2.11), we deduce that
max{d(z,Sx,),0(z,Txy)} < (2, Xp) <0p, =0 asn — oo,

(2.11)
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which together with Lemma 1.7 yields that
max{d(z,Sz),d(z,Tz)} = 0.

That is, Sz =Tz = {z}.

Suppose that S and T have a second common stationary point w € X —{z}.
Obviously, {u} = S"T"u C X,, for each u € {z,w} and n € N. In view of
(2.8), we infer that

d(z,w) <6, -0 asn— oo,

which means that z = w. Hence S and T have a unique common stationary
point z.
Choose y, € S"T"zx for each (x,n) € X x N. By means of (2.10), we have

d(yn,z) <0(S"T"x,2) < §(Xp,2) < dp. (2.12)
It follows from (2.8), (2.12) and Definition 1.6 that {S™T"x},cn converges to
{z}. This completes the proof. O

As in the arguments of Theorem 2.1, we conclude similarly the following
result and omit its proof.

Theorem 2.2. Let (X,d) be a bounded complete metric space, (F,n) € A,
S: X — B(X) be a continuous mapping satisfying
F(3(SPz, 8'y)) < F(8(Upecs D{x,y})) — n(6(Upecs D{z, y})), (2.13)
Vr,y € X with §(SPz, S%y) > 0, '
where p,i € N. Then
(i) S has a unique stationary point z € X ;
(ii) The sequence {S™x}nen converges to {z} for all x € X.

Now we give a common fixed point theorem for two pairs of single-valued
and multi-valued F'-contractions.

Theorem 2.3. Let (X,d) be a bounded complete metric space, S,T : X —
B(X) be commuting and f,g: X — X be continuous, f,g € CsNCr and
F(6(SPz, Ty))
< F(max{d(fxz, S"x),d(gy, Ty),0(fz, T), 0(gy, SPx),d(fx, gy)})
—n(max{d(fz, S"x),d(gy, T), 0 (fx,T),0(gy, SPx), d(fx, gy)}),
Va,y € X with 6(SPz, T%) > 0,

(2.14)
where p,q € N and (F,n) € A. Then

(i) The sequence {S"T"x}nen converges to {z} for all x € X;
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(ii) f, g, SP and T have a unique common fixed point z € X with SPz =
Tz = {z}, which is also a unique common fized point of Cs N Cp N
Cf NnCyg.

Proof. Let k=p+q, X,, = S"T"X and §,, = 6(X,,) for each n € Ny. Clearly,
(2.2) holds and
hX, = hS"T"X = SMT"hX C S"T"X = X,

v(”a h) € Ng x (CS N CT) (215)

As in the proof of Theorem 2.1, we infer that by (2.14) and (F,n) € A
F(6(SPA,T?B))
< F(max{0(fA, S"A),0(9B,TB),0(fA, TB),
0(9B, SPA),d(fA, gB)})
—n(max{d(fA,SPA),6(9B,TB),6(fA, TB),
0(9B, SPA),d(fA, gB)}),
VA, B C X with 6(SPA, T9B) > 0.

(2.16)

Assume that there exists ng € N such that J,,, = 0. It follows that
ST X ={z}
for some z € X and
hz = hS™T™X = S"TRX C S™T™X = {2z},

for all h € {f,g,SP,T?}. That is, z € X is a common fixed point of f, g, SP
and T?. Assume that ¢, > 0 for all n € Ny. In light of (2.2), (2.14)-(2.16) and
(F,n) € A, we deduce that

F(6,) = F(6(SPSITFX, TIS*TP X))
< F(max{5(fSIT*X, SPSIT*X),5(gS*TP X, TIS* TP X),
S(fSITEX, TISFTPX), 5(gS*TP X, SPSITFX),
5(fSIT X, gS*TPX)})

— n(max{6(fSIT*X, SPSITFX), §(9S*TP X, TIS*TPX),
S(fSITFX, TISFTPX), 6(gS*TP X, SPSITHX),
S(fSITFX, gS*TPX)})

< F(6(X)) —n(6(X))

F(d0) —n(do)
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and
F(0o1) = F(6(SPSIT X, TIS*TP X))
< F(max{5(fSIT* X}, SPSIT*X},), 6(gS*TP X, TISKTP X},),
8(fSITkE X, TISEFTP X)), 6(gSETP Xy, SPSITF X)),
§(fSIT Xy, gS*TP X1)})
— n(max{§(fSIT* X}, SPSIT*X}), 6(gS*TP X}, TIS*TP X},),
8(fSITkE X, TISKFTP X)), 6(gSFTP Xy, SPSITF X)),
5(fSIT* Xy, gS*TPX1)})
< F(6x) — n(dk).
Repeating this process, we obtain that
F(0kn)
= F(6(SPS"T* X (5—1), TUS* TP X 1))
< F(max{d(fSIT* Xy(n—1), SPST" Xp(n—1)),
5(gS TP X1y, TIS TP X (1), 6 (fS T X -1, TUS* TP X ,-1)),
5(gSH TP Xy (1), SPSIT" X (1)), 6(fSIT" X1y, 95 TP Xpy(n—1)) })
= n(max{d(fSIT" X1y, SPSIT" Xy 1)),
5(gS TP X1y, TIS TP Xy (1), 6 (fS T X -1, TUSF TP X ,-1)),
8(gS* TP X (-1, SPSIT* Xy (n—1)), 6(f SIT* X1y, 95 TP Xpy(n—1)) })

< F(Ok(n-1)) = 1(0kn-1)), Yn €N.
(2.17)
It follows from (2.17) that

n(ék(nfl)) < F((sk(nfl)) — F((Skn), Vn € N.

Proceeding as in the proof of Theorem 2.1, we obtain that (2.8) holds and
{Zp}nen is a Cauchy sequence. Since X is complete, it is clear that there
exists a point z in X such that lim, ..z, = z. For each n € N, choose a
point x,, € X,,. It follows that

fan € fS"T"X = S"T"fX C S"T"X, Vn € N. (2.18)

Similarly, gz, € S"T"X for each n € N. The continuity of f and g ensures
that fz, — fz and gz, — gz as n — oo. Consequently, by means of (2.18),
we have

0 <d(fzgz) <d(fz fxn) +d(frn, grn) + d(gTn, g2)

<
<d(fz, fxn) + op +d(gzn,g92), VneN.
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Letting n tend to infinity and using (2.8), we obtain that d(fz,gz) = 0, that

is, fz = g=z.
We next show that z is a common fixed point of f, g, SP and T9. It follows
from (2.18) that

0 <d(z, f2) < d(z,xn) + d(@n, fon) + d(fn, [2)
<d(z,zp) + O0n +d(fxn, fz), VYneN.

As n — oo we conclude that d(z, fz) =0, that is, z = fz = gz.
We now assert that §(z,77z) = 0. Otherwise §(z,7%z) > 0. By virtue of
(2.2) and (2.18), we get that

3z, T92) < d(z,9xm) + 6(gzm, TI2)
<d(z,g9Tm)+ 6(S™TTX,Tz)
< d(z,9xm) +6(S"T"X,T%), Vm,n € N with m > n.
Letting m tend to infinity, we obtain that
0(2,T92) < 6(S"T"X,T%), VneN. (2.19)
It follows from (2.14)-(2.16), (2.19), (F,n) € A and gz = z that
O(fS"PTX,T92) < §(S" PT" PfTPX, grp—p) + d(gxn—p, 2) + 0(2,T9%)
< p—p +d(gTn—p, 2) + (2, T2),
0(gz, SPS"PT"X) < d(gz, gxn) + 0(92n, ST X) < d(z, gxy) + On,
(fS"PT"X, gz) < 6(S"PT"PfTPX, gan—p) + d(gTn—p, g2)
< Gy + d(gnp,?)
and Vn > p
F(6(z,Tz))
< FO(S""X,T%2)) = F(6(SPS"PT"X,T1z))
< F(max{d(fS"PT"X,SPS"PT"X), (92, T2),
S(fS"PT"X,T92),6(gz, SPS™PT"X),0(fS"PT" X, g2)})
— p(max{5(fS"PT"X, SPS"PTX), 8(gz, T7%),
O(fSMTPT" X, T92),6(g2, SPS"PT"X),6(fS"PT"X, g2)})
< F(max{dp—p,6(2,T2),0p—p + d(gzn—p, 2) + 0(2,T72),
d(z,9n) + bn, On—p + d(gTn—p, 2)})
— n(max{0p—p, (2, T2), 6p—p + d(gan—p, 2) + 0(2,T2),
d(z,9n) + bn, On—p + d(gTn—p, 2)})
= F(max{0,—p + d(gzn—p, 2) + 0(2,T2),d(2, gxn) + 0n})
— n(max{0p—p + d(gzn—p, 2) + (2, T2),d(2, gxn) + 0 }).

(2.20)
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Letting n tend to infinity in (2.20) and using (2.8) and (F,n) € A, we get that
F(8(2,T12)) < F(5(2,T12)) — 1(6(2, T2)
< F(0(2,T72)),
which is a contradiction. Hence 6(z,792z) = 0. Consequently, 77z = {z}.

Similarly, SPz = {z}. That is, SPz =Tz = {z}.
For each (n,z) € N x X, choose y,, € S"T"z. It is clear that

d(yn,2) < 6(S"T"x,2) < 6(Xp,2) < dp, V(n,z) € Nx X.

Letting n tend to infinity and using (2.8) and Definition 1.6, we conclude that
{S"T"z}pen converges to {z}.
We next show that z is the unique common fixed point of f, g, SP and T9
with
SPz=T% ={fz} = {9z} = {=}. (2.21)
Suppose that f, g, SP and T'? have a second common fixed point w € X —{z}.
If 6(SPw, T9w) > 0, it follows from (2.14), (2.15) and (F,n) € A that
F(6(SPw, Tw))
< F(max{d(fw, SPw),d(gw, TIw), §(fw, Tw), é(gw, SPw), d(fw, gw)})
— n(max{d(fw, SPw), d(gw, TIw), §(fw, TIw), é(gw, SPw), d(fw, gw)})
< F(8(T%, §%w)) — n(3(Tw, S7w))
< F(0(SPw, Tw)),
which is a contradiction. Therefore §(SPw,T%) = 0. Note that w € SPwNT%w.
Consequently, SPw = T9w = {w}. Using (2.14), (2.15) and (F,n) € A again,
we get that
F(0(z,w))
= F(6(SPz,Tw))
< F(max{d(fz, S"z),6(gw, Tw),6(f 2, Tw), 6 (gw, SPz),6(f 2, gw))})
—n(max{d(fz,SPz),0(gw, Tw),d(fz,TIw), d(gw, SPz),d(fz,gw))})
= F(4(z,w)) —n(d(z,w))
< F(6(z,w)),
which is impossible. Therefore z is the unique common fixed point of f, g, S?
and T7 with (2.21).

Finally we prove that z is also a unique common fixed point of C's N C7 N
CyNCy. For each h € Cs N Cr N CyNCy, we infer that by (2.21)

SPhz = hSPz = {hz} = hT9% = Tz = h{fz} = {fhz} = h{gz} = {ghz},
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which means that hz is a common fixed point of f, g, SP and T'9. Thus the
uniqueness of the common fixed point of f, g, S and T yields that hz = z.
This completes the proof. O

3. EXAMPLES

In this section, we give three examples to show that Theorem 2.1 is different
from Theorems 1.1, 1.4 and 1.5 in the first section and Theorem 2.3 extends
indeed Theorem 1.2.

Remark 3.1. The following example manifests that Theorem 2.1 differs from
Theorems 1.1 and 1.4 in the first section.

Example 3.2. Let X = [0,1] U {2} be endowed with the Euclidean metric
d=|-|. Define $,T:X — K(X), F: (0,+00) = R and 71 : (0,+00) —
(0,400) by

z 1

Sz = [0,5], veelo1], Tr={z}, VxelX,
{1}a T =2,

F(t)=Int+¢t and n(t) =1, Vte (0,+00).

Take p = j = 2, ¢ = ¢ = 3. Obviously, (X,d) is a bounded complete metric

space, S and T are continuous and commuting, (F,7n) € A and
2 Yy z 3 z
S4x = UygsxSy == UyG[O,%} |:0, 2:| = |:07 4:| N S°r = |:0, 8:|, VY € [0, 1],

1 1
29 — = — 3 = —
52_51_[0,2} 532 [0,4}

Put z,y € X. In order to verify (2.1), we need to consider four possible cases
as follows:
Case 1. (z,y) € [0,1] x [0,1] — (0,0). It follows that

F(5(S*T3x, S3T?%y))

bl paf)) ol 1)
<Inax{ }) —i—max{i, Z} < In(max{z, y}) + max{z,y} — 1

m(({ ol i)oen)) (g ofog]oren)

n(0(Upecsy D{z,y})) + 6(Upecs, D{z, y}) — 1
F(6(Upecsy D{z,y})) = 1(6(Upecsr D{,y}));
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Case 2. x =y = 2. It is clear that
F(5(S*T3x, S°T?y))

(o) ) ()i emea
) )

n(0(Upecsy D{z,y})) + 0(Upecs, D{z,y}) — 1

F(0(Upecsy D{z,y})) — n(6(Upecsr D{z, y}));
Case 3. (z,y) € [0,1] x {2}. It is easy to see that
F(5(S*T3x, S3T%y))

=r(s([0.5] [03])) = 7(5) i i a2
cn(s([o2] oot o)) vofo 5] o i) o) -

< In(6(Upecsy D{z, y})) + 0(Upecsr D{z,y}) — 1
= F(0(Upecsr D{z,y})) = n(0(Upecsr Diz, y}));
Case 4. (z,y) € {2} x [0,1]. It is easy to verify that

F(6(S*T3x, S3T?y))

(il PA)) ) i va e
= (o(pg] o] v ) ool o] o3 o) -

< ln((s(UDECSTD{m7 y})> + 5(UD€CSTD{x? y}) -1
= F(é(UD€CSTD{$7 y}>) - 77(5(UDeCSTD{5U7 y})>

Hence, (2.1) holds. That is, the conditions of Theorem 2.1 are satisfied. It
follows from Theorem 2.1 that S and T have a unique common stationary
point 0 € X and the sequence {S™T"xz},en converges to {0} for all z € X.

However, we don’t invoke Theorems 1.1 and 1.4 in the first section to show
the existence of fixed points of S in X. Suppose that S satisfies the conditions
of Theorem 1.1. That is, there exists r € [0,1) satisfying (1.1). By virtue of
(1.1), we deduce that

- H([O ;] , {1}) — H(S1,52) < rd(1,2) = r < 1,

which is a contradiction.
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Suppose that S satisfies the conditions of Theorem 1.4. It follows that there
exists 7 > 0 satisfying (1.3) and (1.4). In view of (1.3) and (1.4), we infer that

M(1,2) = max {d(l, 2),d(1,S1),d(2, 52), %[d(l, §2) +d(2, 51)]}

s a1 [0 Yotz w4 o o 1Y)
:max{l,;,l,;<0+2>} =1

A F(D) =7+ F(é([o, ﬂ , {1})) — 7+ F(5(S1, 52))
< F(M(1,2)) = F(1),

and

which is impossible.

Remark 3.3. The below example demonstrates that Theorem 2.1 is different
from Theorem 1.5 in the first section.

Example 3.4. Let X = [1, 3] be endowed with the Euclidean metric d = | -|.
Define S,7: X — K(X), F : (0,+00) — R and 7 : (0, +00) — (0, 4+00) by

4
F(t)=Int and n(t)=In 3 vt € (0, +00).

Take p = j = 1 and ¢ = i = 0. Obviously, (X, d) is a bounded complete metric
space, S and T are continuous and commuting, (F,7n) € A and

STz = {E

Put 2,y € X. In order to verify (2.1), we need to consider four possible cases
as follows:

], Vo € (2,%].
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Case 1. (z,y) € [1,2] x [1,2] — (1,1). It follows that
F(6(Sz, Ty))
z 1 y 2 1 1
= F<5<[1,2 + 2], [1,3 + 3]>> =1In <max{2(a: - 1),§(y— 1)})
<In(max{z — 1,y —1}) —
x b y b 4
=1 1, -+ - 1,Z 4+ = —In—-
n(ﬁ([’6+6}U{’6+6]U{w}>) &
4

< ln(5(UD€CSTD{$ y}
= F(0(Upecg, D{z,y}

N—
oo\.n

—
S—
—_
=
|

) = 1(0(Upecsr D{z, y}));

Case 2. (z,y) € (2,2] x (2,3]. It is clear that
F(0(Sx,Ty))
o[ 3 13]) (o338
< In(max{z — 1,y — 1}) — g

(3o o)

< In(6(Upecsy D{z,y})) —
= F(8(Upecs, D{z,y})) —n(d (UDeCSTD{x y1);

Case 3. (z,y) € [1,2] x (2, 5]. It is easy to verify that
F(6(Sz, Ty))
x 1 2 x 12
(o[ g s [ 3)) 2 ({5280 })
Sln(y—l)—ln%

= In <5([1g+2] U [1g+;] U{x,y})) _1n§

<In(0(Upecg, D{x,y})) — ln%
= F(6(Upecsr Dz, y})) — n(6(Upecsr D{z, y}));
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Case 4. (z,y) € (2,2] x [1,2]. It is easy to verify that
F(6(Sz,Ty))

(S TTIE R P
—u(s([15+gufute ] uten)) -ng

4

<In(0(Upecg, D{z,y})) —In 3

= F(6(Upecsy D{z,y})) — n(6(Upecs, D{,y}))-

Hence, (2.1) holds. That is, the conditions of Theorem 2.1 are satisfied. It
follows from Theorem 2.1 that S and T have a unique common stationary
point 1 € X and the sequence {S"T"z},en converges to {1} for all x € X.

Now we claim that Theorem 1.5 in the first section is useless in proving the
existence of fixed points of S in X. Suppose that S satisfies the conditions of
Theorem 1.5. It follows that there exists 7 > 0 satisfying (1.4) and (1.5). By
means of (1.4) and (1.5), we have

(o)) )5
= maxcfa(2.5).a(2.[13] )G 2),
(3 )

—max{ (0+1)}=;

ror(g) e p(( 3 - (n(sns3)
<r((x2))=#(2)

which is impossible.
Remark 3.5. (al) if 7 = 0 in Theorem 1.2, it follows from (1.2) that

6(Sz, Ty) < rmax{d(z, Sz),0(y, T'y),d(x,Ty),d(y, Sz),d(z,y)}
=0, Vzx,yelX,

N

1
727

M\H
| =

and

which implies that there exists some a € X with Sz = Tz = {a}, which yields
that (1.2) holds for each r € (0,1), that is, in Theorem 1.2, ”r € [0,1) is a
constant” is equivalent to ”r € (0, 1) is a constant”;
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(a2) (1.2) is equivalent to

0(Sz,Ty) < rmax{d(z, Sx),d(y, Ty),0(x,Ty),d(y, Sz),d(z,y)},

3.1
Va,y € X with §(Sz, Ty) > 0. (3-1)

In fact, it is easy to see that (1.2) implies (3.1). Conversely, for any z,y € X,
if 6(Sz,Ty) > 0, it follows from (3.1) that

0(Sz, Ty) < rmax{d(x, Sx),0(y,Ty),d(z,Ty),d(y, Sx),d(x,y)}; (3.2)
if 6(Sz,Ty) =0, it is clear that
§(Sz,Ty) = 0 < rmax{d(z, Sx),0(y,Ty),d(z,Ty),d(y, Sx),d(x,y)}. (3.3)
Thus (1.2) follows from (3.2) and (3.3).

Remark 3.6. If p=qg=1, f =g =1ix, F(t) =Int,n(t) = ln%, vt € (0, +00),
where r € (0,1) is a constant, in Theorem 2.3, it is easy to verify that (2.14)
implies (3.1). It follows from Remark 3.5 that Theorem 2.3 extends Theorem
1.2.

Remark 3.7. The following example reveals that Theorem 2.3 generalizes
indeed Theorem 1.2 in the first section and differs from Theorem 1 in [12].

Example 3.8. Let X = {1,2,5,7,9} be endowed with the Euclidean metric
d =1]-| Define f,g : X - X, S,T: X — B(X), F:(0,4+0) — R and
n:(0,400) = (0,400) by

fl=f2=f=fr=2, f9=1 gr=z, VrelX,
S1=82=87={2}, S5={2,7}, S9={5}, T =35,
11+4¢

F(t)=1Int d t) =1
()=t and y(t) =Inq .

vt € (0, +00).

Take p = 2, ¢ = 3. Obviously, (X,d) is a bounded complete metric space,
(F,n) € A, S and T are commuting, f and g are continuous and belong to
CsnN Cr.

Put z,y € X. Clearly, 6(S%z, T3y) = [2—2| = 0 for all (z,y) € {1,2,5,7} x
{1,2,5,7,9}. In order to verify (2.14), we need to consider two possible cases
as follows:
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Case 1. x =9,y € {1,2,5,7}. It follows that

F(5(5%9,T3y))

96 11+6
= F(0({2,7},2)) = F(5) =In5 < In = = F(6) - ’7<10+6>

= Pmax{5(1,{2,7}), (3, 2), 6(1,2), 6y, {2,7}), (L, )})
— nma{5(1, {2,71),5(5,2), 6(1,2), 8(s {2, 7)), d(1, )})
= F(max{5(f9, 5%9),6(gy, T%), 6(f9, T"y), 6 (gy, 5?9), d(f9, gy)})
— n(max{5(f9,5%9),0(gy, Ty),6(f9, T%y), 5(gy, 5*9), d(f9, 9)});
Case 2. x =y =9. Notice that
F(5(S%9,T39))

— F(5({2,7},2)) = F(5) = In5 < m% — F(8) - ”(iéi:)

= F(max{5(1,{2,7}),6(9,2),5(1,2),5(9,{2,7}),d(1,9)})
— p(max{5(1,{2,7}),8(9,2),5(1,2),5(9,{2,7}),d(1,9)})

= F(max{5(f9,5%9),(g9,T39),5(f9,1739), (g9, 5%9),d(f9,99)})
— n(max{0(f9, S%9), (g9, T>9),5(f9,T>9),45(99, 5%9),d(9,¢9)}).

Hence, (2.14) holds. That is, the conditions of Theorem 2.3 are fulfilled. It
follows from Theorem 2.3 that f, g, S? and T2 have a unique common fixed
point 2 € X.

However, Theorem 1.2 in the first section and Theorem 1 in [12] cannot
be used to prove the existence of stationary points of S, common stationary
points of S and T in X and common fixed points of f,g, S and T in X,
respectively. Suppose that S and T satisfy the conditions of Theorem 1.2.
That is, there exists r € [0, 1) satisfying (1.2). By virtue of (1.2), we deduce
that

5= 6({2,7}, {2}) = 8(55,T2)
< rmax(d(5,55),0(2,72),0(5,72),6(2,55),d(5,2))
=rmax{d(5,{2,7}),0(2,{2}},0(5,{2}),0(2,{2,7}),d(5,2))
= rmax{3,0,3,5,3} = 5r < 5,
which is impossible.
Suppose that f, g, S and T satisfy the conditions of Theorem 1 in [12]. That
is, there exists ¢ € ® satisfying Vx,y € X,

6(Sz,Ty) < p(6(fz, Sz),0(gy, Ty),0(fx, Ty),d(gy, Sx),d(fr,gy)}, (3.4)
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where ® = {¢ : ¢ : (RT)> — R* is upper semicontinuous, nondecreasing in
each coordinate variable and o(t,t,t,t,t) < t for any ¢t > 0}.
It follows from (3.4) that

5= 06({2,7},{2}) = 6(85,T2)

which is a contradiction.
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