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Abstract. In this paper, we obtain several common coupled coincidence point results and
coupled fixed point results for two mappings satisfying certain contractive condition on
complete cone b-metric spaces over Banach algebra, using the properties of spectral radiuses.
Also we give two simple examples and obtain the existence and uniqueness of solution for

some equations by using our results.

1. INTRODUCTION

In 2007, Huang and Zhang [4] introduced the concept of cone metric space
which is the generalization of metric space by replacing the set of real num-
bers with an ordering Banach space, and proved some fixed point theorems
for contractive mappings on these spaces. Recently, in ([1], [3], [4], [8]-[10],
[12]-[15]), some common fixed point theorems have been proved for contrac-
tive maps on cone metric spaces. Gnana Bhaskar and Lakshmikantham [2]
introduced the concept of coupled fixed point of a mapping F': X x X — X
and investigated some coupled fixed point theorems in partially ordered sets.
Since then this new concept is used in various directions and also extended in
various spaces like metric space, partially ordered metric space, fuzzy metric
space, cone metric space, etc [7].
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Very recently, Liu and Xu [6] introduced the concept of cone metric space
over Banach algebra by replacing Banach space with Banach algebra and
proved some fixed point theorems of generalized Lipschitz mappings with
weaker and natural conditions on generalized Lipschitz constant k£ by means of
spectral radius and pointed out that it is significant to introduce this concept
because it can be proved that cone metric spaces over Banach algebras are
not equivalent to metric spaces in terms of the existence of the fixed points of
the generalized Lipschitz mappings. In the past three years, some researchers
started to study the existence problems of (coupled) fixed points for some
contractions in cone metric spaces over Banach algebras (see [5], [6], [11], [13],
[14)).

Motivated by the above works, in this paper, we obtain several common
coupled coincidence point results and coupled fixed point results for two map-
pings satisfying certain contractive condition on complete cone b-metric spaces
over Banach algebra, using the properties of spectral radiuses. Also we give
two simple examples and obtain the existence and uniqueness of solution for
some equations by using our results. Our results generalize the corresponding
results in cone metric spaces obtained by Nashie et. al. [7], Liu et. al. [6] or
Xu et. al. [10].

Let A always be a real Banach algebra. That is, A is a real Banach space
in which an operation of multiplication is defined, subject to the following
properties (for all z,y,z € A, a € R):

(1) (zy)z = 2(yz);

(2) z(y+2) =2y + 2z and (x +y)z = x2 + yz;
(3) a(zy) = (ax)y = z(ay);

(4) llzyll < ll=[lllyll-

In this paper, we shall assume that A is a real Banach algebra with a unit
(i.e., a multiplicative identity) e. An element = € A is said to be invertible if
there is an inverse element y € A such that xy = yx = e. The inverse of z is
denoted by z~ 1.

Let A be a real Banach algebra with a unit e and 6 the zero element of A.

A nonempty closed subset P of Banach algebra A is called a cone if
(1) {0,e} C P;

(2) aP + pyP C P for all nonnegative real numbers «, 3 ;

(3) P2P=PPCP;

(4) PN(—P)={6}1ie,z € Pand —z € P imply x = 6.

For any cone P C A, we can define a partial ordering < with respect to P
by x < y if and only if y —x € P. x < y stands for x < y but = # y. Also, we
use x < y to indicate that y — x € int P, where int P denotes the interior of
P. If int P # () then P is called a solid cone.
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Definition 1.1. Let X be a nonempty set, s > 1 be a constant and A be
a real Banach algebra. Suppose the mapping d : X x X — A satisfies the
following conditions:

(1) 6 < d(z,y) for all z,y € X and d(x,y) =6 if and only if x =y ;

(2) d(z,y) =d(y,z) for all z,y € X ;

(3) d(z,y) = s[d(z,2) + d(z,y)] for all z,y,z € X.
Then d is called a cone b-metric on X, and (X,d) is called a cone b-metric
space over Banach algebra A.

Example 1.2. Let A = C[a,b] be the set of continuous functions on [a, b]
with the supremum. Define the multiplication in the usual way. Then A is
a Banach algebra with a unit 1. Set P = {x € A : z(t) > 0, t € [a,b]} and
X = R. We define a mapping d : X x X — A by d(z,y)(t) = |x — y[Pe! for
all x,y € X and for each t € [a,b], where p > 1 is a constant. This makes
(X,d) into a cone b-metric space over Banach algebra A with the coefficient
s = 2P~ But it is not a cone metric space over Banach algebra since it does
not satisfy the triangle inequality.

In the following, we always assume that (X, d) is a cone b-metric space over
Banach algebra A.

Definition 1.3. Let {x,} be a sequence in (X,d) and z € X.

(1) If for every ¢ € A with § < ¢, there exists a natural number N such
that d(zy,x) < cfor alln > N, then {x,} is said to be convergent and
{zn} converges to x, and the point x is the limit of {x,,}. We denote
this by

lim z, =2 or z, >z (n— ).
n—oo

(2) If for all ¢ € A with 6 < ¢, there exists a positive integer N such that
d(zp, xm) < ¢ for all m,n > N, then {z,} is called a Cauchy sequence
in X.

(3) A cone metric space (X,d) is said to be complete if every Cauchy
sequence in X is convergent.

Definition 1.4. Let E be a real Banach space with a solid cone P. A sequence
{zp} C P is called a c—sequence if for any ¢ € A with § < ¢, there exists a
positive integer N such that z,, < ¢ for all n > N.

Lemma 1.5. ([8]) Let E be a real Banach space with a cone P. Then
(1) Ifa<band b < ¢, then a < c.
(2) Ifa=bandb < c, then a < c.
(3) If a b+ ¢ for each 0 < ¢, then a < b.
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(4) If{xn}, {yn} are sequences in E such that z, — x, y, — y and x, =< yp
for alln > 1, then x < y.

Lemma 1.6. ([10]) Let A ba a real Banach algebra with a unit e and P be a
solid cone in A. We define the spectral radius r(x) of © € A by

nHl/n n”l/n‘

r(z) = nh_)rrc}OH:E = inf ||z

(1) If 0 < r(z) < 1, then e — x is invertible,

1
— — -1 < _
6 l’ E l‘ and T 6 $) ) 1 r( )

r(z) <1, then ||x”||—>() as n — oo.
Ifv € P and r(z) <1, then (e —x)~1 € P.
If k,u e P, r(k) <1 and u < ku, then u = 6.
r(x) < ||z| for all z € A.
If x,y € A and x,y commute, then the following holds:
() (zy) < r@)r(y),
(b) 7(z +y) <r(z)+r(y) and
) |r(@) —r(y)| <r(z —y).

(2) I
(3)
(4)
()
(6)

(c

Lemma 1.7. ([8], [10]) Let (X,d) be a complete cone b-metric space over
Banach algebra A and let P be a solid cone in A. Let {x,} be a sequence in
X. Then

(1) If [|zpn]| = 0 as n — oo, then {x,} is a c—sequence.

(2) If k € P is any vector and {z,} is c—sequence in P, then {kx,} is a
c—sequence.

(3) If v,y € A, a € P and x <y, then ax < ay.

(4) If {zn} converges to x € X, then {d(xn,x)}, {d(xn,2nip)} are c-
sequences for any p € N.

Lemma 1.8. ([10]) Let P be a solid cone in a real Banach algebra A and
ke P. If r(k) < 1,then the following assertions hold true:

(1) If u € P and u = ku, then u = 6.

(2) If k= 0,then (e — k)~ = 4.

Definition 1.9. ([2], [10]) Let (X,d) be a cone b-metric space over Banach
algebra A.
(1) Anelement (z,y) € X xX is called a coupled fized pointof F : X x X —
X ifx = F(z,y) and y = F(y, z).
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(2) An element (z,y) € X x X is called a coupled coincidence point of
mappings F': X x X — X and g : X — X if g(z) = F(z,y) and
9(y) = F(y, ), and (g, gy) is called coupled point of coincidence;

(3) An element (z,y) € X x X is called a common coupled fized point of
mappings F': X x X - X and g: X — X if 2 = g(x) = F(x,y) and
y=9(y) = Fly,x).

(4) The mappings F' : X x X — X and g : X x X are called weakly
compatible if g(F(x,y)) = F(gz,gy) whenever g(x) = F(x,y) and
9(y) = F(y, x).

2. MAIN RESULTS

In this section, we give common coupled coincidence point results and cou-
pled fixed point results for two mappings S,7 : X x X — X under some
natural and certain contractive condition given by fixed mapping ¢ defined on
a complete cone b-metric space X over Banach algebra. The following results
generalize the corresponding results in cone metric spaces obtained by Nashie
et. al. [7].

Theorem 2.1. Let (X,d) be a complete cone b-metric space over Banach
algebra A and let P be a solid cone in A. Suppose that S,T : X x X — X and
g: X — X are mappings satisfying the condition:

d(S(z,y), T(u,v)) =2 ard(gz, gu) + azd(gy, gv) (2.1)
+azd(S(z,y), 9x) + asd(T(u,v), gu)
+asd(S(x,y), gu) + agd(T (u,v), gz)

for all x,y,u,v € X, where a; € P commute for (i =1,2,3,4,5,6) and
s[r(a1) +r(az) +7(a3)] + r(as) + s*r(as) + (s*> + s)r(ag) < 1.

If S(X x X),T(X x X) C g(X) and g(X) is a complete subspace of X, then
S, T and g have a common coupled coincidence point in X.

Proof. Let xp and yo be two arbitrary elements in X. Since S(X x X) C g(X),
we can choose x1,y; € X such that gz, = S(xo,yo) and gy1 = S(yo, zo). Again
noting 7'(X x X) C g(X), we can choose x2,y2 € X such that gzo = T'(x1,y1)
and gy2 = T'(y1,x1). Continuing this process, we construct two sequences {x,, }
and {y,} in X such that gzo,+1 = S(T2n:Y2n), 9Y2n+1 = S(Yon, Tan), §Tont2 =
T(x2n+1,Y2n+1) and gyon+2 = T(Yon+1, Tont1). For each n € N, by the given
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conditions, we have

d(S(z2k, y2x), T(Tok+1, Y2r+1))
a1d(gxak, 9T2k+1) + a2d(gyak, gy2k+1)
+  a3d(S(zor, yor), gror) +asd(T(Tok41, Y2k+1), 9T2k+1)
+  asd(S(w2k, Y2r), 9T2k+1) +aed(T(Tok+1, Yok+1), 9T2k)
(972k, gTok11) + a2d(gy2k, 9Y2k+1)
azd(gTak+1, 972k) + asd(gTok 12, 92k +1)
(
(
(

d(9xok+1, gTak+2)

IA

QU

= al

+
S

+  asd(grari1, 9Tok 1) + asd(gTak2, 9Tok)
= a1d(gzak, 9T2r41) + azd(gyok, 9y2r+1)
+  a3d(grops1, gTok) + asd(gTopy2, gToks1) + as - 0
+  sagld(gzok, 9T2k+1) + d(9T2k+1, 9T2%42)],
which implies that

(e — a4 — sag)d(grak+1, 9T2k+2) = (a1 + a3 + sas)d(g9rak, 9T2k+1)
+azd(gyor, gYor+1)-

Since r(a4+sag) < 1, by hypothesis and Lemma 1.6, e — (ag+ sag) is invertible.
Putting

a=(e—ayg— 5a6)_1(a1 +asz + sag), B=(e—ay4— sag)_lag,

= a1d(gy2k, 9Y2k+1) + a2d(9Tok, 9T2k11)
+  az3d(gyar+1, 9yor) + aad(gyari2, gYor+1) +as - 0
+  sasld(gyak, gy2r+1) + A(9Y2k+1, 9Y2k+2))

we have
d(9Tor41, 9Tk 12) = ad(gzak, gTar+1) + Bd(gyek, 9Y2k+1)- (2.2)
Similarly, we have
d(gyak+1, 9Y2k+2) = d(S(yor; Tar), T (Yor+1, Tort1))
= a1d(gyar, 9Y2k+1) + a2d(gror, 9Tok1)
+  a3d(S(y2r, Y2r), 9y2r) + aad(T(Yorv1, Tokt1)s 9Y2k+1)
+  asd(S(Yak, T2k)s 9Y2r+1) + a6d(T (Yor+1, T2k+1), 9Y2)
= a1d(gYor, 9Yor+1) + a2d(gTar, gTor+1)
+  asd(gy2k+1, 9Y2k) + asd(gyak+2, 9y2k-+1)
+  asd(gy2kt1, 9y2k+1) + acd(9Yar+2, 9Y2r)
(
(

which implies that
d(9Y2k+1, 9Y2k+2) = ad(gyar, 9Y2r+1) + Bd(gxak, gTok11)- (2.3)
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Adding both inequalities, we have

d(grak+1, 9Tokr2) +  d(gy2r+1, 9Y2k-+2)
= (a+ B)ld(g7ar, 97or+1) + d(gy2k, gYor+1)]
= hld(gzak, 9rok+1) + d(gY2k; GY2k+1)]
where h = a + 3 = (e — a4 — sag) (a1 + az + a3 + sag).
Also we have
d(g22r+2, 9T 2k+3)+d(9Y2k+25 GY2k+3) = hld(9T k41, 9T 2k+2)+d(9Y2k-+1, GY2k+2)]-

Therefore

d(gn, 9Tny1) + d(gYn, gYn+1) = hld(gTn—1,92n) + d(9Yn—1, 9Yn)]

= h"[d(gzo, g71) + d(gy0, gy1)]-
By hypothesis and Lemma 1.6, we have
r(h) < r((e —ay —sag) Hr(ar + az + az + sag)
r(ar) + r(az) + r(a3) + sr(as) 1

1 —r(aq) — sr(ag) T s

which means that e — h is invertible, (e — h)™! = Y% A" and ||A"|| — 0 as
n — oo.
Now if 0, = d(9Zn, 9Tn+1) + d(gYn, gyn+1), then the above relation implies

571 = h(sn—l == hnéO

IN

For m > n, we have

d(9Tn, gTm) + d(gyn, gym) = 8ld(9Tn, 9Tny1) + d(gTnt1, 9Tm))
+ S[d(gym gyn—H) + d(gyn+1> dym)]

= sd(g2n, gTnt1) + S2d(gTnt1, 9Tnt2)

+  $2d(gzny2, 9tm) + sA(gYn, GYn+1)

+  Sd(gYn+1, GYn+2) + 52d(gYnt2, 9Ym)
=
T R S B R
< s(h" 4 sh™ 4. g ipmehg,
= sh"[e+ sh+ (sh)> + -+ (sh)™ 1|5,
= sh™(D (sh))do

=0

= (e—sh) tsh"d,
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since r(sh) < 1 and P is closed. Since r(h) < 1, |h"|| = 0 as n — oo and so
I(e = sh) ™ sh™ || < [|(e — sh) ™ s|l[[A"[[[|0]| — O
Thus for any ¢ € A with § < ¢, there exists N € N such that for any
n >m > N, we have
(g%, 92m) + d(gyn, gym) X (e — h)~'sh" 5y < c.
Thus {d(g9xn, 9Tm) + d(9yn, gym)} is a c-sequence in P. Since

0 = d(g2n, 9Tm), d(gYn, gym) = d(gTn, gTm) + d(gYns gYm),
{d(g9zn, gzm)} and {d(gyn, gym)} are c-sequences and so Cauchy sequence in
X. Since X is complete, there exists x € X and y € X such that gz, — gz
and gy, — gy as n — oo. Now we show that gz = S(z,y) and gy = S(y, ).
Then
d(gz,S(z,y)) = sd(gz, grai2) + sd(gzokt2. S(2,y))
= sd(gz, gzoki2) + sd(T(z2k+1, gY2r+1), S(z,y))
= sd(gx, groky2) + sard(gz, 9Toki1) + saz2d(9y, gyok+1)
+  sazd(S(z,y), 97) + saad(T (Tor41, Y2k+1), 9T2k41)
+  sasd(S(z,y), 972k+1) + saed(T(v2k+1, Yor+1), 9T)
= sd(gz, grakt2) + sard(gz, 9zok41) + sa2d(gy, gyor+1)
+  sazd(S(z,y), gz) + sasd(9T2k+2, 9T2%+1)
+ sasd(S(z,y), grart1) + sasd(gTokt2, 97),
which implies that

d(z,S(z,y)) = sle+ap)d(gr, grops2) + sard(gz, grops1)
+  sazd(gy, gyar+1) + sasd(gx, S(z,y))
+  sasd(92k+2, 9Tok+1) + sasd(S(z, y), groki1)-
Since d(S(z,y), gxor+1) = sd(S(z,y), gz) + sd(gx, graog+1), we have

(6 — saz — 32@5)d(gx7 S($7 y)) = (Sal + 82a5)d(gx7 $2k+1)
+ (se+ag)d(gr, xok42) (2.4)
+  sa4d(9Tok+1, 9Tok+2) + sa2d(9Y, Yor+1)

Since r(sas + s%as) < 1, e — sag — s2as is invertible. By Lemma 1.6 and
Lemma 1.7, the right-hand side of (2.4) is a c-sequence and so d(z, S(x,y)) = 6.
Therefore gz = S(x,y). Similarly
(e = saz — s”as)d(gy, S(x,y)) = (sa1 + s°as)d(gy, gyzu+1)
+  (se+ ae)d(gy, y2r+2) (2.5)
+  sasd(gyzn+1, gy2n-+2)+sa2d(9z, grok+1)
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and so we can prove that gy = S(y, x). It follows similarly that
gr=T(z,y) and gy=T(y ).

Therefore (z,y) is a common coupled coincidence point of S and T'.
In order to prove the uniqueness, let (z/,4") € X x X be another common
coupled coincidence point of S and T'. Then

d(g:n,gw') = d(S(:r,y),T(ac’,y’))
ard(gz, gx') + aad(gy, gy') + azd(S(z,y), gx)
+ aad(T(2',y"), g2') + asd(S(x,y), g2') + asd(T(x',y'), gx)
= aid(gz, g2') + azd(gy, gy') + azd(gz, gx)
+ asd(g2’, g2') + asd(gz, g2') + agd(g2’, gz)
= (a1 + a5 +ae)d(ga’, gr) + azd(gy, 9y')
which implies that

IA

(e — a1 — a5 — ag)d(gzr, gz') < axd(gy, gy').

Since r(aj + a5 + ag) < 1, e — (a1 + a5 + ag) is invertible and

d(gz,97') < (e — a1 — a5 — ag) " azd(gy, 9y')-
Similarly we can prove that

d(gy, 9y) = (e — a1 — a5 — ag) " azd(gx, g').
Adding both sides, we get

d(gz, gz') + d(y,y') 2 (e — a1 — a5 — ag) ' az[d(gz, gz') + d(gy, gy')].
Since 7((e — a; — a5 — ag) laz) < 1, by Lemma 1.8, we have
d(gz, g2') + d(gy, gy') = 0.

Therefore gz = g2’ and gy = gy/'. O

Corollary 2.2. Let (X,d) be a complete cone metric space over Banach al-
gebra A and let P be a solid cone in A. Suppose that S,T : X x X — X and
g: X — X are mappings satisfying the condition
d(S(z,y), T(u,v)) = ard(gz, gu) + azd(gy, gv)
+ a3d(S('x7 y)a gl‘) + a4d(T(U, ’U), gu)
+ a5d(5($, y)v gU) + aﬁd(T(u7 U)v gﬂl’)
for all x,y,u,v € X, where a; € P commute fori=1,2,3,4,5,6 and
r(a1) +r(az) + r(ag) +r(as) +r(as) + 2r(as) < 1.

If S(X x X),T(X x X) C g(X) and g(X) is a complete subspace of X, then
S, T and g have a common coupled coincidence point in X.
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Proof. Taking s = 1 in Theorem 2.1, we get the required result. O

The following results generalize the corresponding results in cone metric
spaces obtained by Nashie, Rohen and Thokchom [7].

Corollary 2.3. Let (X,d) be a complete b-cone metric space over Banach
algebra A and let P be a solid cone in A. Suppose that S, T : X x X — X are
mappings satisfying the condition:
d(S(.T,y),T(’U,,U)) = ald($7u> —|—a2d(y,v) +a3d(S(l’,y)7l’)
+  asd(T(u,v),u) + asd(S(z,y),u) + acd(T (u,v), z)
for all x,y,u,v € X, where a; € P commute fori=1,2,3,4,5,6 and
s[r(a1) +r(az) +r(as)] + 7(as) + s’r(as) + (s* + s)r(ag) < 1.

Then S and T have a common coupled fixed point in X.
Proof. Taking g = I in Theorem 2.1, we get the required result. O

Corollary 2.4. ([7]) Let (X,d) be a complete metric space. Suppose that
S, T:X x X — X are two mappings satisfying the condition:

d(S(z,y), T(u,v)) = ard(z,u)+ azd(y,v) + azd(S(z,y), z)
+ a4d(T(u7 U)v ’LL) + a5d(5(x, y)7 U) + aﬁd(T(u7 U)v ZL‘)
for all z,y,u,v € X, where a; (i = 1,2,3,4,5,6) are non-negative real numbers

such that Z?Zl a;+2ag < 1. Then S and T have a common coupled fized point
mn X.

Proof. Taking A =R, s =1 and g = [ in Theorem 2.1, we get the required
result. O

Corollary 2.5. Let (X,d) be a complete cone b-metric space over the Banach
algebra A and let P be a solid cone. Suppose that T : X x X — X and
g: X — X are mappings satisfying the condition:
d(T(z,y), T(u,v)) = aid(gz, gu) + azd(gy, gv)
+ agd(T(.Z', y)7 gl’) + a4d(T(U, U)? gu)
+ a5d(T(ﬂ’J, y)7 gu) + aﬁd(T(uv ’U), g.fL‘)
for all xz,y,u,v € X, where a; € P (i =1,2,3,4,5,6) commute and
s[r(ar) + r(az) + r(as)] + r(as) + s°r(as) + (s> + s)r(ag) < 1.
IfT(X x X) C g(X) and g(X) is a complete subspace of X, then T and g

have a coupled coincidence point in X.

Proof. Taking S =T in Theorem 2.1, we get the required result. O
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Corollary 2.6. Let (X,d) be a complete cone b-metric space over the Banach
algebra A and let P be a solid cone. Suppose that S : X x X — X and
g: X — X are mappings satisfying the condition:

d(S(z,y),S(u,v)) = ad(gx, gu) + Bd(gy, gv)

for all z,y,u,v € X, where a, § € P commute and r(a) + r(8) < % If
S(X x X) Cg(X) and g(X) is a complete subspace of X, then S and g have
a coupled coincidence point in X.

Proof. Taking T'= S and a1 = a,a2 = §,a3 = a4 = a5 = ag = 0 in Theorem
2.1, we get the required result. O

Corollary 2.7. Let (X,d) be a complete cone b-metric space over the Banach
algebra A and let P be a solid cone. Suppose that S,T : X x X — X and
g: X — X are mappings satisfying the condition:
d(S(z,y),T(u,v)) = ad(gz,gu) + bd(gy, gv)
+ dd(S(z,y), gz) + d(T(u,v), gu)]
+ e[d(S(z,y), gu) + d(T(u,v), gz)]
for all x,y,u,v € X, where a,b,c,e € P commute and
s(r(a) + (b)) + (s + D)r(c) + (25% + s)r(e) < 1.
If S(X x X),T(X x X) C g(X) and g(X) is a complete subspace of X, then

S, T and g have a common coupled coincidence point in X.

Proof. Taking a1 = a,a2 = b,a3 = a4 = ¢,a5 = ag = d in Theorem 2.1, we get
the required result. O

Corollary 2.8. Let (X,d) be a complete cone metric space over the Banach
algebra A and let P be a solid cone. Suppose that T : X x X — X and
g: X — X are mappings satisfying the condition:

d(T(z,y), T(u,v)) = ad(gz,gu)+bd(gy, gv)
+ d(T(z,y), 92) + d(T(u, v), gu)]
+ eld(T(z,y), gu) + d(T(u,v), gz)]
for all x,y,u,v € X, where a,b,c,e € P commute and
s(r(a) + (b)) + (s + 1)r(c) + (25% + s)r(e) < 1.

IfT(X x X) C g(X) and g(X) is a complete subspace of X, then T and g
have a coupled coincidence point in X.

Proof. Taking S =T in Corollary 2.7, we get the required result. O
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Theorem 2.9. Let (X,d) be a complete cone b-metric space over Banach
algebra A with the coefficient s > 1 and the underlying solid cone P. Let
FG: XxX — X andg: X — X be mappings which satisfy all the conditions
of Theorem 2.1. If F,G and g are weakly compatible, then F,G and g have
a unique common coupled fixed point. Moreover, common fixed point of F,G
and g 1is of the form (u,u) for some u € X.

Proof. First we claim that coupled point of coincidence is unique. Suppose
that (z,y), (z*,y*) € X x X with

gr = F(z,y) =G(z,y), gy=F(y,z) =Gy )
and
gzt = F(2",y") = G2 y"), gy" =F(y"2") =Gy, z7).
Using (2.2), we get
d(gr,gz*) = d(F(z,y),G(z",y")) 2 a1d(gz, gz*) + a2d(gy, gy™)
+ azd(F(z,y), gz) + asd(G(2",y"), gz7)
+  asd(F(z,y), gz") + agd(G (2", y"), gz)
= (a1 + a5 +ae)d(gz, gz7) + a2d(gy, 9y")

and so

d(gr,gx") = (a1 + a5 + ag)d(gr, gz*) + az2d(gy, gy™). (2.6)
Similarly, we have

d(gy, 9y") = (a1 + as + ae)d(gy, gy*) + a2d(gz, gz*). (2.7)
Thus

d(gz, gz*) + d(gy, gy*) = (a1 + az + as + ae)(d(gx, gz*) + d(gy, gy™)).

Since s > 1 and r(a1) + r(a2) + r(as) + r(as) < 1, by Lemma 1.8(1), we
have d(gz, gz*) + d(gy, gy*) = 0, which implies that gz = gz* and gy = gy*.
Similarly we prove that gxr = gy* and gy = ga*. Thus gxr = gy. Therefore
(gz, gx) is a unique coupled point of coincidence of F,G and g.

Now, let g(x) = u. Then we have u = g(z) = F(x,z) = G(x,z). By weak
compatibility of F,G and g, we have

g(u) = g(g(x)) = g(F(z,2)) = F(gz, gz) = F(u, u),
g(u) = g(g(x)) = 9(G(z,2)) = G(gz, gx) = G(u, u).
Then (gu, gu) is a coupled point of coincidence of F,G and g. Consequently

gu = gx. Therefore u = gu = F(u,u) = G(u,u). Hence (u,u) is a unique
common coupled fixed point of F',G and g. This completes the proof. O

Now we give two examples as an application of the main result.
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Example 2.10. Let A = C}[0,1] and define a norm on A by ||z|| = ||z]/ec +
|2/ ||oc for € A. Define multiplication in A as just pointwise multiplication.
Then A is a real Banach algebra with unit e = 1(e(t) = 1 for all ¢ € [0, 1]).
The set P ={z € A:x >0} is a cone in A. Moreover, P is not normal.

Let X = {1,2,3}. Define d: X x X — A by

d(1,2)(t) = d(2,1)(t) = d(2,3)(t) = d(3,2)(t) =
d(1,3)(t) = d(3,1)(t) =2¢", d(z,z)(t) =0
for all ¢ € [0, 1] and for each z € X. Then (X,d) is a solid cone metric space

over Banach algebra without normality [10].
Define two mappings S,7T : X x X — X by S(z,y) = 1 for any (z,y) €

X x X, and
2, (z,y)=1(3,1
T(z,y) = (@y) =(31)
1, otherwise.

Let ¢ = I be the identity mapping and let a1, a0, as, a4, as,ag € P defined
with
a1(t) = az(t) = as(t) = 0.11, a3(t) = ae(t) = 0.1, as(t) = 0.35
for all ¢ € [0,1]. Then, by definition of spectral radius,
r(a1) = r(az2) = r(aqg) = 0.11,7(a3) = r(ag) = 0.1,7r(as) = 0.35
and so Y27, r(a;) + 2r(ag) < 1. Since

d(S(z,y),T(3,1))(t) = d(1,2)(t)) = ¢’
for any x,y € X, by careful calculations, we can get that for any x,y, u,v € X,
S and T satisfy the contractive condition (2.2) of Theorem 2.1. Hence the
hypotheses are satisfied and so by Theorem 2.1, S and T have a common
coupled fixed point in X. Since S(1,1) = 1 = T(1,1), (1,1) is a unique
coupled fixed point of S and T'.

Now we present an example showing that Corollary 2.5 is a proper extension
of known results. In this example, the conditions of Corollary 2.5 are fulfilled.

Example 2.11. (The case of normal cone) Let A = R? and define a norm on
A by ||(z1,z2)]| = |x1| + |z2| for x = (z1,22) € A. Define the multiplication
in A by
(21, 22) (Y1, Y2) = (T1Y1, T2Y2).
Put P ={x = (r1,22) € A: x1,292 > 0}. Then P is a normal cone and A is a
real Banach algebra with unit e = (1,1).
Let X =[0,00). Define a mapping d : X x X — A by

d(z,y) = (lz — y[* |z — y[*)
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for each z,y € X. Then (X, d) is a complete cone b-metric space over Banach
algebra with the coefficient s = 2. But it is not a cone metric space over
Banach algebra since it does not satisfy the triangle inequality.

Consider the mappings S : X x X — X and g : X — X defined by

,SY(:L“jy)::tt—l—|Sl;1y| and ¢(z) = 3.

Then S(X x X) C g(X) = X. Let a1, az,as, a4, as,a¢ € P defined with

2 2 1 1 1 1
ayr = (§7§), az = (T87T8)a as = (aaa)a
VN SRS B SIS S o0 o
“o= e ar) T g 108”7 T 19,0007 2,000
Then, by definition of spectral radius,
2 1 1
7"(0/1) - §7 T(CLQ) — Ea r<a3) - 5747
1 1 111
r(as) = 97 r(as) = 108’ r(ag) = m7

and so
s[r(a1) 4+ r(az) + r(a3)] + r(as) + s*r(as) + (s* + s)r(ag) = 0.9996 < 1.

By careful calculations, it is easy to verify that for any x,y,u,v € X, S and
g satisfy the contractive condition of Corollary 2.5. Thus by Corollary 2.5, S
and g have a coupled coincidence point in a complete cone b-metric space X
over Banach algebra A = R2. Since S(0,0) = g0 = 0, (0,0) is the common
coupled coincidence point of F' and g.

Theorem 2.12. Let (X,d) be a complete cone b-metric space over Banach
algebra A with the coefficient s > 1 and the underlying solid cone P. Let the
mappings f,h: X — X and g : X — X satisfy
d(fr,hu) = ard(gz, gu) + azd(gy, gv) + asd(fz, gx)
+ asd(hu, gu) + asd(fz, gu) + agd(hu, gz) (2.8)

for all x,y,u,v € X, where a; € P commute fori=1,2,3,4,5,6 and
slr(a1) + r(az) +r(as)] + r(as) + s’r(as) + (s> + s)r(ag) < 1.

If f(X),h(X) Cg(X) and g(X) is a complete subspace of X, then f,h and g
have a common coupled coincidence point.

Moreover, if f,h and g are weakly compatible, then f, h and g have a unique
common coupled fized point.



Common coupled coincidence point results for two maps 87

Proof. Let f,h : X — X be mappings satisfying the hypotheses. Define the
mappings S, T : X x X — X by

S(z,y) = fz, T(x,y)=hz, =zyelX.
From (2.8), we get

d(S(x,y),T(u,v)) = ad(gz, gu) + azd(gy, gv)
+ a3d(S(z,y),g9x) + asd(T(u,v), gu)
+ a5d(5($7 y)7 gU) + CLGd(T(U, U)? gZE)
for all x,y,u,v € X. Thus the contractive condition (2.2) is satisfied.

On the other hand, from the definitions of S and T', we have S(X x X) =
f(X) C g(X) and T(X x X) = h(X) C ¢g(X). Also, g(X) is a complete
subspace of (X,d). Now, applying Theorem 2.1, we obtain that S,T and g
have a coupled coincidence point in X, that is, there exists (z,y) € X x X such
that gr = S(z,y) = T(x,y) and gy = S(y,z) = T(y,x). From the definitions
of S and T, this implies that gr = fx = hz, that is, x is a coincidence point
of f,h and g.

If f,h and g are weakly compatible, then S, T and g are weakly compatible.
By Theorem 2.9, S,T and g have a unique common coupled fixed point and
so f,h and g have a unique common coupled fixed point. O

Corollary 2.13. Let (X,d) be a complete cone metric space over Banach
algebra A with the underlying solid cone P. Let the mappings f,h : X — X
and g : X — X satisfy

d(fz,hu) = ard(gz, gu) + azd(gy, gv) + asd(fz, gx)
+ aqd(hu, gu) + asd(fz, gu) + agd(hu, gz)
for all x,y,u,v € X, where a; € P commute for i =1,2,3,4,5,6 and
r(a1) + r(a2) + r(ag) + r(aqs) + r(as) + 2r(ag) < 1.
If f(X),h(X) C g(X) and g(X) is a complete subspace of X, then f,h and g

have a common coupled coincidence point.

Proof. The proof follows by taking s = 1 in Theorem 2.12. 0

Corollary 2.14. Let (X,d) be a complete cone b-metric space over Banach
algebra A with the coefficient s > 1 and the underlying solid cone P. Let the
mappings [ : X — X and g : X — X satisfy
d(fr, fu) = ad(gz,gu) + azd(gy, gv) + asd(fz, gx)
+  asd(fu, gu) + asd(fz, gu) + agd(fu, gz)
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for all x,y,u,v € X, where a; € P commute fori=1,2,3,4,5,6 and
slr(a) + 7(a2) +r(as)] + r(as) + s°r(as) + (s + s)r(ag) < 1.

If f(X) C g(X) and g(X) is a complete subspace of X, then f and g have a
coupled coincidence point.

Proof. The proof follows by taking h = f in Theorem 2.12.
O

Corollary 2.15. Let (X,d) be a complete cone b-metric space over Banach
algebra A with the coefficient s > 1 and the underlying solid cone P. Let the
mappings f,h: X — X satisfy
d(fx,hu) = apd(z,u)+ ad(y,v) + asd(fz,x)
+  asd(hu,u) + asd(fz,u) + agd(hu, x)
for all x,y,u,v € X, where a; € P commute fori=1,2,3,4,5,6 and
s[r(a1) +r(a2) + r(as)] + 7(as) + s°r(as) + (s* + s)r(ag) < 1.

Then f and h have a common coupled fized point.

Proof. The proof follows by taking g = I in Theorem 2.12. O

The following Corollary is a generalization of Theorem 2.1 of Liu et. al. [6]
or Theorem 3.1 of Xu et. al. [10] or Corollary 2.10 of Huang and Radenovic
[5].

Corollary 2.16. Let (X,d) be a complete cone b-metric space over Banach
algebra A with the coefficient s > 1 and the underlying solid cone P. Let the
mappings f,h: X — X and g : X — X satisfy

d(fx,hy) = kd(gz,gy)
forallz,y € X, where k € P andr(k) < L. If f(X),h(X) C g(X) and g(X) is

a complete subspace of X, then f,h and g have a common coupled coincidence
point.

Proof. The proof follows by taking a; = k,a2 = a3 = a4 = a5 = ag = 0 in
Theorem 2.12. ]

If ¢ = I in the above Corollary, then f and h have a common fixed point.

Corollary 2.17. Let (X,d) be a complete cone b-metric space over Banach
algebra A with the coefficient s > 1 and the underlying solid cone P. Let
f: X — X be a self-map of X satisfying

d(fz, fy) = kld(z, f"z) +d(y, ["2)] (2.9)
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for some m € N and all x,y,z € X, where k € P and r(k) < % Then f has a
unique fized point in X.

Proof. Let v € X. In (2.9), put x = f™ lu,y = f™u,z = u. Then we have
d(T™u, T™ ) < kd(T™ 'u, T™u) which is a special case of Corollary 2.16.
Thus f has a fixed point p in X. Condition (2.9) implies uniqueness. O

Corollary 2.18. Let (X,d) be a complete cone b-metric space over Banach
algebra A with the coefficient s > 1 and the underlying solid cone P. Let the
mappings f,h: X — X and g : X = X satisfy

d(fz, hu) = kld(gz, gu) + d(gy, gv)]

for all z,y,u,v € X, where k € P and r(k) < 5. If f(X),M(X) C g(X) and
9(X) is a complete subspace of X, then f,h and g have a common coupled
coincidence point.

Proof. The proof follows by taking a; = as = k,a3 = a4 = a5 = ag = 0 in
Theorem 2.12. g

The following Corollary is a generalization of Theorem 2.3 of Liu et. al. [6]
or Theorem 3.3 of Xu et. al. [10] or Corollary 2.11 of Huang and Radenovic
[5]-

Corollary 2.19. Let (X,d) be a complete cone b-metric space over Banach
algebra A with the coefficient s > 1 and the underlying solid cone P. Let the
mappings f,h: X — X and g : X — X satisfy

d(fz, hy) 2 k[d(fz,gz) + d(hy, gy)]

for all x,y € X, where k € P and r(k) < SJ%I If f(X),h(X) C g(X) and
9(X) is a complete subspace of X, then f,h and g have a common coupled
coincidence point.

Proof. The proof follows by taking a; = ao = a5 = ag = 0,a3 = a4 = k in
Theorem 2.12. 0

Corollary 2.20. ([5]) Let (X,d) be a complete cone b-metric space over Ba-
nach algebra A with the coefficient s > 1 and the underlying solid cone P. Let
the mappings f : X = X and g: X — X satisfy

d(fx, fy) 2 kld(fz, gx) + d(fy, gy)]

for all x,y € X, where k € P and r(k) < S_%l If f(X) Cg(X) and g(X) is a
complete subspace of X, then f and g have a coupled coincidence point.

Proof. The proof follows by taking h = f in Corollary 2.19. 0
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If ¢ = I in the above Corollary, then f has a fixed point.

The following corollary is a generalization of Theorem 2.2 of Liu et. al. [6]
or Theorem 3.2 of Xu et. al. [10].

Corollary 2.21. Let (X,d) be a complete cone b-metric space over Banach
algebra A with the coefficient s > 1 and the underlying solid cone P. Let the
mappings f,h: X — X and g : X — X satisfy

d(fx, hy) = kld(fz,gy) + d(hy, gz)]

for all z,y € X, where k € P and (2s*> + s)r(k) < 1. If f(X),h(X) C g(X)
and g(X) is a complete subspace of X, then f,h and g have a common coupled
coincidence point.

Proof. The proof follows by taking a; = a2 = a3 = a4 = 0,a5 = ag = k in
Theorem 2.12. O

Corollary 2.22. Let (X,d) be a complete cone b-metric space over Banach
algebra A with the coefficient s > 1 and the underlying solid cone P. Let the
mapping f: X — X satisfy

d(fz, fy) 2 kld(fz,y) + d(fy, )]
for all v,y € X, where k € P and (2s*> + s)r(k) < 1. Then f has a fired point.
Proof. The proof follows by taking h = f and g = I in Corollary 2.21. g

3. APPLICATIONS

In this section, we shall apply the obtained conclusions to deal with the
existence and uniqueness of solution for some equations. First of all, we refer
to the following coupled equations:

F(l‘,y) =0,
{ plon -0 B)

where F, G : R? — R are two mappings.

Theorem 3.1. For (3.1), if there exists 0 < L < 3 such that for all the pairs
(1y1), (z2,y2) € R2, it satisfies that

|F(x1,y1) — F(22,y2) + 71 — 2| < VL|z1 — 29|,

G(z1,51) — G(22,32) + 31 — y2| < VLIy1 — 2]
Then the coupled equation (3.1) has a unique common solution in R?.
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Proof. Let A = R? with the norm ||(u1,uz)|| = |u1|+|uz| and the multiplication
by

wv = (ug,uz)(v1,v2) = (urv1, ugv2).
Let P = {u = (ui,u2) € A:uy,us > 0}. It is clear that P is a normal cone
and A is a Banach algebra with a unit e = (1,1). Put X = R? and define a
mapping d : X x X — A by

d((w1,1), (w2,42)) = (J21 — 22, [y — 2/*).-

It is easy to see that (X,d) is a complete cone b-metric space over Banach
algebra A with the coefficient s = 2. Now define the mappings 5,7 : X — X
by

S(,y) = (xy), T(zy) = F(2y)+z Gy +y)

Then
d(T(z1,91), T(22,92)) = d((F(z1,y1) + 21, G(z1,91) + 11),
(F(22,y2) + @2, G(22,Y2) + y2))
= (|F(x1,51) — F(z2,y2) + 1 — 22,
G (21, 51) — G(w2,92) + y1 — v2|*)
< (L|z1 — 22*, Lly1 — v2|?)
= (L, L)(|lz1 =z, [y1 — 2[?)
(L, L)d(S(z1,91), S(x2,Y2))-
Since

1

(L, L) = I, L) = (4 L =2 <
as n — oo, we have r((L,L)) < . Now if we choose k = (L, L), then all
conditions of Corollary 2.16 are satisfied. Hence, by Corollary 2.16, S and T
have a unique common fixed point in X. In other words, the coupled equation
(3.1) has a unique common solution in R2. O
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