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1. INTRODUCTION

The following inequality is known as Ostrowski inequality [9] (see also, [7,
page 468]) which gives upper bound for approximation of integral average by
the value f(z) at point = € [a, b]. It is proved by Ostrowski in 1938.

Theorem 1.1. Let f : I — R, where I is interval in R be a mapping differ-
entiable in I°the interior of I and a,b € I°, a < b. If ‘f’(t)’ < M for all
t € [a,b], then we have

(z — %>

-t [ ] < |+ ] -,

where © € [a,b].

It is always in focus of researchers and a lot of inequalities have been devel-
oped due to its existence and in recent years Ostrowski type inequalities via
Riemann-Liouville fractional integrals have been published (see, [1, 2, 3, 8, 10]
and references their in). As we can find the bounds of different quadrature
rules with the help of Ostrowski and Ostrowski type inequalities so Ostrowski
and Ostrowski type inequalities have great importance in numerical analysis.

Definition 1.2. A function f is called convex function on the interval [a, b] if
for any two points z,y € [a,b] and any ¢ with 0 <t <1

fltz+ (1 —t)y) <tf(x)+ (1 —1)f(y).

Definition 1.3. ([8]) A function f : [0,b] — R, b > 0 is said to be (a,m)-
convex function, where (o, m) € [0,1)? if for any two points z,y € [0,b] and
any t, where, 0 <t <1

[tz + (1 —t)y) <t*f(z) +m(l —1%)f(y).

Remark 1.4. It is easy to see that:

(i) If « = 1 and m = 1, then («, m)-convexity reduces to usual convexity
defined on [0,0], b > 0.

(ii) If « = 1, then (a,m)-convexity reduces to m-convexity defined on

[0,0], b > 0.
(iii) If m = 1, then («,m)-convexity reduces to a-convexity defined on
[0,0], b > 0.

Laurent in [6] provided today’s definition of the Riemann-Liouville frac-
tional integrals.



Ostrowski type fractional integral inequalities 111

Definition 1.5. ([6]) Let f € Li[a,b]. Then the Riemann-Liouville fractional
integrals J3, f and Ji* f of order a > 0 with a > 0 are defined by

T te) = g | =0 e > a

and ,
1
J& =—— [ t—2)*  f{t)dt,z < b,
£ = [ =0 o
where T'(a) = fooo e Uy ldy is the integral representation of Euler gamma
function. Here J2, f(z) = JP_f(z) = f(z). In case of a = 1, the Riemann-

Liouville fractional integrals reduces to the classical integral.

Definition 1.6. Hadamard introduced the Hadamard fractional integral in
[4], and is given by

@) = e [ (100%) 10T

-
for Re(a) >0, 2 > a > 0.

Recently Katugampola generalized Riemann-Liouville and Hadamard frac-
tional integrals into a single form called Katugampola fractional integrals.

Definition 1.7. ([5]) Let [a, ] be a finite interval in R. Then Katugampola
fractional integrals of order o > 0 for a real valued function f are defined by

11—«

) = [t e

and

oI (x) = L / e F

with a < x < b and p > 0, where I (.) is the Euler gamma function.

For p = 1, Katugampola fractional integrals give Riemann-Liouville frac-
tional integrals, while p — 0% produces the Hadamard fractional integral. For
its proof one can check [5].

Our aim in this paper is to give Ostrowski type inequalities for fractional
integrals defined by Katugampola. In the following section we prove two iden-
tities for Katugampola fractional integrals. By using these identities we give
Ostrowski type fractional integral inequalities for mappings whose derivatives
are (a, m)-convex via Katugampola fractional integrals. We also present some
deductions and some known results by taking particular values of o and m in
presented results.
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2. OSTROWSKI TYPE FRACTIONAL INEQUALITIES FOR (v, m)-CONVEX
FUNCTIONS VIA KATUGAMPOLA FRACTIONAL INTEGRALS

In this section we present some Ostrowski type inequalities for («, m)-convex
functions via Katugampola fractional integrals. The following lemma is very
useful to obtain our results.

Lemma 2.1. Let I be an open real interval such that [0,00) C I and f : I — R
be a differentiable mapping on I such that f € Li[ma, mb], where ma, mb € I
with a < b, m € (0,1]. Then for all x € (ma,mb) and p,a > 0 we have the
following identity
((xp — mPal)* + (mPbP — :v”)"‘) Fla?) — (ap+p—1I'(a)
b—a pl=(b—a)

(P17 f(mPaP)

p(z? — mPaP
b—a

a+1 1 ,
+ I f(mfh)] = ) / LTI (#0204 P (1 t9)a?)dt
0
ppp — gyl 1 /
. p(m ; C‘:" ) / tap-i-p—lf (tpxp + mp(l — tp)bp)dt_ (21)
— 0

Proof. 1t is easy to see that

1
/ e tr=1 £ (4P2P 4 mPmP(1 — tP)aP)dt
0

- op~+p— 1 ! tap—lf(tpl_p)
o plar —mear) Jy

et (teaf + mP (1 —t9)a”) |

N ptP=1(zP — mPar)
+mP(1 — t")a’)dt

_ f@)  aptp-1 /’” y = mPa!\ Ty )
p($P — mpap) p(xp — mpaP) ma P — mPaP P — mPaP

_f@) I fmea)(ap+ p— (o) 0

~ plaP — mPaP) p2=(xP — mpPar)etl '

and
1
/ tPtP=L (1P 2P 4 mP (1 — tP)bP)dt
0

! ap+p—1

« —1 1
ot PEPLE(tPP + mP(1 — tP)bP) B / to‘p_lf(tpa:p
o pla?—mrb) Jo

N ptP=1(zP — mPbr)
+mP(1 — t°)bP)dt

__ —fE) aptp—1 (" [y —m\T ()
B p(mPbP — xP) ~ p(mPbP — xP) /x <g;p — mpbp> TP — mPhP Y
_ @) IR I@)ep+p—Dl() 03

p(mPbP — zP) p2=(mpPbP — xpr)otl
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)a+1 (mpbp _ :Bp)aJrl

Multiplying (2.2) by i and (2.3) by P 2
—a —a
adding resulting equations we get (2.1). O

P — mPaf

, then

Theorem 2.2. Let I be an open real interval such that [0,00) C I and f :
I — R be a differentiable mapping on I such that f € Li[ma, mb], where
ma,mb € I with a < b, m € (0,1]. If ‘f/‘ is (o, m)-convex on [ma, mb
and ‘f,(xp)‘ < M, then the following inequality for Katugampola fractional
integrals holds

) fia)

(xp — mpap)a _|_ (mpbp — xp)a
b—a

_ (ap+p— 1)F(a) p o mPaf pro mPbP
pl_a(b _ CL) [ Ig:*f( )+ Ix+f( b )]

M [(zf — mPaP)* Tt + (mPbP — 2P)* T [1 + mPa
b—a 14 2

< (2.4)

with a, p > 0 and x € [ma, mb|.

Proof. Using Lemma 2.1, (o, m)-convexity of ‘fl|, and upper bound of ‘f/ (xp)‘
we have

P _ mPaP)® PP — pP)
((x ma)b+6(Lm zP) )f(l’p)
— (aﬁ;)j-g(gl)cl;)(a) [PIS f(mPaP) +° 1%, f(mPbP)] ‘
o 1
< p(xp —bn_lﬂjp) +1 /0 tap-i-ﬂ-l ‘f’ (tpxﬂ + mp(l _ tp)ap) ‘dt

p(mPbP — gP)atl

1
/ gorte=l F (P2 +mP(1 — tP)bP) |dt
0

b—a
P _ mPgP)atl 1l , ,
< P(.CC mra ) / toap-i—p—l |:t04p|f (.%"D)‘ +mp(1 o tap)‘f (ap)u dt
b—a 0
ppp — ppYatl 1 / /
PR BT [ gewsont [l @) + o1 = )| )]
b—a 0
P _ mPgP)atl 1l
< Mp(x mra ) / tap—f—p—l [tap + mp(l o tap)] dt
b—a 0
M ppp — ppyotl ol
p(m X ax ) / paptp—1 [t + mP (1 — t°)] dt
- 0
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_ a+1 _ a+1 1
_ Mp[(a? = mPaf)™ + (mPh — 2?)* ] et e - o
0

b—a
- M [(zf — mPaP)* T + (mPbP — zP) T [1 + mPa
- b—a 1+2a |-
This completes the proof. O

Corollary 2.3. In Theorem 2.2, if we take « = 1 and m = 1, then (2.4)
becomes the following inequality for convex functions

_ _ b
‘ <bz_zp) f(l‘p) _ %:Lal/a tp_lf(tp)dt

2M [(zf — a?)? + (b — zP)?]
- 3(b—a)

;¢ € [a,b] (2.5)

with o, p > 0.

Corollary 2.4. In Theorem 2.2, if we take o = 1, then (2.4) becomes the
following inequality for m-convex functions

‘ (mpbp—mpap> Fa?) — 2p—1 /mbt”_lf(t”)dt

b—a b—a Joma

- M [(zf — mPaP)? 4+ (mPbP — z)?] [1 + m?
- b—a 3

] ; ¢ € [ma, mb (2.6)

with a, p > 0.

Corollary 2.5. In Theorem 2.2, if we take m = 1, then (2.4) becomes the
following inequality for a-convex functions

‘ <(xp_ap)a + (bp_xp)a> Fa?)— (ap+p—1) ()

P12 f(a?)+ PIZ f(0°)]

b—a pl=(b—a)
2P — gP)etl _ gpyatl o
< M [(zf — a®) b_-; (b7 — Pyt [11:—20[} —_— (2.7)

with o, p > 0.
Remark 2.6. If we put p = 1 in (2.4), then we get [8, Theorem 4].

Theorem 2.7. Let I be an open real interval such that [0,00) C I and f :
I — R be a differentiable mapping on I such that f € Li[ma, mb], where
ma,mb € I with a < b,m € (0,1]. If 1% g > 1, is (or, m)-convex on
[ma, mb] and ‘f/(:cp)‘ < M, then the following inequality for Katugampola
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fractional integrals holds

P —mPal)* + (mPbP — xf )
( e " o
—a
(Oép +p— 1)F(a) « «
- e [T f(mPal)+ PIS f(mPbP))]
- Mp [(zf — mPa?)* L + (mPbP — 2P)> 1] <1 + mpap)é 2.8)
< T :
(b—a) (plap+p—1)+1)7 aptd
with a, p > 0, %—{— % =1 and x € [ma, mb.
Proof. Using Lemma 2.1 and Hoélder’s inequality we have
(ZU’D — mpap)a + (mpbp — :L'p)a P
( ol Fa?)
(ap+p =) )0 a
S P fma)+ Pz ()
P _ mpPgr)otl 1l ,
L Pl bT; ) /0 1P| £ (#02P + mP(1 — tP)aP)|dt
ppp — pryatl ol ,
plm o :; ) /O (2P| £ (020 + mP(1 — t7)bP)| dt (2.9)

1 1

P _mPgPr)otl 1 P T q

AT st ([ s
—a 0 0

1 1
Ppp _ pp)atl 1 ot g
n p(m 4 z ) (/ tp(ocp+p—1)dt> : (/ ‘f (t"x”%—mp(l—tp)ap)‘th) ' .

Since |f/‘q is (a, m)-convex and ‘f/ (z)| < M, x € [a, b], there for we have

(/1 ‘f/(tpxp—l-m/’(l —tﬂ)ap)|th>q <M (Hmpo‘f’)q’ (2.10)
0

ap+1
similarly
L . 1+ mPap 7
</ |f (tP2P +mP(1 - tf’)bﬂ)\th> <M () : (2.11)
0 ap+1
We also have )
aptp—1) 74 _ 1
/0 plarte )dtf1+p(ap+p_1). (2.12)
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Using (2.10), (2.11) and (2.12) in (2.9) we can get (2.8). This completes the
proof. O

Corollary 2.8. In Theorem 2.7, if we take « = 1 and m = 1, then (2.8)
becomes the following inequality for convex functions

(=) -2t [

- Mp [(mp —af)? + (b — xp)Q]
(- (p2p-1)+1)r

; ¢ € [a,b] (2.13)

with a, p > 0.

Corollary 2.9. In Theorem 2.7, if we take o = 1, then (2.8) becomes the
following inequality for m-convex functions

‘ <mpbp - mpap) flar) - 21 /mb tP (27 dt

b—a b—a Jma

_ Mp[(@* =)+ (¥ — ¥ <1 + pm
T —a@e-n+nr N PHI

with a, p > 0.

)q ; © € [ma, mb] (2.14)

Corollary 2.10. In Theorem 2.7, if we take m = 1, then (2.8) becomes the
following inequality for m-convex functions

— e e @) L)

- M [(2f — aP)* L + (bP — zP)* 1]
T (o) plaptp-1)+ 1)

with a, p > 0.

‘ ((xﬂ—ap)& + <bﬂ—xp>“> far) 0P P DT()

;2 € [a, 0] (2.15)

Remark 2.11. (i) If we put p =1 in (2.8), then we get [8, Theorem 5].
(ii) If we put p =1 and o =1 in (2.8), then we get [8, Theorem 2].

Theorem 2.12. Let I be an open real interval such that [0,00) C I and
f: I — R be a differentiable mapping on I such that f € Li[ma, mb], where
ma, mb € I with a < b, m € (0,1]. If ‘f/|q,q > 1 is (o, m)-conver on [ma, mb]
and ‘fl(xp)‘ < M, then the following inequality for Katugampola fractional



Ostrowski type fractional integral inequalities 117

integrals holds

Tl ) fia)

B (ap+p—1I(e) PIT- f(mPal)+ PIZ f(mPbP)] |

‘ <(:B” —mPaP)* 4+ (mPbP — xP)

eb—a)

M P mPal)tl 1 (mPhP — gP)atl 1 P i

< Mol = mba’) (mll #) ]< +mo‘)>q (2.16)
(b—a)(pla+ 1)) P2+ 1)

with o, p > 0 and = € [ma, mb).

Proof. Using Lemma 2.1 and power mean inequality we have

(2P —mPaP)® +(mPbP —aP)®

— f(xp)_(ap-i-p—l)r(a)

[P12- f(mPa?) +7 I f(mPb7)] ‘

pr=(b—a)
P _mpPgPetl 1l ,
o plaf = mPa?) / tePtP=L| £ (1P P mP (1 — tP)aP)|dt
b —a 0
ppp — ppYat+l  rl ,
plm - : ) / 1P (PP 4+ mP (1 — t0)0°)|dt (2.17)
- 0

1—1
pla? —mPa”)

1
a+1 1 q 1 , q
< 7 ( / taP“ldt) (t“"ﬂ’l |f (tp:rp+mp(1—tp)ap)|th)
b—a 0 0
PHP — pP)otl 1 1-3 1 , a
_|_p(m x ) (/ tap+ﬁ—1dt) (/ tozp+p—1’f (tp.l‘p—‘y-mp(l—tp)ap)‘th)
b—a 0 0
Since ‘f/‘q is (o, m)-convex and |f/ (z°)| < M, x € [a, b], therefore we have

</1 1P £ (PP + mP (1 — tp)ap)|th>; <M <pl(;a”f% ))2 . (2.18)

0

similarly

Q=

1 o _ , % 1+mP
</0 A 1\f(tpxp+mp(1—tp)bﬂ)\th> gM(M)) . (2.19)

We also have
1
1
trtr g = — — (2.20)
/0 pla+1)

Using (2.18), (2.19) and (2.20) in (2.17) one can get (2.16). This completes
the proof. O
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Corollary 2.13. In Theorem 2.12, if we take & = 1 and m = 1, then (2.16)
becomes the following inequality for convex functions

b
‘ <bZ:Z"’> FzP) — %/ tp_lf(tp)dt

a

Mp [(zF — af)? + (b — z)?] 1 - 2 %x .
: (b—a) (2/)) (3/)) el 22

with a, p > 0.

Corollary 2.14. In Theorem 2.12, if we take o = 1, then (2.16) becomes the
following inequality for m-convex functions

i <mpbp — mpap> fla?) — 2p—1 /mbtp_lf(tp)dt

b—a b— ma

(2.22)

Mp [(zf — mPal)? + (mPbP — aP)?] [ 1 5 (1emP\a

< — —— | ; z € [ma,mb]
b—a 2p 3p

with o, p > 0.

Corollary 2.15. In Theorem 2.12, if we take m = 1, then (2.16) becomes the
following inequality for a-convex functions

(@ — a4+ (7 — )"

b—a f(a*)
« — I«
N R ) (229
Mp [(xP —aP)* T (b —xP)* ] 1 \"ef a1 e
: ) Goarn) oeion
with a, p > 0.

Remark 2.16. (i) If we put p =1 in (2.16), then we get [8, Theorem 6].
(ii) If we put p =1 and o =1 in (2.8), then we get [8, Theorem 3].

To give further results we need the following lemma.

Lemma 2.17. Let I be an open real interval such that [0,00) C I and f :
I — R be a differentiable mapping on I such that f/ € Li[ma, mb], where
ma, mb € I with a < b, m € (0,1]. Then for all x € (ma, mb) we have the
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following identity

FlaP) — (ap+p—1DI(e) [ PI;f(mPal) PI f(mPbP)
o pl—a 2(zP — mpPar)®  2(mPbP — xP)™
_ plaf —mPab) _Qmpap) / L janto1 £ (tPaP - mP(1 — tP)aP)dt
0
p(mPbP — zF)

1
SAmE o) / (koL (120 4 mP(1 — 19)bP) dt (2.24)
0

with a, p > 0.

Proof. 1t is easy to see that
1
/ PP £ (PP 4 mPmMP(1 — tP)aP)dt
0

et (Pl + mP (1 — tP)a?) ||
- ptP~1(xzP — mPar)
+mP(1 —tP)a”)dt

1
o Oép—l—p—l)/ tapflf(tpmp)
0

N C——

__ f@) aptp—1 [ (v —mPa?\* Ty )

B p(gjp — mpa/’) N p(xp — mpap) /Tna <xﬂ — mpap> P — mPaP Y

_J@) I fmPa)eptp— DT (a) 025)
p(mﬂ — mPaP) p2_04(xl) — mpaP)Oé"rl ’

and
1 i
/ ta”+p_1f (tPzP + mP(1 — tP)bP)dt
0

PPl E (PP + mP (1 — tP)bP)
N ptP=1(zP — mPbr)
+mP(1 — t°)b°)dt

_ @) ap+p— 1) /mb <yp —m’)bp>‘“_1 v ),

1
- op+p— 1 ltap—lf(tpl,p
o plar —meb) Jo

p(mpbp — ;L'P) p(mpbp — P xP — mpPbP xP — mPhP
— (P I f(bP)(ap+p— 1T
Sl I fW)ap o - () 296)
p(mPbP — zP) P2~ (mpPbP — xr)otl
P _ mPgl PHP — P
Multiplying (2.25) by pla? = mPaP) and (2.26) by p(m2:£)7 then adding

resulting equations we get (2.24). O

Theorem 2.18. Let I be an open real interval such that [0,00) C I and
f: I — R be a differentiable mapping on I such that f € Li[ma, mb], where
ma,mb € I with a < b, m € (0,1]. If ‘f/‘ is (o, m)-conver on [ma, mb]
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and ‘fl(xp)‘ < M, then the following inequality for Katugampola fractional
integrals holds

fa?) — (ap+p—1DI(a) [ PIS f(mPaP) PIS, f(mPbP)
pl—a 2(zP — mpPar)®  2(mPbP — xP)™
MmP b —af] T1 P
< m [2 il { 1_:77;;[} ;¢ € [ma, mb] (2.27)
with o, p > 0.

, and upper bound of

Proof. Using Lemma 2.17, (a,m)—convexity of ’ f
’f/(xp)‘ we have

‘f(mp) . (ap+p—1DI'(a) [ Pjgff(mpap) p1§+f(mpbp) ] ‘

pl—@ 2(xP — mPar)®  2(mPbP — xP)

1
pla’ — mPa’) / 1P £ (t00P + mP (1 — t7)aP) |dt

ST ;
p(mPbP — xf) ! aptp—1| ¢
|t PEPH (PP 4+ mP (1 — tP)bP)|dt
0
P _ mPaP 1 , ,
< p(l' 2m a ) /0 taerpfl |:tozp‘f (xp)‘ +mp(1 _tap)}f (ap)ﬂ dt
PHP — P 1 ’ ’
p(mPY - 2f) . x )/0 fopte-1 [to"’{f (@P)] +mP(1 —1°)| f (bp)\] dt
Mo(xP — mPaP 1
< Mplz > mwa )/ $ePTP=L 100 4 P (1 — 12P)] dt
0
M PP — P 1
pm . v )/ $ePTP=L 100 P (1 — 12P)] dt
0
M PHP — mPaPl 1
_ Mplm . ma ]/ PPl [P P (1 — £°P)] dt
0
< MmP b’ —af] [1+mPa
- 2 142 |-
This completes the proof. O

Corollary 2.19. In Theorem 2.18, if we take « = 1 and m = 1, then (2.27)
becomes the following inequality for convex functions
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20— 1 [ [Tt fer)dt [Pt f(tP)dt
) 2P S f(tr) +fx f(tP)
2 P — af bP — xP
M(bP — aP
< (b?)a); z € [a,b] (2.28)
with a, p > 0.

Corollary 2.20. In Theorem 2.18, if we take o = 1, then (2.27) becomes the
following inequality for m-convex functions

0 —1 [ [Z = Lpr)dt [P e=Lf(tP)dt
2 P — mPaP mpPbP — xP
MmP b —afl T1 Iz
< m o [L+m ; ¢ € [ma, mb (2.29)
2 3
with a, p > 0.

Corollary 2.21. In Theorem 2.18, if we take m = 1, then (2.27) becomes the
following inequality for a-convex functions

oy 00T [ VS S)  s))
pl—a 2(xP —ar)>  2(bP — xr)™
M —af] [ 14+a ]|
< 5 L n 204] ;¢ € [a,b] (2.30)
with a, p > 0.

Remark 2.22. If we put p =1 in (2.27), then we get the result for Riemann-
Liouville fractional integrals

Theorem 2.23. Let I be an open real interval such that [0,00) C I and
f:1— R be a differentiable mapping on I such that f € Li[ma, mb], where
ma, mb € I witha < b, m € (0,1]. If‘f,’q,q > 1, is (a, m)-convez on [ma, mb
and ‘fl(a:”)‘ < M, then the following inequality for Katugampola fractional
integrals holds

FaP) — (ap+p— 1) (o) [ PIS f(mPaP) PIS, f(mPbP) ]

pl—a 2(xP — mPar)® ~ 2(mPbP — xP)e

< T
2(plap+p—1)+1)»

with o, p > 0, %—i—%zl and x € [ma, mb).

Mp [mPb” — mPal] <1+m”ap)‘11 (2.31)

ap+1
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Proof. Using Lemma 2.17 and Hélder’s inequality we have

pl-a 2(xP — mPar)® ~ 2(mPbP — xP)
P _ PP 1 ,
< W/ 1P+ (1P + mP(1 — 19)aP)|dt
0

PHP — P 1 '
Mm'2x)/mePWf@%£+mm1—ﬁw%wt (2.32)
0

1 1

P _ mPaP 1 P r q

< ) ([ s ) ([ |7 e s o - o)
0 0

1 1

PHO _ 4P 1 P r q

y A =2 ‘“( / tp<ap+p—1>dt)”< / \f(tpxump(l_tp)ap)}"dt)q
0 0

Since |f/‘q is (a, m)-convex and ‘f/ (z)| < M, x € [a, b], there for we have

</1 ‘fl(tpxp +mP(1 — tﬂ)aP)|th> ! <M <1—|—mpap> . 7 (2.33)
0

| PP VR VNG [ PO f(mPaf)  PI%, f(mPbP) } |

ap+1
similarly
</1 | £ (tPa? +mP(1 — t”)b")‘th>; <M (”’”p“”)é (2.34)
0 - ap+1 ' '
We also have
! 1
/O plartr=1) gy — ol o) (2.35)

Using (2.33), (2.34) and (2.35) in (2.32) one can get (2.31). This completes
the proof. O

Corollary 2.24. In Theorem 2.22, if we take & = 1 and m = 1, then (2.31)
becomes the following inequality for convex functions

21 [t ) tﬂ—lfup)dt] ‘

2
Mp[b” — a”]
T 2(p(2p - 1) + 1)

with a, p > 0.

xP — aP bP — P

o

;€ [a,b] (2.36)
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Corollary 2.25. In Theorem 2.22, if we take o = 1, then (2.31) becomes the
following inequality for m-convex functions

o 2p— 1[I el pae)de [T e f(te)dt
J@") == o —miar | mebe — a0

MmPp [bP — a”] <1 + pm?

1
< : > ’ ; « € [ma, mb] (2.37)
2(p(20 - 1)+ 1) \ P
with a, p > 0.

Corollary 2.26. In Theorem 2.22, if we take m = 1, then (2.31) becomes the
following inequality for a-convex functions

far)_ @t p = VL) [ L3 f(a) | I3 f() ]
pt—e 2(xP —ar)>  2(bP — xP)™

Mpl[br — o] - x € [a, b (2.38)
2(plap+p—1)+1)»

with a, p > 0.

Remark 2.27. If we put p =1 in (2.31), then we get the result for Riemann-
Liouville fractional integrals

Theorem 2.28. Let I be an open real interval such that [0,00) C I and
f: I — R be a differentiable mapping on I such that f € Li[ma, mb], where
ma, mb € I with a < b, m € (0,1]. If ‘f/|q,q > 1 is (a, m)-convex on [ma, mb]
and ‘f/(xp)‘ < M, then the following inequality for Katugampola fractional
integrals holds

‘f(xp) _ (ap+p—1DI' () [ PI® f(mPaP) PI%, F(mPbP) ]
pre 2(xP — mPaP)®  2(mPbP — P)e
MpmP[b? —a?} (1 +mPa §s ;x € [ma,m
: 2 (p(a+ 1)) " <p(2a+1))) @ € [ma, mb) (2.39)

with a, p > 0.
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Proof. Using Lemma 2.17 and power mean inequality we have

|f(xp)—

(ap+p— () [ P15 f(mPar)  PI% [(mf1¥)
pl—a [2(35/’ —mPar)®  2(mPbP — xp)a}

P _ PP 1 ,
< 7[)(% 2m @) / tap+p_1|f (tPz? + mP(1 — t”)a")!dt
0

p(mPb” — ar)

1
5 / PPl F (2P 4 mP (1 — t2)bP) |dt (2.40)
0

1

1
P _ mPal 1 T Lo, g
< plx 2m a’) (/ tap-HJ—ldt) (tap-‘rp—l/ ‘f (tPzP +mP(1 —tp)ap)]th)
0 0

1 -3
n p(mﬂb;—xﬂ) </ t“f”pldt)
0

q 1 , q
(/ gorte=t| f (tf’xf’+mp(1tp)ap)|th>
0
Since ’f/‘q is (o, m)-convex and |f/ (xp)| < M, x € [a,b], there for we have

Q=

</1 terte b £ (PP + mP(1 — tp)ap)|th>; <M (%)) , (2.41)

0

similarly

Q=

1 o _ , % 1+mP
</O gepte 1\f(tpxumpu—tﬂ)bp)\th) gM(M)) . (2.42)

We also have

1
1
gt g = ——— 2.43
/ oot ) 249
Using (2.41), (2.42) and (2.43) in (2.40) one can get (2.39). This completes
the proof. O

Corollary 2.29. In Theorem 2.26, if we take « =1 and m = 1, then (2.39)
becomes the following inequality for convex functions

2 — =L rPVdt  [Perl F(tP)dt
‘f(xp)— P2 1[fa g;p_fiﬂ) +fx bp—fi;p) ”
Mp[b? —af) 1\ 0 /2 \4
< Mplp" = '] > } (2;;) (‘@) .2 € [a,b] (2.44)

with a, p > 0.
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Corollary 2.30. In Theorem 2.26, if we take o = 1, then (2.39) becomes the
following inequality for m-convex functions

2 —1 [ [F trLfr)dt [T f(tP)dt
2 P — mPaP mPbP — xP
1 1
MmPpb? —af] 1\ [1+mP\a
< il . 2.4
< > <2p> 3 ; « € [ma, mb] (2.45)
with a, p > 0.

Corollary 2.31. In Theorem 2.26, if we take m = 1, then (2.39) becomes the
following inequality for a-convex functions

o (aptp—1D() [ P10 f(@) | PI%FW)
1) = S | 5 ‘
Mp[pX — o’ 1 = [ a+1 5'
< arn)  Gearn) ey e
with a, p > 0.

Remark 2.32. If we put p =1 in (2.39), then we get the result for Riemann-
Liouville fractional integrals

Conclusion. All results proved in this research paper can also be deduced for
Hadamard fractional integrals just by taking limits when parameter p — 0.
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