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Abstract. In this paper we introduce a new class E;\’E(d)a) of A-pseudo bi-starlike functions
in parabolic domain and determine the bounds for |az| and |as| where az, as are the initial
Taylor coefficients of f € E;,E(qﬁa). Furthermore, we estimate the Fekete-Szegd functional
for E;\’E(qba),

1. INTRODUCTION

Let A denote the class of functions of the form
f(2) :z—l—Zakzk (1.1)
k=2

which are analytic in the open unit disk U = {2z : 2z € C and |z < 1}.
Further, denote by S the class of all functions in A which are univalent in U
and normalized by the condition f(0) =0 = f’(0) — 1. One of the important
and well-investigated subclass of S is the class S*(«) of starlike functions of
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order a (0 < a < 1) defined by the condition

zf '(Z))
R < >a (z€U
i )7 el
and also the class K(a) C S of convex functions of order o (0 < v < 1) is
defined by the condition

zf"(2)
%(1%— 702) ) >a (ze€0).

An analytic function f is said to be subordinate to an analytic function h,
written by f(z) < h(z), provided there is an analytic function w with w(0) =0
and such that |w(z)| < 1in U and f(z) = h(w(z)).

Ma and Minda [11] unified approach to various subclasses of starlike and
convex functions which are defined by a condition that either zf’(z2)/f(z) or
1+ zf"(2)/f(2) is subordinate to a function ¢.

For this purpose, they considered a class ® of analytic functions ¢ with
positive real part in the unit disk U, ¢(0) = 1, ¢’(0) > 0, such that ¢ maps U
onto a region starlike with respect to 1 and symmetric with respect to the real
axis. The class of Ma-Minda starlike functions denoted by S*(¢), consists of
functions f € A satisfying the subordination

2f'(2)
) =< #(2).

Similarly, a function f € A is in the class of Ma-Minda convex functions of
functions denoted by IC(¢) if it satisfies

2f"(z)
f'(z)
In the sequel, it is assumed that ¢ is in the class ®.

Ali and Singh [1] introduced a new class of parabolic starlike functions
denoted by Sp(«) of order a(0 < @ < 1) salifies the following:

ZJ{;S) - 1‘ <(1-2a)+R (Z]{éii)) . (1.2)

1+ =< ¢(2).

Equivalently,

fesSla) = (?;i?) € Qq,

where 2, denotes the parabolic region in the right half-plane

Qo ={w=u+iv:v?<4(1—a)(u—a)}
={w:|jw—-1 < (1-2a)+ R(w)}.
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Ali and Singh [1] showed that the normalized Riemann mapping function
®a(z) from the open unit disk U onto €, is given by

41— a) 144277
a =1 1
bule) = 14205 g 1EVE
16 32 , 368 ,
- 14+ (1 22— 1—
+7r2( O‘)Z+37T2( a)z +457r2( )z +
= 1+ ) Biz" (1.4)
k=1
where
k—1
16(1 — )
B, = k e N). 1.5

Due to Ma and Minda [11], we state the following lemma.

Lemma 1.1. If a function f € Sp(a), then

(£9) e

where ¢q(z) is given by (1.4).

Since univalent functions are one-to-one, they are invertible and the inverse
functions need not be defined on the entire unit disk U. In fact, the Koebe
one-quarter theorem [7] ensures that the image of U under every univalent

1

function f € S of the form (1.1), contains a disk of radius 7. Thus every

univalent function f € S has an inverse f~! which is defined by

FFfR) =2 (2€U)

and
(7 (w) = w (rw| < ro(Firo(f) = i) |

In fact, the inverse function f~! is given by

Y w) = w — asw® + (2(1% — a3) w3 — (5a§’ — bagaz + as) wh+ - (1.6)

A function f € § is said to be bi-univalent in U if there exists a function
g € S such that g(z) is an univalent extension of f~! to U. Let ¥ denote

the class of bi-univalent functions in U. The functions 1%, —log(l — 2),

3 log (%fz) are in the class ¥ (see details in [14]). However, the familiar Koebe
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function is not bi-univalent. Lewin [10] investigated the class of bi-univalent
functions o and obtained a bound |ag| < 1.51.

Motivated by the work of Lewin [10], Brannan and Clunie [4] conjectured
that |as| < /2. The coefficient estimate problem for |a,| (n € N, n > 3)is
still open(see, [14]). Brannan and Taha [5] also worked on certain subclasses
of the bi-univalent function class ¥ and obtained estimates for their initial
coefficients. Various classes of bi-univalent functions were introduced and
studied in recent times, the study of bi-univalent functions gained momentum
mainly due to the work of Srivastava et al.[14]. Motivated by this, many
researchers (see [3, 8, 12, 14, 15, 16] also the references cited there in) recently
investigated several interesting subclasses of the class ¥ and found non-sharp
estimates on the first two Taylor-Maclaurin coefficients.

Recently for some A\ > 1, in [2] Babalola introduced and investigated the
class of A-pseudo-starlike functions of order «, (0 < a < 1) denoted by L ()
as defined below.

Definition 1.2. ([2]) A function f € A is in the class £y («) if it satisfies

%(W)m (> 1),

where @ (0 < a < 1) and z € U.

Further in [2] it was showed that all pseudo-starlike functions are Bazilevi¢
functions of type (1 —1/)) and of order o!/* and univalent in open unit disk
U. We note that £;(a) = S*(a).

Making use of the above definition, due to Bulut [6], Joshi et al. [9] and
Ali and Singh [1], in this paper we define a new class El))‘yz(gba), A-bi-pseudo-
parabolic starlike functions of ¥ and determine the bounds for the initial
Taylor-Maclaurin coefficients of |ag| and |ag| for f € EQ7Z(¢Q). Further we

consider the Fekete-Szegd problem in this class.

Definition 1.3. Assume that f € X, A > 1 and (f/(2))" is analytic in U with
(f'(0))* = 1. Furthermore, assume that g(z) is an extension of f~! to U, and
(¢'(2))* is analytic in U with (¢/(0))* = 1. Then f(z) is said to be in the
class Ez,z(@y) of A-bi-pseudo-starlike functions if the following conditions are
satisfied:

2(f' ()

—1‘<(1—2a)—|—§R<f(z)) (2 € U) (1.7)

and
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Due to Lemma 1.1 and by the above the definition we can state

2(f'(2)A
(ff((z))) < ¢pa(z) (2€0) (1.9)

and . \
w(i((’;l]))) < ¢a(w) (w S U), (1'10)

where ¢, (2) is given by (1.4).

Remark 1.4. For A =1, a function f € ¥ is in the class 511;72(%5) = S8 (¢a)
[6] if the following conditions are satisfied:

zf'(z) zf'(2)
o) -1 <(1—2a)—|—§]‘%<f(z)) (z € U)
and
wg) | e (0@
1< ew () wew,

where z,w € U and the function g is described in Definition 1.3.

Further, in particular, we set E;Z(qﬁ;) = Sl(¢1) = S for the class of
’ 2 2
parabolic bi-starlike functions.
Remark 1.5. For A = 2, a function f € ¥ is in the class 512,,2(%4) = Gpx(0a)

if the following conditions are satisfied:

O N R /C A
reTE A <a-zman(r@F) e
and
oowg'(w) o ) 9 (W) w
"8 1l < -2 41 (4) "0 5)) e

where z,w € U and the function ¢ is described in Definition 1.3.

A
2. COEFFICIENT ESTIMATES FOR f € L) (¢a)-

Using the following lemma, we obtain the initial coefficients |as| and |as|
for f € £;72(¢>a).

Lemma 2.1. ([13]) Ifp € P, and
p(z) =1+pz+p®+--, (2€0) (2.1)

then |pn| < 2 for n > 1, where P is the family of all functions p analytic in U
for which
R(p(z)) >0 (z€0). (2.2)
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Theorem 2.2. Let f(z) given by (1.1) be in the class E;}’E(gba). Then
|B1|vB1

= @ N (B B 1 23
and , ,
as] < 2(3\ — 1)B} + By|By — By|(2\ — 1) | (2.4
2(3X — 1) [(2A2 = X) B? — (By — By)(2A — 1)?|
where -
By 16(};2 a) > 2j1+ - (keN). (2.5)

Proof. Let g be of the form
g(w) =w — agw? + (2a% — CL3) w? — (5a§ — bagas + a4) wha o

Since f € E;‘,Ea(gb), there exist two analytic functions w,v : U — U with
u(0) = 0 = v(0), such that |u(z)| < 1, |[v(2)| < 1 and

2[ ()]
FEL oo, 26)
wlg' (w)]?
TIE _ (vl 2
Assume that p(z) and ¢(z) are in P and they are such that
p(z) = izgi; = 1+p1z—|—p222+...
and X
q(z) == 1jzgz; =14+qz+@2+---.

It follows that,

u(z) = plz) — 1 % [p12+ (pz—p%> 22+--l

p(z) +1 - 2
and ,
,_Q(Z)—l_l @) e
v(z) = ) F1 2 qnz+ | g 5 z° + ,
so we have
1 B 2 1
$(u(z)) =1+ -Biprz + | — p2 — L) “Bop?| 224 (2.8)
2 2 2 4
and

_ 1 B Q% 1 2| 9
oo(w)) =1+ gBiqw+ | = (g2 = 5 |+ Bagi | w” + -+ (2.9)
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On the other hand, we have

AP _ L+ (2A = Dazz + [(3X = Dag + (2X° — 4A + 1) a3]z* + -+ (2.10)
o) : 3 2 |
and
wlg' (@) _ 1= (2A=1agw+[(23% + 2X — 1) a3 — (BA—Dagw’ +--- . (2.11)
glw) i i 3 o

Using (2.8), (2.9), (2.10) and (2.11) and comparing the like coefficients of z
and 22, we get

1
(2)\ - 1)a2 = §Blp1, (212)
2 2 1 p% 1 2
(BA—1)ag+ (2\° —4X+ 1) a3 = 3Bu(p2 =5 ) + {Bort, (2.13)
1
—(QA — 1)@2 = §qu1 (214)
and
2 2 1 a7 1 2
(2 +2X = 1) a5 — (3BA — 1)ag = 531 =5 |+ 1ngl (2.15)
From (2.12) and (2.14), we find that
4 — Bipp _ Big
2T 20@A—1) 22a-1)
Therefore, it follows that
P1=—q (2.16)
and
8(2\ — 1)%a2 = B2(p? + ¢2). (2.17)
Thus,
Bi(pi +qt) 8(2x — 1)?
2 1P T4 2., 2 2
TT Rz O ATHT T 219
Adding (2.13) and (2.15), we have
1 1 1
(4N =2\ a3 = 531(]91 +q1) + 531 (P2 + q2) — B (P + i)
1
+1B2 (p% + CI%)
1 1
= QBl(PQ +q2) + 1(32 — By) (p +47) - (2.19)
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Substituting (2.16) and (2.18) in (2.19), we get
8(2A —1)2 ,

1 1
(40 = 2X) a3 = 5 Bi(p2 + @2) + 3 (B2 = B1) =50,
1

4

2
(132 — 2x) - 2B BURAZ AT 2 L, 1)
1
and
[(4X% — 2)) B? — 2(By — B1)(2A — 1)%] a3 = B} (p2 + 2).-
Hence

_ B (p2 + q2)
2[(2X2 = \) B} — (Ba — B1)(2A — 1)?]
Applying Lemma 2.1 in (2.20), we get the desired inequality (2.3).
From (2.13) and from (2.15), we get

aj

Bi(p2 — @)
9 1\P2 — q2
a3—a2+ 4(3)\_1) .

By using (2.20) and Lemma 2.1, by simple computation, we obtain
2(3\ — 1)B} + B1|By — B1|(2) — 1)?
jas| < 2 2 2|
2(3X — 1) [(2A2 — X) B} — (B — By)(2A — 1)?|
This completes the proof of Theorem 2.2.

(2.20)

(2.21)

(2.22)

O

Remark 2.3. We note that By = 1$(1 — a) and By = 2%(1 — ) from (2.5).

32

By taking A = 1, we state the following result.

Corollary 2.4. Let f(z) given by (1.1) be in the class E;E(qba) =
Then

Biv B,
V/|B? + B1 — B

las] <

and
4B% =+ Bl’BQ — Bl‘
4|B — (Ba — B1)|

laz| <

By taking A = 2 we state the following new result.

Spaz(qﬁa)'

Corollary 2.5. Let f(z) given by (1.1) be in the class ﬁz,z(d)a) = Gpx(¢a).

Then
BivB;
V6B —9(Bs — By)|

lag| <
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and
10B3 + 9B1| By — By
10|B? —9(By — B1)|

laz| <

3. FEKETE-SZEGO INEQUALITIES FOR THE FUNCTION CLASS ﬁgz(%)

Making use of the values of a3 and a3, and motivated by the recent work of
Zaprawa [17], we prove the following Fekete-Szego result for the function class

‘C;);,E(ﬁi)a)'
Theorem 3.1. Let the function f(z) be in the class £3(¢) and p € C. Then

1 1
— na?| < 2B O —_— © - 3.1
where 2 )
Bi(l—pu
O(p) = ! ,B1 > 0.
=3 (22 =N BZ— (B — B@r—1)2" !
Proof. From (2.21), we have
Bi(p2 — q2)
92 1\P2
9 =% 1)
Using (2.20), by simple calculation we get
1 1
—uat =B (e - oY) - ——
az — pay = By (u)+4(3A_1) p2+ { O(n) A1) 2|
where )
@(M) — Bl(l — lu)
2[(2X2 = \) B} — (By — By)(2A — 1)?]
Since all B; are real and By > 0, we have
1 1
— a2l < - - -
= e < 28 (060 + =5 ) + (000 = 13— )|
which completes the proof. O

Remark 3.2. Specializing A = 1 and A = 2, we can obtain the Fekete-Szego
inequality for the function class Sp x(¢q) and G, 5:(¢q), respectively.
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