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Abstract. In this paper, we established the existence and convergence solution of a system

of hierarchical nonlinear mixed variational inequalities in Hilbert spaces.

1. Introduction

The theory of variational inequality is well known and well developed be-
cause of its application in different areas of science, social science, engineering
and management. The variational inequality problem provides a convenient
framework for the unified study of optimal solutions in many optimization-
related areas including mathematical programming, complementarity prob-
lems, optimal control theory, mathematical economics, equilibria and game
theory, etc. It is well known that the variational inequality theory has emerged
as an important tools in studying a wide class of obstacle, unilateral and equi-
librium problem that areas in several branches of pure and applied sciences in
a unified and general framework. Several numerical methods have been devel-
oped for solving variational inequalities and related optimization problems.

Hierarchical optimization was first defined by Bracken and McGill [3, 4] as
a generalization of mathematical programming.
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Inspired and motivated by the recent works [1, 2, 6, 8, 9, 10, 11, 17, 18], we
established the existence and convergence solution of a system of hierarchical
nonlinear mixed variational inequalities by using the Mainge′s schemes.

2. Preliminaries

Let H be a real Hilbert space with an inner product 〈·, ·〉 and norm ‖ · ‖,
respectively. Let D be a nonempty closed convex subsets of H, and a mapping
T : H → H is called nonexpansive, if

‖Tx− Ty‖ ≤ ‖x− y‖, ∀x, y ∈ H.

We denotes F (T ) by the set of fixed points of T , that is,

F (T ) = {x ∈ H : Tx = x}.

A variational inequality problem is the problem of finding a point x ∈ D
such that

〈Ax, y − x〉 ≥ 0,∀y ∈ D, (2.1)

where A : D → D is a nonlinear mapping and solution set of (2.1) is denoted
by Ω.

The hierarchical fixed point problem [13, 14, 15, 19, 20] is the problem of
finding a point x∗ ∈ F (T ) such that

〈Ax∗, x− x∗〉 ≥ 0, ∀x ∈ F (T ). (2.2)

When the set F (T ) is replaced by the solution set of variational inequality
(2.1), then (2.2) is known as a hierarchical variational inequality problem.

In this paper, we consider the following system of hierarchical nonlinear
mixed variational inequalities for finding x∗i ∈ Ωi such that for given positive
real number ηi (i = 1, 2, · · · , N), the following inequalities hold:

〈η1G(x∗2) + x∗1 − x∗2, x1 − x∗1〉 ≥ 0, ∀ x1 ∈ Ω1,

〈η2G(x∗3) + x∗2 − x∗3, x2 − x∗2〉 ≥ 0, ∀ x2 ∈ Ω2,
...

〈ηN−1G(x∗N ) + x∗N−1 − x∗N , xN−1 − x∗N−1〉 ≥ 0, ∀ xN−1 ∈ ΩN−1,

〈ηNG(x∗1) + x∗N − x∗1, xN − x∗N 〉 ≥ 0, ∀ xN ∈ ΩN .

(2.3)

Definition 2.1. Let T,G : H → H be the single-valued mappings. Then

(1) T is said to be nonexpansive, if

‖Tx− Ty‖ ≤ ‖x− y‖, ∀x, y ∈ H.
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(2) T is said to be quasi nonexpansive, if F (T ) 6= ∅ and

‖Tx− p‖ ≤ ‖x− p‖, ∀x ∈ H, p ∈ F (T ).

It should be noted that T is said to be quasi nonexpansive if and only
if for all x ∈ H, p ∈ F (T )

〈x− Tx, x− p〉 ≥ 1

2
‖x− Tx‖2.

(3) T is said to be strongly quasi nonexpansive, if T is quasi nonexpansive
and

xn − Txn → 0

whenever {xn} is a bounded sequence in H and for some p ∈ F (T ),

‖xn − p‖ − ‖Txn − p‖ → 0.

(4) G is said to be µ-Lipschitzian, if there exists µ > 0 such that

‖G(x)−G(y)‖ ≤ µ‖x− y‖, ∀x, y ∈ H.
(5) G is said to be r-strongly monotone, if there exists r > 0 such that

〈G(x)−G(y), x− y〉 ≥ r‖x− y‖2, ∀x, y ∈ H.
(6) G is said to be α-inverse strongly monotone, if there exists α > 0 such

that

〈G(x)−G(y), x− y〉 ≥ α‖G(x)−G(y)‖2, ∀x, y ∈ H.

Lemma 2.2. ([21]) Let A : H → H be an α-inverse strongly monotone map-
ping. Then

(1) A is an 1
α -Lipschitz continuous and monotone mapping;

(2) ‖(I−λA)x−(I−λA)y‖2 ≤ ‖x−y‖2 +λ(λ−2α)‖Ax−Ay‖2 for λ > 0;
(3) for λ ∈ (0, 2α], I − λA is a nonexpansive mapping where I is the

identity mapping on H.

Lemma 2.3. Let x ∈ H and z ∈ D be any points and PD be the metric
projection of H onto D. Then

(1) z = PD(x) if and only if 〈x− z, y − z〉 ≥ 0, ∀y ∈ D;
(2) z = PD[x] if and only if ‖x− z‖2 ≥ ‖x− y‖2 − ‖y − z‖2, ∀y ∈ D;
(3) 〈PD(x)− PD(y), x− y〉 ≥ ‖PD(x)− PD(y)‖2, ∀x, y ∈ H;
(4) ‖PD(x)− PD(y)‖ ≤ ‖x− y‖2 − ‖(x− PD(x))− (y − PD(y))‖2.

Lemma 2.4. ([16]) For x, y ∈ H and ω ∈ (0, 1), the following statements
hold:

(1)
∣∣〈x, y〉∣∣ ≤ ‖x‖ ‖y||;



210 Jong Kyu Kim and Salahuddin

(2) ‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉;
(3) ‖(1− ω)x+ ωy‖2 = (1− ω)‖x‖2 + ω‖y‖2 − ω(1− ω)‖x− y‖2.

Lemma 2.5. ([12]) Let {an} be a sequence of real numbers and there exists a
subsequence {amj} of {an} such that amj < amj+1 for all j ∈ N where N is the
set of all positive integers. Then there exists a nondecreasing sequence {nk}
of N such that

lim
k→∞

nk =∞

and the following properties are satisfied for all (sufficiently large) number
k ∈ N,

ank
≤ ank+1, ak ≤ ank+1. (2.4)

In fact nk is the largest number n in the set {1, 2, · · · , k} such that

an < an+1.

Lemma 2.6. ([7]) Let {an} ⊂ [0,∞), {αn} ⊂ [0, 1), {bn} ⊂ (−∞,+∞) and
τ ∈ [0, 1] be such that

(1) {an} is a bounded sequence;
(2) an+1 ≤ (1− αn)2an + 2αnτ

√
an
√
an+1 + αnbn, ∀n ≥ 1;

(3) whenever {ank
} is a subsequence of {an} satisfying

lim inf
k→∞

(ank+1 − ank
) ≥ 0, (2.5)

it follows that

lim sup
k→∞

bnk
≤ 0;

(4) limn→∞ αn = 0 and
∑∞

n=1 αn =∞.
Then limn→∞ an = 0.

Lemma 2.7. ([5]) Let A : H → H be an α-inverse strongly monotone mapping
and Ω 6= ∅ be a solution set of (2.1). Then the following statements hold:

(1) If λ ∈ (0, 2α], then the mapping K : H → D defined by

K = PD(I − λA)

is quasi nonexpansive, where I is an identity mapping;
(2) The mapping I − K : H → H is demiclosed at zero, that is, for any

sequence {xn} ⊂ H if

xn ⇀ x and (I −K)xn → 0

then x = Kx;
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(3) The mapping Kβ defined by

Kβ = (I − β)I + βK, for β ∈ (0, 1)

is strongly quasi nonexpansive mapping and F (Kβ) = F (K);
(4) I −Kβ, β ∈ (0, 1) is demiclosed at zero.

3. Existence and convergence analysis

Throughout this section, we always assume that the following conditions
are satisfied:

(C1) Ai : H → H is an αi-inverse strongly monotone mapping and Ωi is the
solution set of (2.1) with A = Ai and Ωi 6= ∅(i = 1, 2, · · · , N).

(C2) Ki and Ki,β, β ∈ (0, 1), (i = 1, 2, · · · , N) are the mappings defined by{
Ki = PD(I − λAi), λ ∈ (0, 2αi],

Ki,β = (1− β)I + βKi, β ∈ (0, 1).
(3.1)

Theorem 3.1. Assume that Ai,Ωi,Ki and Ki,β are satisfying the conditions
(C1)-(C2) and gi : H → H be contraction with a contractive constant τi ∈
(0, 1)(i = 1, 2, · · · , N). Then there exists a unique element (x∗1, x

∗
2, · · · , x∗N ) ∈

Ω1 × Ω2 × · · · × ΩN such that for each xi ∈ Ωi, the following inequalities are
satisfied:

〈x∗1 − g1(x∗2), x1 − x∗1〉 ≥ 0, ∀x1 ∈ Ω1,

〈x∗2 − g2(x∗3), x2 − x∗2〉 ≥ 0, ∀x2 ∈ Ω2,
...

〈x∗N−1 − gN−1(x∗N ), xN−1 − x∗N−1〉 ≥ 0, ∀xN−1 ∈ ΩN−1,

〈x∗N − gN (x∗1), xN − x∗N 〉 ≥ 0, ∀xN ∈ ΩN .

(3.2)

Proof. Given that Ω1, · · · ,ΩN are nonempty closed and convex. Therefore,
the metric projection PΩi is well defined for each i = 1, 2, · · · , N. Since gi is a
contraction mapping for each i = 1, 2, · · · , N, PΩigi is a contraction mapping
for each i = 1, 2, · · · , N. Therefore

PΩ1g1 ◦ PΩ2g2 ◦ · · · ◦ PΩN
gN (3.3)

is also a contraction. Hence there exists a unique element x∗ ∈ H such that

x∗ = (PΩ1g1 ◦ PΩ2g2 ◦ · · · ◦ PΩN
gN )x∗. (3.4)

Putting x∗N = PΩN
gN (x∗1),· · · , x∗2 = PΩ2g2(x∗3), x∗1 = PΩ1g1(x∗2), x∗N ∈

ΩN , · · · , x∗1 ∈ Ω1.
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Suppose that there is an element (x̄1, · · · , x̄N ) ∈ Ω1 × Ω2 × · · · × ΩN such
that for all xi ∈ Ωi the following inequalities are satisfied:

〈x̄1 − g1(x̄2), x1 − x̄1〉 ≥ 0, ∀x1 ∈ Ω1,

〈x̄2 − g2(x̄3), x2 − x̄2〉 ≥ 0, ∀x2 ∈ Ω2,
...

〈x̄N−1 − gN−1(x̄N ), xN−1 − x̄N−1〉 ≥ 0, ∀xN−1 ∈ ΩN−1,

〈x̄N − gN (x̄1), xN − x̄N 〉 ≥ 0, ∀xN ∈ ΩN .

(3.5)

Then, we have 

x̄1 = PΩ1g1(x̄2),

x̄2 = PΩ2g2(x̄3),
...

x̄N−1 = PΩN−1
gN−1(x̄N ).

x̄N = PΩN
gN (x̄1).

(3.6)

Therefore, we have

x̄1 = (PΩ1g1 ◦ PΩ2g2 ◦ · · · ◦ PΩN
gN )x̄1. (3.7)

This implies that x̄1 = x∗1, x̄2 = x∗2, · · · , x̄N = x∗N . The proof is completed. �

Theorem 3.2. Let Ai,Ωi,Ki and Ki,β satisfying the conditions (C1)-(C2)
and gi : H → H be a contraction with a contractive constant τi ∈ (0, 1), (i =
1, 2, · · · , N). Let {xni } be the sequence defined by x0

i ∈ H and
xn+1

1 = (1− αn)K1,βx
n
1 + αng1(K2,βx

n
2 ),

xn+1
2 = (1− αn)K2,βx

n
2 + αng2(K3,βx

n
3 ),

...

xn+1
N = (1− αn)KN,βxnN + αngN (K1,βx

n
1 ),

(3.8)

where {αn} is a sequence in (0, 1) satisfying αn → 0 and
∑∞

n=0 αn =∞. Then
the sequence {xni } generated by (3.8) converges to x∗i for each i = 1, 2, · · · , N ,
where (x∗1, · · · , x∗N ) is the unique element in Ω1×Ω2×· · ·×ΩN verifying (3.2).

Proof. (i) We first prove that the sequences {xn1}, · · · , {xnN} are bounded. It
follows from Lemma 2.7 thatKi,β is strongly quasi nonexpansive and F (Ki,β) =
F (Ki) = Ωi (i = 1, · · · , N). Since gi is a contraction with coefficient τi (i =
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1, · · · , N) and x∗1 ∈ F (K1,β), x∗2 ∈ F (K2,β), · · · , x∗N ∈ F (KN,β), it follows that

‖xn+1
1 − x∗1‖ ≤ (1− αn)‖K1,βx

n
1 − x∗1‖+ αn‖g1(K2,βx

n
2 )− x∗1‖

≤ (1− αn)‖xn1 − x∗1‖+ αn‖g1(K2,βx
n
2 )− g1(x∗2)‖

+αn‖g1(x∗2)− x∗1‖ (3.9)

≤ (1− αn)‖xn1 − x∗1‖+ αnτ1‖K2,βx
n
2 − x∗2‖

+αn‖g1(x∗2)− x∗1‖
≤ (1− αn)‖xn1 − x∗1‖+ αnτ1‖xn2 − x∗2‖+ αn‖g1(x∗2)− x∗1‖.

Similarly, we can also compute that

‖xn+1
2 − x∗2‖ ≤ (1− αn)‖xn2 − x∗2‖+ αnτ2‖xn3 − x∗3‖+ αn‖g2(x∗3)− x∗2‖;

... (3.10)

‖xn+1
N − x∗N‖ ≤ (1− αn)‖xnN − x∗N‖+ αnτN‖xn1 − x∗1‖+ αn‖gN (x∗1)− x∗N‖.

This implies that

‖xn+1
1 − x∗1‖+ ‖xn+1

2 − x∗2‖+ · · ·+ ‖xn+1
N − x∗N‖

≤ (1− αn)[‖xn1 − x∗1‖+ · · ·+ ‖xnN − x∗N‖]
+ αn[τ1‖xn1 − x∗1‖+ · · ·+ τN‖xnN − x∗N‖] + αn[‖g1(x∗2)− x∗1‖
+ ‖g2(x∗3)− x∗2‖+ · · ·+ ‖gN (x∗1)− x∗N‖]
≤ (1− αn)[‖xn1 − x∗1‖+ · · ·+ ‖xnN − x∗N‖] + αnτ [‖xn1 − x∗1‖

+ · · ·+ ‖xnN − x∗N‖] (3.11)

+ αn[‖g1(x∗2)− x∗1‖+ ‖g2(x∗3)− x∗2‖+ · · ·+ ‖gN (x∗1)− x∗N‖]
≤ (1− αn(1− τ))[‖xn1 − x∗1‖+ · · ·+ ‖xnN − x∗N‖]

+ αn(1− τ)
‖g1(x∗2)− x∗1‖+ ‖g2(x∗3)− x∗2‖+ · · ·+ ‖gN (x∗1)− x∗N‖

1− τ

≤ max

{
‖xn1 − x∗1‖+ · · ·+ ‖xnN − x∗N‖,

‖g1(x∗2)− x∗1‖+ · · ·+ ‖gN (x∗1)− x∗N‖
1− τ

}
,

where τ = max{τ1, τ2, · · · , τN}. By induction, we have

‖xn+1
1 − x∗1‖+ ‖xn+1

2 − x∗2‖+ · · ·+ ‖xn+1
N − x∗N‖ (3.12)

≤ max

{
‖x0

1 − x∗1‖+ · · ·+ ‖x0
N − x∗N‖,

‖g1(x∗2)− x∗1‖+ · · ·+ ‖gN (x∗1)− x∗N‖
1− τ

}
,

for all n ≥ 1. Hence {xn1}, · · · , {xnN} are bounded, consequently {K1,βx
∗
1}, · · · ,

{KN,βx∗N} are also bounded.
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(ii) Next, we prove that for each n ≥ 1, the following inequalities hold:

‖xn+1
1 − x∗1‖2 + ‖xn+1

2 − x∗2‖2 + · · ·+ ‖xn+1
N − x∗N‖2

≤ (1− αn)2(‖xn1 − x∗1‖2 + ‖xn2 − x∗2‖2 + · · ·+ ‖xnN − x∗N‖2)

+ 2αnτ(‖xn+1
1 − x∗1‖‖xn2 − x∗2‖+ ‖xn+1

2 − x∗2‖‖xn3 − x∗3‖ (3.13)

+ · · ·+ ‖xn+1
N − x∗N‖‖xn1 − x∗1‖) + 2αn(〈g1(x∗2)− x∗1, xn+1

1 − x∗1〉
+ 〈g2(x∗3)− x∗2, xn+1

2 − x∗2〉+ · · ·+ 〈gN (x∗1)− x∗N , xn+1
N − x∗N 〉).

From (3.8) and Lemma 2.4, we have

‖xn+1
1 − x∗1‖2

= ‖(1− αn)(K1,β(xn1 )− x∗1) + αn(g1(K2,β(xn2 ))− x∗1)‖2

≤ ‖(1− αn)(K1,β(xn1 )− x∗1)‖2 + 2αn〈g1(K2,β(xn2 ))− x∗1, xn+1
1 − x∗1〉

≤ (1− αn)2‖K1,β(xn1 )− x∗1‖2

+ 2αn〈g1(K2,β(xn2 ))− g1(x∗2), xn+1
1 − x∗1〉 (3.14)

+ 2αn〈g1(xn2 )− x∗1, xn+1
1 − x∗1〉

≤ (1− αn)2‖xn1 − x∗1‖2 + 2αn‖g1(K2,β(xn2 ))− g1(x∗2)‖‖xn+1
1 − x∗1‖

+ 2αn〈g1(xn2 )− x∗1, xn+1
1 − x∗1〉

≤ (1− αn)2‖xn1 − x∗1‖2 + 2αnτ1‖K2,β(xn2 )− x∗2‖‖xn+1
1 − x∗1‖

+ 2αn〈g1(x∗2)− x∗1, xn+1
1 − x∗1〉

≤ (1− αn)2‖xn1 − x∗1‖2 + 2αnτ1‖xn2 − x∗2‖‖xn+1
1 − x∗1‖

+ 2αn〈g1(x∗2)− x∗1, xn+1
1 − x∗1〉.

Similarly, we can also prove that

‖xn+1
2 − x∗2‖2 ≤ (1− αn)2‖xn2 − x∗2‖2 + 2αnτ2‖xn3 − x∗3‖‖xn+1

2 − x∗2‖
+2αn〈g2(x∗3)− x∗2, xn+1

2 − x∗2〉,
... (3.15)

‖xn+1
N − x∗N‖2 ≤ (1− αn)2‖xnN − x∗N‖2 + 2αnτN‖xn1 − x∗1‖‖xn+1

N − x∗N‖
+2αn〈gN (x∗1)− x∗N , xn+1

N − x∗N 〉.

Adding up (3.14) and (3.15), and take τ = max{τ1, · · · , τN}, inequality (3.13)
is proved.
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(iii) Next, we prove that if there exists a subsequence {nk} ⊂ {n} such that

lim inf
k→∞

{(‖xnk+1
1 − x∗1‖2 + · · ·+ ‖xnk+1

N − x∗N‖2)− (‖xnk
1 − x

∗
1‖2

+ · · ·+ ‖xnk
N − x

∗
N‖2)} ≥ 0, (3.16)

then

lim sup
k→∞

{〈g1(x∗2)− x∗1, x
nk+1
1 − x∗1〉+ 〈g2(x∗3)− x∗2, x

nk+1
2 − x∗2〉

+ · · ·+ 〈gN (x∗1)− x∗N , x
nk+1
N − x∗N 〉} ≤ 0. (3.17)

Since the norm ‖ · ‖2 is convex and limn→∞ αn = 0, by (3.8) we have

0 ≤ lim inf
k→∞

{(‖xnk+1
1 − x∗1‖2 + · · ·+ ‖xnk+1

N − x∗N‖2)

− (‖xnk
1 − x

∗
1‖2 + · · ·+ ‖xnk

N − x
∗
N‖2)}

≤ lim inf
k→∞

{(1− αnk
)‖K1,βx

nk
1 − x

∗
1‖2

+ αnk
‖g1(K2,β(xnk

2 ))− x∗1‖2 + (1− αnk
)‖K2,βx

nk
2 − x

∗
2‖2

+ αnk
‖g2(K3,β(xnk

3 ))− x∗2‖2 + · · ·+ (1− αnk
)‖KN,βxnk

N − x
∗
N‖2

+ αnk
‖gN (K1,β(xnk

1 ))− x∗N‖2 − (‖xnk
1 − x

∗
1‖2 + · · ·+ ‖xnk

N − x
∗
N‖2)}

≤ lim inf
k→∞

{(‖K1,βx
nk
1 − x

∗
1‖2 − ‖x

nk
1 − x

∗
1‖2)

+ (‖K2,β(xnk
2 )− x∗2‖2 − ‖x

nk
2 − x

∗
2‖2) (3.18)

+ · · ·+ (‖KN,βxnk
N − x

∗
N‖2 − ‖x

nk
N − x

∗
N‖2)}

≤ lim sup
k→∞

{(‖K1,βx
nk
1 − x

∗
1‖2 − ‖x

nk
1 − x

∗
1‖2) + (‖K2,β(xnk

2 )− x∗2‖2

− ‖xnk
2 − x

∗
2‖2) + · · ·+ (‖KN,βxnk

N − x
∗
N‖2 − ‖x

nk
N − x

∗
N‖2)}

≤ 0.

This implies that

lim
k→∞

(‖K1,βx
nk
1 − x

∗
1‖2 − ‖x

nk
1 − x

∗
1‖2)

= lim
k→∞

(‖K2,βx
nk
2 − x

∗
2‖2 − ‖x

nk
2 − x

∗
2‖2)

... (3.19)

= lim
k→∞

(‖KN,βxnk
N − x

∗
N‖2 − ‖x

nk
N − x

∗
N‖2)

= 0.
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Since the sequences {‖K1,βx
nk
1 − x∗1‖+ ‖xnk

1 − x∗1‖}, {‖K2,βx
nk
2 − x∗2‖

+ ‖xnk
2 − x∗2‖}, · · · , {‖KN,βx

nk
N − x∗N‖+ ‖xnk

N − x∗N‖} are bounded, we have

lim
k→∞

(‖K1,βx
nk
1 − x

∗
1‖ − ‖x

nk
1 − x

∗
1‖)

= lim
k→∞

(‖K2,βx
nk
2 − x

∗
2‖ − ‖x

nk
2 − x

∗
2‖)

... (3.20)

= lim
k→∞

(‖KN,βxnk
N − x

∗
N‖ − ‖x

nk
N − x

∗
N‖)

= 0.

From Lemma 2.7, K1,β, · · · ,KN,β are strongly quasi nonexpansive, we have

K1,βx
nk
1 − x

nk
1 → 0, K2,βx

nk
2 − x

nk
2 → 0, · · · , KN,βxnk

N − x
nk
N → 0. (3.21)

Consequently, we obtain that

xnk
1 − x

nk+1
1 → 0, xnk

2 − x
nk+1
2 → 0, · · · , xnk

N − x
nk+1
N → 0. (3.22)

It follows from the boundedness of {xnk
1 } in Hilbert space H that there exists

a subsequence {xnk`
1 } of {xnk

1 } such that x
nk`
1 ⇀ p and

lim
`→∞
〈g1(x∗2)− x∗1, x

nk`
1 − x∗1〉 = lim sup

k→∞
〈g1(x∗2)− x∗1, x

nk`
1 − x∗1〉

= lim sup
k→∞

〈g1(x∗2)− x∗1, x
nk+1
1 − x∗1〉. (3.23)

From Lemma 2.7, since I − K1,β is demiclosed at zero, p ∈ F (K1,β) = Ω1.
Hence from (3.2) we have

lim
`→∞
〈g1(x∗2)− x∗1, x

nk`
1 − x∗1〉 = 〈g1(x∗2)− x∗1, p− x∗1〉 ≤ 0. (3.24)

Therefore

lim sup
k→∞

〈g1(x∗2)− x∗1, x
nk+1
1 − x∗1〉 = lim

`→∞
〈g1(x∗2)− x∗1, x

nk`
1 − x∗1〉 ≤ 0. (3.25)

Similarly, we can also prove that

lim sup
k→∞

〈g2(x∗3)− x∗2, x
nk+1
2 − x∗2〉 ≤ 0,

... (3.26)

lim sup
k→∞

〈gN (x∗1)− x∗N , x
nk+1
N − x∗N 〉 ≤ 0.

Hence, we have the desired inequalities.
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(iv) Finally, we prove that the sequences {xn1}, · · · , {xnN} generated by (3.8)
converge to x∗1, · · · , x∗N , respectively. It is clear that

‖xn+1
1 − x∗1‖‖xn2 − x∗2‖+ ‖xn+1

2 − x∗2‖‖xn3 − x∗3‖
+ · · ·+ ‖xn+1

N − x∗N‖‖xn1 − x∗1‖

≤
√
‖xn1 − x∗1‖2 + · · ·+ ‖xnN − x∗N‖2 (3.27)

×
√
‖xn+1

1 − x∗1‖2 + · · ·+ ‖xn+1
N − x∗N‖2.

Substituting (3.27) into (3.13), we have

‖xn+1
1 − x∗1‖2 + ‖xn+1

2 − x∗2‖2 + · · ·+ ‖xn+1
N − x∗N‖2

≤ (1− αn)2(‖xn1 − x∗1‖2 + · · ·+ ‖xnN − x∗N‖2)

+ 2αnτ

{√
‖xn1 − x∗1‖2 + · · ·+ ‖xnN − x∗N‖2

×
√
‖xn+1

1 − x∗1‖2 + · · ·+ ‖xn+1
N − x∗N‖2

}
(3.28)

+ 2αn(〈g1(x∗2)− x∗1, xn+1
1 − x∗1〉+ 〈g2(x∗3)− x∗2, xn+1

2 − x∗2〉
+ · · ·+ 〈gN (x∗1)− x∗N , xn+1

N − x∗N 〉).

Let

an = ‖xn1 − x∗1‖2 + ‖xn2 − x∗2‖2 + · · ·+ ‖xnN − x∗N‖2,
bn = 2(〈g1(x∗2)− x∗1, xn+1

1 − x∗1〉+ · · ·+ 〈gN (x∗1)− x∗N , xn+1
N − x∗N 〉). (3.29)

Then, we have the following statements:

(1) From (i), {an} is bounded sequence.
(2) From (3.28) an+1 ≤ (1− αn)2an + 2αnτ

√
an
√
an+1 + αnbn, ∀n ≥ 1.

(3) From (iii), if {ank
} is a subsequence of {an} satisfying

lim
k→∞

inf(ank+1 − ank
) ≥ 0, (3.30)

then we have

lim
k→∞

sup bnk
≤ 0.

Therefore, it follows from Lemma 2.6 that

lim
n→∞

(‖xn1 − x∗1‖2 + · · ·+ ‖xnN − x∗N‖2) = 0. (3.31)
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Hence, we obtain that

lim
n→∞

‖xn1 − x∗1‖ = lim
n→∞

‖xn2 − x∗2‖

... (3.32)

= lim
n→∞

‖xnN − x∗N‖

= 0.

This completes the proof. �

Theorem 3.3. Let Ai,Ωi,Ki and Ki,β (i = 1, 2, · · · , N) satisfying the condi-
tions (C1)-(C2) and G : H → H be an µ-Lipschitz continuous and r-strongly
monotone mapping. Let {xn1}, · · · , {xnN} be the sequences defined by

x0
1, · · · , x0

N ∈ H,
xn+1

1 = (1− αn)K1,βx
n
1 + αng1(K2,β(xn2 )),

xn+1
2 = (1− αn)K2,βx

n
2 + αng2(K3,β(xn3 )),

...

xn+1
N = (1− αn)KN,βxnN + αngN (K1,β(xn1 )),

(3.33)

for n = 0, 1, 2, · · · , where g1 = I − η1G, g2 = I − η2G, · · · , gN = I − ηNG
with η1, · · · , ηN ∈ (0, 2r

µ ) and {αn} is a sequence in (0, 1) satisfying αn → 0

and
∑∞

n=0 αn = ∞. Then the sequences {xn1}, {xn2} · · · , {xnN} converge to
x∗1, x

∗
2, · · · , x∗N , respectively, where (x∗1, · · · , x∗N ) is the unique element in Ω1×

Ω2 × · · · × ΩN such that (2.3) is satisfied.

Proof. It is easy to see that g1, g2, · · · , gN are contraction mappings and all
the conditions in Theorem 3.2 are satisfied. From Theorem 3.2, we has the
sequence ({xn1}, · · · , {xnN} ) which converges to (x∗1, · · · , x∗N ) ∈ Ω1×Ω2×· · ·×
ΩN such that the following inequalities are satisfied.

〈x∗1 − g1(x∗2), x1 − x∗1〉 ≥ 0, ∀x1 ∈ Ω1,

〈x∗2 − g2(x∗3), x2 − x∗2〉 ≥ 0, ∀x2 ∈ Ω2,
...

〈x∗N−1 − gN−1(x∗N ), xN−1 − x∗N−1〉 ≥ 0, ∀xN−1 ∈ ΩN−1,

〈x∗N − gN (x∗1), xN − x∗N 〉 ≥ 0, ∀xN ∈ ΩN .

(3.34)

Substituting g1 = I − η1G, g2 = I − η2G, · · · , gN = I − ηNG in (3.34),
we obtain that the sequence ({xn1}, · · · , {xnN}) converges to (x∗1, · · · , x∗N ) ∈
Ω1 ×Ω2 × · · · ×ΩN such that (2.3) is satisfied. This completes the proof. �
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