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Abstract. In this paper, by applying the Guo-Krasnosel’skii fixed point theorem and some
fixed index theorem we study the existence of positive symmetric solutions for a class of
singular second-order three-point boundary value problems. The nonlinear term may be

singular at ¢ = 0,1 and can be allowed to change sign.

1. INTRODUCTION

In this paper, we will study the existence of positive symmetric solutions
for the following boundary value problems(BVP):
2’ (t) +at)r'(t) + f(t,z(t)) =0, 0<t<I1,
z(0) = z(1) = ax(n),
where o € [0,3], n € (0,1) is a constant, a(t) € C[0,1],f € C((0,1) x
[0, +00), R).

In recent years, the problems for the existence of positive solutions to sec-
ond order multi-point BVP have received much attention, and many excellent
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results have been established, for instance, ([4]-[6], [8]). However, to the best
of our knowledge, it seems there are few results about symmetric positive
solutions to multi-point BVP in the relevant literatures. In [1] Avery and

Henderson studied the existence of symmetric positive solutions for the two-
point BVP

u”(t) + f(u(t)) =0, te(0,1),
u(0) =u(1) =0,

by applying a fixed point theorem due to Avery. In [10], Wang investigated
three-point BVP

u’(t) + h(t) f(tu(t) =0, 0<t<l,
1

u(t) = u(l —t), e (0) — Bu'(1) = yu <2> ,

and obtained the existence of symmetric positive solutions by using the fixed
index theorem in cones.
However, in the above literatures they assumed that the nonlinear term f
was non-singular and non-negative. Motivated by the above excellent works,
in this paper, we intend to study the existence of symmetric positive solutions
to a class of BVP in which the nonlinear term f was allowed be singular
at t = 0,1 and be sign-changing by applying Guo-Krasnosel’skii fixed point
theorem and some fixed point index theorem in cones.
For the convenience of readers several main assumptions are provided as
the following;:
(H1) for a € C|0,1] and t € [0,1], a(t) = —a(l —¢). In addition, ¢(t) €
C(0,1) is nonnegative and ¢(t) = ¢(1 — t) for any ¢ € (0,1).

(H2) f(t,z) € C((0,1) x [0,+00), R) is symmetric on (0,1) (i.e., f(t,x) =
f(1—t,z) forany ¢t € (0,1)). Forany ¢t € (0, 1), f(¢,x) is nonincreasing
about z on (0,+00), and f(t,z) > —q(t)x for any (t,z) € (0,1) x
[0, +00).

(H3) | maxefo ) fol Y(t, s)p(s) f(s, ke1(s)p2(s))ds| < +o0 for any k > 0,

maxe(o, 1] fol ~(t, s)p(s)q(s)ds < 400 and there exists some r > 0 such

that max;e(o 1] fol v(t, s)p(s) f(s,rp1(s)pa(s))ds > 0, where y(t,s) =

(o1 () +¢2(t))
G(t, S) + mG(U, 5).

Throughout this paper, let E = C]0,1] be a Banach space with the norm
|z|| = maxo<i<i |x(t)| for any z € E.
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2. PRELIMINARIES

In this section, we present some lemmas which are essential in the proof of
our main results.

Lemma 2.1. [5] Let a(t),b(t) € C[0, 1] with b(t) > 0 for anyt € [0,1]. Assume
that ¢1(t), p2(t) are the solutions of the following BVP, respectively

1(t) +a(t)i(t) —b(t)pi(t) =0, 0<t<1, 2.1)
$1(0) =0, ¢1(1) =1, .
and
IQI(t) + a(t)¢,2(t) - b(t>¢2(t) = 07 0<t< 17 (2 2)
$2(0) =1, ¢2(1) =0, '
then

(i) ¢1(t) is strictly increasing on [0,1] and ¢7(0) > 0;
(i) ¢pa(t) is strictly decreasing on [0, 1]

Lemma 2.2. The above two boundary value problems (2.1) and (2.2) have a
unique solution.

Proof. First, we show that BVP(2.1) has a unique solution.

In fact, if there exists v1(¢) and wva(t) be two solutions of BVP(2.1), then

vo(t) = v1(t) — va(t) is also a solution of BVP(2.1). Moreover, vg(t) satisfies
that

v (t) + a(t)vy(t) — b(t)vo(t) =0 0<t <1, 03

UQ(O) = O,'Uo(l) =0. ( . )

Thus, by the maximum principle we obtain vy(t) = 0, ¢ € [0,1]. And so,
BVP(2.1) has only one solution. Similarly, BVP(2.2) has also only one solu-
tion. O

Lemma 2.3. Let a(t) = —a(l —t), t € [0,1] and a(t) € C[0,1]. Then
$1(t) = ¢2(1 — 1) for any t € [0,1]
Proof. Following the above conditions, it is easy to prove ¢o(1 — t) satisfying

BVP(2.1). Further, by Lemma 2.2, we obtain ¢;(¢) = ¢2(1 — t). The proof is
complete. O

Lemma 2.4. For any a(t), b(t) € C[0,1] with b(t) > 0, t € [0,1], y(t) €
C[0,1], the BVP

{:U”(t) +a(t)2' (t) —b)x(t) +y@t) =0, 0<t<1, 2.4)
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has a unique solution. Moreover, this solution can be expressed in the form

1
ult) = / A(t, 5)p(s)y(s)ds, (2.5)

where

a(¢1(t) + ¢2(t))
1 —a(p1(n) + ¢2(n))

. 1 ¢1(t)¢2<3>7 t< S, B s
5= 5o { u()on(t), s<r, PP </0 ‘“9)‘”) '

Proof. 1t is not difficult to testify the above conclusions. O

v(t, s) = G(t,s) +

G(n,s),

Lemma 2.5. For any (t,s) € [0,1]x[0, 1], we have G(t,s) > 0, G(1—t,1—s) =
G(tu 8)7 ¢1(t)¢2(t>G(87 S) < G(ta S) < G(S, 3)7 7(t7 8) < 5/(8)7 where

20
T alon(n) + ol C %)

Proof. Following the definition for Green’s function G(¢,s), Lemma 2.1 and
Lemma 2.2, we easily obtain the above conclusions. O

A(s) = Gls, s) +

Now for any h(t) € C[0,1] with h(t) > 0, t € [0, 1], we consider the following
BVP

a"(t) + a(t)x' (t) — q(t)x(t) + f(t, h(t) +q(t)h(t) =0, 0<t<1, (2:6)

z(0) = z(1) = ax(n). '

By Lemma 2.4, if the BVP (2.6) has a solution, then the solution can be
expressed by

1
u(t) = /0 At 5)p(s) (£ (5, h(s)) + q(s)h(s))ds.

Now for h(t) € C[0,1] with h(t) > 0, t € [0,1], define an operator

AR = [0 9066 106) + ats)ns)ds.
Let
P={ze E|xz(t)>0,z(t) is symmetric on [0,1],z(t) > ¢1(t)p2(t)|z||, } -
It is easy to show that P is a cone in E.

Lemma 2.6. Assume that (Hy), (Hz2) and (H3) hold. Then for any 0 <
Ry < Ry < 400, A: PN (Q2\ Q1) — P is completely continuous, where
QG={zxecE||z| <Ri}i=1,2.
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Proof. First, for any « € P, by (H;) and (Ha), Az(t) > 0 for any t € [0,1].
Az(l —1)

1
_/ (L =t 8)p(s)(f(s,2(s)) + q(s)x(s))ds
/ G(1—t,s)p ,x(s)) + z(s))ds
a(@i(l — 1) +¢2(1—1))
[0l =) G )p(s) 5s(6)) + a5
1
= /0 G(1—t,1—=s)p(1—s)(f(1-s,z(1—35))+q(l—s)z(l—s))ds

'_a(ant) + 65(0)
“J, et 2<n>>G(’7’ ()5, 2(5)) + als)a(s))ds

/Gts s

boa((t) + alt
+/o T— a(é1(n) + 62
= Au(t).

So, Az(t) is symmetric on [0,1].
Next, for any = € E,t € [0, 1], we get

)+ q(s)z(s))ds
)

(s)
)
(

oy G IR F(5:2(9)) + a(s)a(s)ds

1 20
< (G(s’ D Tl + el 3))
% p(s)(f (5. 2()) + a(s)z(s))ds.
Thus,
1
|Az(t)]| < /0 S()p(s) ((5,2(5)) + q(s)(s))ds.
And also,

! a(p1(t)da(t) + d2(t)o1(t))
Aalt) 2 /0 <¢1 (£)02(£)G (s, ) + 1 —a(d1(n) + ¢2(n)) . S)>
x p(s)(f(s,z(s)) + q(s)x(s))ds

1
— b1(t)dalt) / (s)p(s)(f (5, 2(5)) + a(s)x(s))ds
> 61 (t)da(t)| Azl
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Finally, we will show that A : PN (Q2\ 1) — P is completely continuous.
Suppose {7, }n>1 € PN(Q2\ Q1) and 29 € PN (Q2\ Q1) with lim,, o0 2, = 0.
Then we obtain Rj¢1(t)p2(t) < x,(t) < Ry for any t € [0,1] and n > 0.

By virtue of

1
max Az, (t) = max / Y(t, $)p(s)(f (s, xn(s)) + q(s)xn(s))ds

tel0,1] t€[0,1] Jo

1
< max/ v(t, 8)p(s) f(s, Rigp1(s)pa(s))ds

t€[0,1] Jo
1
+ Ry max / ~(t, s)p(s)q(s)ds < +oo,
t€l0,1] Jo

we have from the Lebesgue dominated convergence theorem that || Az, — Axol|
— 0, (n—o00). Thus, A: PN (Q2\ Q1) — P is continuous.

Next, we will show that A(P N (Qg\ 1)) is relatively compact.
For any z € PN (Q2\ Q1), we have Ry¢1(t)p2(t) < z(t) < Ry for any t € [0, 1].

1
Ax(t) < maxt € [0, 1] /0 7t 5)p(s) (5, Rida(s)ba(s))ds

1
+ Ry max / ~(t, s)p(s)q(s)ds < 400, t €10,1],
te€f0,1] Jo

which means that A(P N (Qy\ Q1)) is bounded.
Now, for any t1,t2 € [0,1] and z € PN (22 \ 1) we get

|Az(t1) — Ax(t2)|
/ [v(t1,8) — (b2, 8)Ip(s)(f (s, 2(s)) + a(s)x(s))ds

/ [7(t158) = (L2, 8)|p(s)(f (s, Rigi(s)¢2(s)) + Rag(s))ds.

Thus, we have that A(P N (€2 \ Q1)) is equicontinuous on [0, 1]. So, by the
Arzela-Ascoli theorem we obtain that A : PN (0 \ Q1) — P is completely
continuous. U

Lemma 2.7. [2] Let Q,Q9 be bounded open subset in a real Banach space
E, P be aconeof E,0 € Q and Q0 C Qo. Let A: PN (Q2\ Q1) — P be a
completely continuous operator such that either

(i) |Au|| < ||ul|, v € PNOQ, and ||Aul| > ||ul|, v € PN oQy;
or

(ii) [|Au|| > |Jull, v € PNoQ, and ||Aul| < ||u|, v € PN oQs.
Then A has a fized point in PN (Qa\ Q).
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Lemma 2.8. [2] Let X be a Banach space, and P C X be a cone in E.
Assume 2 is a bounded open subset of E with 0 € Q, and let A: PNQ — P
be a completely continuous operator with Ax # x for any x € P N OS.

(i) If ||| < ||Az|, x € PN O, then i(A,PNQ,P)=0;

(ii) If Tu # pu for any w € PN O, u> 1, then i(A,PNQ, P) = 1.

Lemma 2.9. [7] Let P be a cone of a real Banach space E and B : P — P
be a completely continuous operator. Assume that B is order-preserving and
positively homogeneous of degree 1 and that there existv € P\ {0}, A > 0 such
that Bv > Av. Then r(B) > X\, where r(B) denotes the spectral radius of B.

3. MAIN RESULTS

In this section, we will present several main results.
Let

1
B(t) = [ 2t op(s)a(s)h(s)ds.
0
Obviously, B : P — P is a completely continuous operator.

Theorem 3.1. Assume that (Hy), (H2) and (Hs) hold, in addition, suppose
that

(H4) There is a constant p1 >0, 0 < a < 8 < 1, such that

i >
ool s RE) +aORE) = Mipr,

where A1 = max,<i<g (ff’y(t, s)p(s)ds>_l , 0 = ming[q g $1(t)Pa(t).
If |B|| < 1, then the BVP (1.1) has at least one positive symmetric solution.
Proof. By the assumption (Hy), let
Q1 ={heP|h]<m}

If h € Qq, then p1¢1(t)p2(t) < h(t) < p1. Obviously, for any a < ¢t < 3, we
have op; < h(t) < p; and

1
HNMZAmw—[;mewﬂﬂ&M$Hw®M@D%
15}
z/’wu$MQU@w@»+¢@MﬁmS
B
> [ At s)p(s)ds - Aipr > pr = ||

Q
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Let p > max {r. pr. 1Ly maxeo ) Ji (1 9)p(s) (5,7 ()6 ())ds} and
Qs ={h € P|||h]| < p2}. Then for any ¢ € [0, 1], we get

1
Ah(t) = /0 v(t, s)p(s)f(s, h(s))ds + Bh(t)
1
< [ At 5)pl5) (5, ror(s)n()ds + Bh(t),
0
Thus, for any ¢ € [0, 1],

1
AR < s [ (2 90(5) 5,01 (5)(5)) s+ 1B o

)

< pa(L = [IBI}) + [IBI[ - p2 = p2 = [|]],

that is, || Ah|| < [[A]|. So, by Lemma 2.7, the operator A has a fixed point h* €
0o\ Q1, further, A*(¢) is one positive symmetric solution of the BVP(1.1). O

Corollary 3.2. Assume that (Hy), (H2) and (Hs) are satisfied, and there
exists 0 < a < < 1, such that liminf, o+ min,<g(f(¢, h) + q(t)h) > 0. If
|B|| <1, then the BVP (1.1) has at least one positive symmetric solution.

Proof. Obviously, the condition liminf, g+ mina<g(f(t, k) + q(t)h) > 0 can
implies that the assumption (Hy) holds, hence this conclusion holds. g

Theorem 3.3. Assume that (Hy), (H2) and (Hs) hold. If there exists pa >
0, 0 <a<f<1, such that

i t,h(t t)h(t
o< weregd B RD) +a(®)h(E) > Npa,

-1
where A1 = maxX,<i<g <f57(t, s)p(s)ds) , 0 =ming(y g ¢1(t)P2(t), then as
r(B) < 1 and there exists R > 0 such that

1
max / At 8)p(s) f (5, R () (s))ds < 0,

te€l0,1] Jo
the BVP(1.1) has at least one positive symmetric solution.

Proof. Let Oy ={h € P | ||h|| < p2}. Then for any p > po and 0, = {h € P |
|h]] < p}, by Lemma 2.6 we obtain A : Q,\ Q; — P is completely continuous.
By the extended theorem of completely contlnuous operators, there exists a
completely continuous function A : Q, — P such that Ah = Ah for any
h e Q \ Q.

Next, we show Ah # h for any h € 9.
In fact, if not, then there exists some h € 9 such that Ah = h. For any
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t € [a, (], we get

. 8
[n]l = h(t) = Ah(t) = Ah(t) > / V(t, 8)p(s)(f (s, h(s)) + q(s)h(s))ds

B
> / Y (t,)p(s)ds - Aups > po = IIHll.

which gets a contradiction. Modeling the proof of the Theorem 3.1, we obtain
|Ah|| > ||h|| for any h € Q. Hence, by Lemma 2.8 i(A,Qy, P) = 0.

Let p3 > max{pe, R} and Qo = {h € P | ||h|| < p3}.

Finally, we show Ah = ph,h € 9Qy = p < 1.
If not, there exists uo > 1, hg € 02y such that Ahgy = oho, then for any
t € [0, 1] we obtain

1 - 1 1
hot) = Ahg = Ah < /0 2 (t,$)p(5) £ (5. ho(s))ds + Bho(t)

1
< /0 (£, $)p(3) £ (5, R ()da(s))ds + Bho(t)
< Bho(t).

Thus, by Lemma 2.9 7(B) > 1 which is a contradiction for r(B) < 1.

So, by Lemma 2.8 i(A,Qy, P) = 1. Hence the operator A has a fixed
point on Qg \ €, further, the BVP (1.1) has at least one positive symmetric
solution. O

Remark 3.4. Even if a(t) = 0 for any t € [0, 1], the results obtained in this
paper are also new.
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