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Abstract. In this paper, some generalized common fixed point results have been proved for
three self maps in the context of complex valued b-metric spaces. Our results substantially

improve and generalize a number of known results.

1. INTRODUCTION

The Banach contraction principle [3] is the first important result in metric
fixed point theory. Over the years, it has been generalized in different direc-
tions and spaces by several authors. These generalization were made either
by using the contractive condition or by imposing some additional conditions
on an ambient space. There have been a number of generalizations of metric
spaces such as, rectangular metric spaces, pseudo metric spaces, fuzzy metric
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spaces, quasi metric spaces, cone metric spaces, D-metric spaces (see [6], [7],
8], [9], [18]). Czerwik in [5] introduced the concept of a b-metric space. Re-
cently, Azam et al. [1] introduced the notion of complex valued metric spaces
and established common fixed point theorems. Subsequently, many authors
have studied the existence and uniqueness of the fixed point and common
fixed point of self-mappings in view of different type of contractive condi-
tions in complex valued-metric spaces. Some of these results are described in
[4, 12, 13, 14, 16, 17, 19]. In 2013, Rao et al. [15] introduced the concept
of complex valued b-metric space which is a generalization of complex valued
metric spaces. Since then, Mukheimer [10, 11] obtained some common fixed
point theorems in complex valued b-metric spaces.

The aim of this paper is to obtain some generalized common fixed point re-
sults for three self-mappings in complex valued b-metric spaces. The obtained
results are generalizations of recent results proved by Mukheimer [10, 11],
Mohanta et al. [12] , Rouzkard et al. [16], Sintunavarat et al. [17, 19].

2. BASIC FACTS AND DEFINITIONS

Let C be the set of complex numbers and z1, zo € C. Define a partial order
3 on C as follows: z; =X 29 if and only if Re(z1) < Re(z2),Im(z1) < Im(z2).
Thus z; X 29 if one of the following holds:

(C1) Re(z1) = Re(22) and Im(z1) < Im(z2

(C2) Re(z1) < Re(z2) and Im(z1) =1

(C3) Re(z1) < Re(z2) and Im(z1) < Im(z2

(C4) Re(z1) = Re(z2) and Im(z1) = Im(z2).

In particular, we write 21 3 22 if 21 # 22 and one of (C1),(C2) and (C3) is
satisfied and we will write z; < 22 if only (C3) is satisfied.

(22);
m(z2);
(22);

7

A

Remark 2.1. We obtained that the following statements hold:
(i) a,beRand a < b= az 3 bz for all z € C.
(ii) 0 :j 21 j 29 = ‘2’1| < |2’2‘.
(iii) 21 2 29 and 23 < 23 = 21 < 23.

Definition 2.2. ([1]) Let X be a nonempty set. Suppose that the mapping
d: X x X — C satisfies the following conditions:
(1) 0 Zd(x,y) for all z,y € X and d(z,y) = 0 if and only if x = y;
(17) d(z,y) = d(y,z) for all z,y € X;
(tit) d(z,y) 2 d(z,2z) + d(z,y) for all z,y,z € X.
Then d is called a complex valued metric on X and (X, d) is called a complex
valued metric space.
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Example 2.3. ([17]) Let X = C. Define the mapping d : X x X — C by
d(z1, 29) = €*|z; — 25|, where k € R. Then (X, d) is a complex valued metric
space.

Definition 2.4. ([15]) Let X be a nonempty set and let s > 1 be a given real
number. A function d : X x X — C is called complex valued b-metric on X if
for all x,y, 2z € X the following conditions are satisfied:
(1) 0 2 d(x,y) and d(z,y) = 0 if and only if x = y;
(1) d(z,y) = d(y, z);
(1it) d(z,y) 3 s[d(x, z) + d(z,y)].

The pair (X, d) is called a complex valued b-metric space.

Example 2.5. ([15]) Let X = [0,1]. Define the mapping d : X x X — C by
d(z,y) = |z —y|* + iz —y|?, for all 2,4y € X. Then (X, d) is a complex valued
b-metric space with s = 2.

Definition 2.6. ([15]) Let (X, d) be a complex valued b-metric space.

(i) A point x € X is called interior point of a set A C X whenever there
exists 0 < r € C such that B(z,r) ={y € X : d(x,y) < r} C A.

(ii) A point x € X is called a limit point of a set A whenever for every
0<7reC,B(z,r)(A—{zx}) # ¢.

(iii) A subset A C X is called open whenever each element of A is an
interior point of a set A.

(iv) A subset A C X is called closed whenever each element of A belongs
to A.

(v) A sub-basis for a Hausdorff topology 7 on X is a family

F={B(z,r):z€X and 0<r}.

Definition 2.7. ([15]) Let (X,d) be a complex valued b-metric space, {x,}
be a sequence in X and z € X.

(i) If for every ¢ € C, with 0 < ¢ there is N € N such that for all n > N,
d(xy, ) < ¢, then {z,} is said to be convergent to x and x is the limit
of {z,}. We denote this by lim,_o x, = z or x,, = = as n — oo.

(ii) If for every ¢ € C, with 0 < ¢ there is N € N such that for all
n > N, d(zn, Tntm) < ¢, where m € N, then {x,,} is said to be Cauchy
sequence.

(iii) If every Cauchy sequence in X is convergent, then (X, d) is said to be
complete.

Lemma 2.8. ([15]) Let (X, d) be a complex valued b-metric space and let {x,,}
be a sequence in X. Then {x,} converges to x if and only if |d(xy,z)| — 0 as
n — oo.
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Lemma 2.9. ([15]) Let (X, d) be a complex valued b-metric space and let {x,,}
be a sequence in X. Then {z,} is a Cauchy sequence if and only if

|d(Zpy Trgym)| — 0

as n — oo, where m € N.

Lemma 2.10. ([2]) Let X be a nonempty set and the mappings S, T, f : X —
X have a unique point of coincidence v € X. If (S, f) and (T, f) are weakly
compatible then S, T and f have a unique common fized point.

Now we are ready to state and prove our main result.
3. GENERALIZED COMMON FIXED POINT RESULTS

Theorem 3.1. Let (X,d) be a complex valued b-metric space with the coef-
ficient s > 1 and let f,5,T : X — X. Suppose that there exist mappings
A,y s X — [0,1) such that for all z,y € X,

(i) MSz) < A(fz), p(Sz) < p(fz) and v(Sz) < y(fz),
(i) M(Tz) < A(fz), p(Tz) < p(fz) and v(Tz) < y(fz),
(iii) sA(fx) + pu(fz) +~(fr) <1,

(iv) d(Sz,Ty) 3 A(fo)d(fz, fy)+ LA TY Ry S dlfely)

If S(X)UT(X) C f(X) and f(X) is complete, then f,S and T have a unique
point of coincidence. Moreover, if (S, f) and (T, f) are weakly compatible,
then f,S and T have a unique common fized point in X.

Proof. Let xy € X be arbitrary. Choose a point 1 € X such that fxq, = Szg
which is possible since S(X) C f(X). Also, we may choose a point o € X
satisfying fxe = Ty since T(X) C f(X). Continuing in this way, we can
construct a sequence {x,} in f(X) such that fzo,+1 = Sza, and fronio =
Txon41, for n > 0.

Now, we show that the sequence {fx,} is Cauchy. Let z = x93, and y =
Ton+1 in (iv), we get

d(front1, fronte) = d(Szan, Twon41)

A(fxon)d(fron, froni1)

p(fron)d(fron, Son)d(front1, TTont1)
1+ d(fron, front1)

Y(fr2n)d(frons1, Ston)d(fron, Toni1)
1+ d(fron, front1)

A

+

+



Generalized common fixed point results in b-metric spaces 259

= )\(Tl‘gnfl)d(fﬂjgn,fxgrurl)
+M(T$2n71)d(fl“2m S2ony1)d(frony1, frony2)
1+ d(fron, front1)
Y(Twon—1)d(frani1, froni1)d(fron, fronie)
1+ d(fron, front1)
A fran—1)d(fzon, froni1)
p(fron—1)d(fron, froni1)d(frontt, fTont2)
1+ d(fxon, front1)
= A(S$2n72)d(fl‘2n,fl‘2n+1)
+#(5952n—2)d(f$2m JZony1)d(froni1, [Tony2)
1+ d(fron, front1)
M fzon—2)d(fron, frant1)
p(fron—2)d(fron, froni1)d(froni1, fTonyi2)
L +d(fzon, frani1)

+

A

_'_

A

_l’_

>\(f$0)d(fl‘2n, fx2n+1)
p(fxo)d(fran, frony1)d(front1, froni2)
1+ d(fonu f$2n+1) '

_l’_

Therefore, we have

| d(font1, fronte) | < A(fzo) | d(fxon, frontt) |
+u(fro) | d(fr2nst, franta) || (

d(fiﬂzm ffl?2n+1) )
1+ d(fzon, front1)

< AMfzo) | d(fran, franit) |
+:u(sz) | d(fon—‘rl, fm2n+2) |
which implies that
A

ld(fzont1, fronta)] < %W(f@mf@nﬂﬂ- (3.1)

Similarly, we obtain
A
|d(front2, fronts)| < % |[d(frant1, franta)l- (3.2)

Putting h := AUZ0) g0 all > 0, then we have
1—p(fo)
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|d(front1, fronie)l hld(fron, fronit)]

R2|d( fron—1, fon)]

W2 d( o, far)-
That is,
|d(f2n41, fnta)] < B THd(fao, f11)]
or
[d(fn, feni1)| < WM d(fzo, fz1)l- (3.3)
Thus for any m > n and m,n € N, since sh = 1‘35{;23) < 1, we have

d(fﬂ?n, f$m) j Sd(fl’n, fIn—H) + Sd(fxn—i-la fxm)
r_j Sd(fxna f$n+1) + S2d(fxn+1a fxn+2) + 52d(fl'n+27 fmm)

$A(fTn, fTns1) + 2d(fTni1, frnio)
oo ST A fa o, frme) + ST (o1, fTm).
By using (3.3), we get

d(fn, frm) 3 sh™d(fxo, fz1) + s*h" T d(fxo, fo1)
4o+ SR (fag, fa)

m—n

= Y SR, o).

i=1
Therefore, we have

m—n

A(fon, frm) 3 Y TR (fo, fa)
=1
m—1

= Zsthtd(f$07f$1)
t=n

[e.9]

> (sh)'d(fao, fa1)

t=n

A

(sh)"

= S d(fao, fan) (34)
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Hence,

(sh)"
A fn)| < 17

|d(fxo, fx1)] — 0

as m,n — oo. This implies that {fz,} is a Cauchy sequence in f(X). By
completeness of f(X), there exists u,v € X such that fz,, - v = fu. Now

d(fu,Tu) sd(fu, frops1) + sd(froni1, Tu)
sd(fu, frops1) + sd(Sway, Tu)
sd(fu, front1) + sA(foon)d(fron, fu)
sp(fron)d(fran, Stan)d(fu, Tu)
1+ d(fzon, fu)
sY(fxon)d(fu, Sxop)d(fran, Tu)
1+ d(fzop, fu)
= sd(fu, fron+1) + sA(fran)d(fron, fu)
+5N(f$2n)d(fx2nv front1)d(fu, Tu)
1+ d(fzon, fu)
(
)

LA A

+5'Y(fx2n)d(fu7 Jxony1)d(fron, Tu)
L+ d(fxan, fu

which implies that

|d(fu, Tu)]

IN

s|d(fu, fran1)] + sA(fzo)ld(fr2n, fu)
sp( fxo)ld(fron, frony1)l|d(fu, Tu)|
11+ d(fr2n, fu)l
+57(f$0)|d(f% fron1)||d(fron, Tu)l
|1+ d(fr2n, fu)l '

Since 1 < |1+ d(fxon, fu)|, we get that

[d(fu,Tu)] < sld(fu, front1)| + sA(fxo)|d(fr2n, fu)l
+$M(fl‘0)|d(f$2n, fonJrl)Hd(fuv T’LL)| (35)
+sv(fxo)ld(fu, frans1)l|d(fran, Tu)l.

Taking the limit of (3.5) as n — oo, we get that |d(fu,Tu)| = 0, and hence
d(fu,Tu) = 0. Therefore fu = Tu = v. Similarly, we can show that fu =
Su = v. Thus, fu = Su = Tu = v and so v becomes a common point of
coincidence of f,S and T.
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For uniqueness, let there exists another point w(# v) € X such that fz =
Sx =Tx = w for some z € X. Then

dv,w) = d(Su,Tz)
< p(fw)d(fu, Su)d(fz, Tx) +y(fu)d(fz, Su)d(fu, Tx)
X AT, ) + s
p()d(o, v)d(w,w) + 3(0)d(w, v)d(v, w)
1+ d(v,w)

Since (1 + d(v,w)) Z d(v,w) therefore d(v,w) 3 A(v)d(v,w) + v(v)d(v,w)
which implies that |d(v,w)| < (A4 7)(v)|d(v,w)|. Since 0 < (A +7)(v) < 1,
it follows that |d(v,w)| = 0 and so v = w. If (S, f) and (7, f) are weakly
compatible then by Lemma (2.10), f,S and T have a unique common fixed
point in X. This completes the proof. O

= Av)d(v,w) +

As an application of Theorem 3.1, we have the following results.

Corollary 3.2. Let (X,d) be a complete complex valued b-metric space with
the coefficient s > 1 and let S,T : X — X. If there exist mappings A, p, "y :
X — [0,1) such that for all x,y € X,
(i) A(Sz) < A=), p(Sz) < p(z) and y(Sz) < y(z);
(i) A(Tw) < A2), u(Tx) < plx) and 4(Tx) < (x);
(iil) sA(x) + p(z) +v(z) < 1;

(iv) d(Sz, Ty) 2 Mz)d(z,y) + M(I)d(wysw)d(y,ilfi)d-a;ﬂg)d(yﬁx)d(%Ty)'

Then S and T have a unique common fixed point in X .

Proof. The result follows from Theorem 3.1 by taking f = I, the identity
mapping. O

Corollary 3.3. Let (X,d) be a complete complex valued b-metric space with
the coefficient s > 1 and let S, T : X — X be mappings satisfying

' d(z, Sz)d(y, Ty) +~ d(y, Sz)d(z, Ty)
1+ d(z,y)

for all x,y € X, where N, ,u/, fy/ are nonnegative real numbers with s\ + ,u/ +
fy/ < 1. Then S and T have a unique common fixed point.

d(Sz, Ty) % N d(z,y) +

!

Proof. We can prove the result by applying Theorem 3.1 with A(z) = X\, u(x) =
p,y(x) =" and f=1. m

Corollary 3.4. Let (X,d) be a complex valued b-metric space with the coef-
ficient s > 1 and let f, T : X — X be such that T(X) C f(X) and f(X) is
complete. If there exist mappings \, p,y : X — [0,1) such that for all x,y € X,

(i) A(Tz) < A(fz), W(Tz) < p(fz) and y(Tz) < ~(fz);
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(i) sA(fz) + p(fr) +(fr) <1;

plfz)d(fz,Tz)d(fy,Ty)+y(fz)d(fy,Tz)d(fz,Ty)
(iii) d(Tz, Ty) I A(fz)d(fz, fy)+ 1d(f2,fy) '

Then f and T have a unique point of coincidence. Moreover, if f and T are
weakly compatible, then f and T have a unique common fized point in X.

Proof. The desired result can be obtained from Theorem 3.1 by taking S =
T. O

Corollary 3.5. Let (X,d) be a complex valued b-metric space with the coeffi-
cient s > 1 and let f,T : X — X satisfy

pd(fa, Tx)d(fy, Ty) + 7 d(fy, Tx)d(fz, Ty)
L+d(fx, fy)

for all z,y € X, where X', i, 7 are nonnegative real numbers with s\ + p’ +
v < 1. If T(X) C f(X) and f(X) is complete, then f and T have a unique
point of coincidence. Moreover, if f and T are weakly compatible, then f and
T have a unique common fized points in X.

d(Tz, Ty) 3 Nd(fz, fy) +

Proof. We can prove this result by applying Theorem (3.1) with S =T, A(z) =
Asp() =p,v(x) =7, O

Corollary 3.6. Let (X,d) be a complete complex valued b-metric space with
the coefficient s > 1 and let T : X — X. If there exist mappings A\, p,y : X —
[0,1) such that for all x,y € X,

(i) AT'z) < AMa), w(Tz) < p(x) and yv(Tz) < v(z);
(ii) sA(z) + p(x) +v(z) < 1;

(iti) d(Tz,Ty) = Nz)d(z,y) + M(x)d(ﬂﬁvTﬂﬁ)d(%?ﬂ;{;%ﬂ(@!f@ﬂ“»‘aTy)'

Then T has a unique fized point in X.

Proof. The proof of the Corollary follows from Theorem (3.1) by considering
S=Tand f=1. O

Corollary 3.7. Let (X,d) be a complete complex valued b-metric space with
the coefficient s > 1 and let T : X — X. If there exist mappings A\, u,y : X —
[0,1) such that for all x,y € X and for some n € N,

(i) MT"z) < A=), u(T"z) < p(x) and y(T"z) < v(2);

(i) sA(z) + p(z) +~(z) < 1;

(it}) d(T"2, ") 2 A(x)d(z, y) + MOLET AT AT D T ),

Then T has a unique fixed point.
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Proof. From Corollary 3.6, we get T™ has a unique fixed point w. It follows
from T™(Twu) = T(T"u) = Tu that is, Tu is a fixed point of T™. Therefore
Tu = u by the uniqueness of a fixed point of 7™ and then wu is also a fixed
point of T'. Since the fixed point of 7" is also fixed point of 7™, the fixed point
of T is unique. O

Theorem 3.8. Let (X, d) be a complex valued b-metric space with the coeffi-
cient s > 1 and let f,S,T : X — X. If there exist mappings A, : X — [0,1)
such that for all x,y € X,

(i) A(Sz) < M(fx) and p(Se) <

p(fx)
(i) MTx) < X fz) and p(Tz) < p(fz)
(iif) sA(fz) + p(fz) < 1;

(iv) d(Sz,Ty) 3 M(fx)d(fz, fy) + LUDU BT

If S(X)UT(X) C f(X) and f(X) is complete, then f,S and T have a unique
point of coincidence. Moreover, if (S, f) and (T, f) are weakly compatible,
then f,S and T have a unique common fized point in X.

7
7

Proof. We can prove this result by applying Theorem 3.1 with v = 0. g

Corollary 3.9. Let (X,d) be a complete complex valued b-metric space with
the coefficient s > 1 and let S, T : X — X. If there exist mappings A\, pp: X —
[0,1) such that for all x,y € X:
(i) A(Sz) < A=) and p(Sz) < p(x);
(ii) AM(Tz) < AMz) and p(Tx) < p(x);
(iil) sA(x) + p(z) < 1;

(iv) d(Sz,Ty) 3 Mx)d(x,y) + “(x)d{ig(z)z()y,Ty)'

Then S and T have a unique common fixed point in X.

Proof. The result follows from Theorem 3.8 by taking f = I, the identity
mapping. O

Corollary 3.10. Let (X,d) be a complete complex valued b-metric space with
the coefficient s > 1 and let S, T : X — X be mappings satisfying

p d(z, Sz)d(y, Ty)
1+d(z,y)

for all x,y € X, where X,,ul are nonnegative real numbers with s\ + ul < 1.
Then S and T have a unique common fized point.

d(Sz, Ty) 3 Nd(z,y) +

Proof. . We can prove this result by applying Theorem 3.8 with A(z) =
)\/;u(x):,u/ and f = 1. O
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Corollary 3.11. Let (X,d) be a complex valued b-metric space with the coef-
ficient s > 1 and let f,T : X — X be such that T(X) C f(X) and f(X) is
complete. If there exist mappings A,y : X — [0,1) such that for all z,y € X,

() A(T) < A(fe) and p(Ta) < p(fa);
(i) sA(fz)+ p(fx) < 1;

p(fr)d(fz, Tz)d(fy,Ty)
(111) d(Tl’, Ty) j /\(fx)d(fx, fy) + 1+d(fz,fy) ’

Then f and T have a unique point of coincidence. Moreover, if f and T are
weakly compatible, then f and T have a unique common fized point in X.

Proof. The result can be obtained from Theorem 3.8 by taking S =T. 0

Corollary 3.12. Let (X,d) be a complex valued b-metric space with the coef-
ficient s > 1 and let f,T : X — X satisfy

pd(fz, Tx)d(fy, Ty)

1+d(fz, fy)
for all x,y € X, where )\/,,u/ are nonnegative real numbers with s\ + ul < 1.
If T(X) C f(X) and f(X) is complete, then f and T have a unique point of
coincidence. Moreover, if f and T are weakly compatible, then f and T have
a unique common fixzed point in X.

d(Tz, Ty) 3 Nd(fx, fy) +

Proof. We can prove this result by applying Theorem 3.8 with S =T, A(fz) =
N and p(fx) =p'. O

Corollary 3.13. Let (X,d) be a complete complex valued b-metric space with
the coefficient s > 1 and let T : X — X. If there exist mappings A\, : X —
[0,1) such that for all x,y € X,

(i) A(T2) < A) and (Tz) < p(a);

(ii) sA(z) + p(z) < 1;

(if) d(Tz, Ty) 3 Ma)d(z, y) + MAeLAT)

Then T has a unique fized point in X.

Proof. The proof of the Corollary follows from Theorem 3.8 by putting S =T
and f = 1. O

Corollary 3.14. Let (X,d) be a complete complex valued b-metric space with
the coefficient s > 1 and let T : X — X. If there exist mappings A\, pu : X —
[0,1) such that for all x,y € X and for some n € N,

(i) M(T™2) < A@) and pu(T") < pu(a);

(ii) sA(z) + p(z) < 1;

(i) d(T", T) 3 A(w)d(r, ) + HAET DT
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Then T has a unique fized point.

Proof. The proof of the Corollary is similar as Corollary 3.7. O
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