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Abstract. The existence and uniqueness of common fixed point for two pairs of mappings
satisfying contractive inequalities of integral type in metric spaces are proved. Two examples
are included to illustrate that the results presented in this paper generalize indeed or differ

from some known results in the literature.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we assume that RT™ = [0, +00), N denotes the set
of all positive integers, Ny = NU {0}, (X, d) is a metric space and

d = {(,0 : o : RT — RT is Lebesgue integrable, summable on each compact
subset of R™ and [ ¢(t)dt > 0 for each ¢ > 0},
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dy = {gp T Rt — R satisfies that lim inf, oo C,O(Cln) > 0 < liminf, . apn
> 0 for each {ay, fneny C RT},

b3 = {p:p:RT — RT is continuous},

Py ={p:p:R" = R is lower semi-continuous with ¢(¢) = 0 if and only
itt =0},

D5 = {p: ¢ : RT — R is nondecreasing and continuous and ¢(t) = 0 <
t =0}.

Dutta and Choudhuty [4] and Branciari [3] extended the Banach fixed point
theorem and proved the following results for (1, ¢)-weakly contractive map-
pings and contractive mapping of integral type, respectively.

Theorem 1.1. ([4]) Let T be a mapping from a complete metric space (X, d)
into itself satisfying

P(d(Tx, Ty)) < p(d(z,y)) —pld(z,y)), Vi,ye X, (1.1)

where 1,0 € ®5. Then T has a unique fized point a € X such that lim, o T™x
=a for each x € X.

Theorem 1.2. ([3]) Let T be a mapping from a complete metric space (X, d)
into itself satisfying

d(Tz,Ty) d(z,y)
/ e(t)dt < c/ p(t)dt, Vz,ye€ X, (1.2)
0 0

where ¢ € (0,1) is a constant and ¢ € ®1. Then T has a unique fized point
a € X such that lim,,_yoo T"x = a.

Recently, the researchers [1, 2, 5, 6, 8-17] proved a lot of fixed and common
fixed point theorems for various (1, ¢)-weakly contractive mappings and con-
tractive mappings of integral type. In particular, Liu et al. [9] and Hosseini
[6] extended the results of Branciari [3] and Dutta and Choudhuty [4] and got
the following theorems.

Theorem 1.3. ([9]) Let T be a mapping from a complete metric space (X, d)
into itself satisfying for all x,y € X,

o [ R war) <u( [ e etat) o [ e (0. (13

where (¢, P, 1) € &1 X Py X $5. Then T' has a unique fized point a € X such
that lim,,—yoo T"x = a.
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Theorem 1.4. ([6]) Let T and S be two mappings from a complete metric
space (X, d) into itself satisfying for all x,y € X,

o [ R otiyir) <v | e ottrit) o | e o)), (1.9

where (@, p,1) € ®1 x &y x ®5 and for all x,y € X

M (z,y) = max {d(x, y),d(z, Tx),d(y, Sy), %[d(y, Tz) + d(z, Sy)]}.

Then T and S have a unique common fized point a € X.

The purpose of this article is to study the existence and uniqueness of com-
mon fixed point for certain four mappings satisfying contractive inequalities
of integral type in metric spaces. Our results extend Theorems 1.1 and 1.2,
and are different from Theorems 1.3 and 1.4. Two examples are included.

Definition 1.5. ([7]) A pair of self mappings f and g in a metric space (X, d)
are said to be weakly compatible if for all ¢ € X the equality ft = gt implies
fot=gft.

Lemma 1.6. ([10]) Let ¢ € ®1 and {r,}nen be a nonnegative sequence with
lim,, oo 7, = a. Then

Tn

lim o(t)dt = /Ua o(t)dt.

n—oo 0

Lemma 1.7. ([9]) Let ¢ € ®2. Then p(t) > 0 if and only if t > 0.

2. COMMON FIXED POINT THEOREMS

Our main results are as follows.

Theorem 2.1. Let A, B,S and T be mappings from a metric space (X,d)
into itself satisfying

{A, T} and {B,S} are weakly compatible; (2.1)
T(X) C B(X) and S(X) C A(X); (2.2)
one of A(X),B(X),S(X) and T(X) is complete, (2.3)

o | R ottyir) < [ e ottyit) o | e )it (24)

for all x,y € X, where (¢, ,1) € P X g X P35 and for all x,y € X,
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Mi(z,y) = {d(Ax, By),d(Az,Tx),d(By, Sy), %[d(A:c, Sy) + d(T'z, By)],

1+ 2d(Az, Sy)
2(1+4 d(Az, By))
1+ d(Az, Sy)
1+ 2d(Ax, By)

1+ 2d(T'z, By)
2(1 + d(Az, By))

1+ d(Tz, By)
B .
"1+ 2d(Ax, By)d( v, 5Y)

d(Tz, By), d(Az, Sy),

d(Ax,Tx)

(2.5)
Then A, B,S and T have a unique common fized point in X.

Proof. Let zp be an arbitrary point in X. (2.2) ensures that there exist two
sequences {Yn fnen and {zy fnen, in X such that

Yont+1 = Bropt1 = Tx2pn,  Yont+2 = ATonto = STony1, Vn e Np.  (2.6)

Put d,, = d(yn, yn+1) for all n € N. Suppose that ds,, < da,41 for some n € N.
It is clear that

doms1 — d(y2n; Yant2) dop i1 — don + dont1
21+ dop) 2(1 + dan) @7)
_ dang1 + 2dany1dan — dan 50 '
2(1 + dQn)
and
d2n+1 o 1 + d2n + d2n+1 o = d2n+1 + d2nd2n+1 - d2n - d%n
> 0.

In view of (2.4)-(2.8), (¢, ¢,9) € &1 x Py x P35 and Lemma 1.7, we know that

M1 (220, T2n41)
= ImMaXx {d(A$2n, B$2n+1), d(Axgn, TZCQn), d(BZL‘Qn_H, Sl‘2n+1),

1
—[d(Axan, Ston+1) + d(Txon, Bran+1)],

2
1+ Qd(Al’Qn, S.TgnJrl)
2(1 4 d(Azgy,, Brapyt1))
1+ Qd(T:L'Qn, Bl’zn+1)
2(1 + d(A:Egn, B$2n+1))
1+ d(Al’Qn, S:E2n+1)
1+ 2d(Al‘2n, B$2n+1)

14+ d(Txon, Bxany1)
d(B , S
1+ 2d(Axay, Brapi1) (Bran+1, S2nt1)

d(Txon, Bxront1),

d(Axay, Sxant1),

d(AxQna TxZn)a
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= max {d(y2m Yon+1), A(Yon, Yon+1), d(Y2ns1, Y2nt2),

%[d(mm Yon+2) + d(Yon+1, Yon+1)),
1+ 2d(y2n, yon+2)
2(1 + d(y2n, yon+1)
1+ 2d(Y2n+1, Y2n+1)
2(1 + d(y2n, yon+1))
1+ d(y2n, y2nt2)
1+ 2d(y2n> Yon+1
L+ d(y2n+1,Y2n+1)
1+ 2d(y2n, Yon+1)

) d(y2n+1 y Yon+1 ) 5

d(y?n ) y2n+2) 3

] d(Yon, Yon+1)s

d(Yon+1, Y2n+2)

1 d(y2n,
— max {dZna d2n7 d2n+17 id(an) an+2)7 07 (37(/27l+y62lz:)2) s
L+ d(yan, Yont2) ;  donir
1+ 2da, "1 2,
= max{day, doni1}

= don+1

dany1 d(Tx2n,5%2n41)
o [T etorar) v at)
0

(

/OMl (@2n,T2n+1) M (z2n,T2n+1)

S¢<A ¢®ﬁ>—¢<A w@ﬁ)
(

which is a contradiction. Hence
don+y1 < dap, = Mi(22p, Ton+1), Vn €N,
Similarly,
don, < dop—1 = Mi(x2n, x2n—1), Vn eN.
That is,
dpy1 < dp, dop = Mi(z2n, Tan+1), don—1 = Mi(22n,T2n—1), VneN, (2.9)

which means that {d,},en is nonincreasing and bounded. Obviously, there
exists ¢ € RT such that lim, o d, = c¢. Suppose that ¢ > 0. By (2.4), (2.9),



366 Z. Liu, M. He and C. Y. Jung

(p,d,1) € ®1 X Py x 3 and Lemma 1.6, we obtain that

o [ o)

dan+t1
= lim sup ¢ < / go(t)dt)
n—oo 0
d(Tz2n,ST2n+1)
= limsup ¢ < / go(t)dt)
0

n—oo

M (x2n,22n+1) M (z2n,T2n+1)
<tumsup o | o) —of | e(0at)
dgn d2n
=i dt | — d
msup v [ et0ar) o [ etar)
dzn d2n
< limsup ¢ ( / cp(t)dt) — liminf ¢ < / cp(t)dt)
N—300 0 n—00 0

< w(/octp(t)dt>,

which is absurd. Hence ¢ = 0, which yields that
lim d, = 0. (2.10)

n—o0

Next we show that {yy }nen is a Cauchy sequence. According to (2.10), we
have to prove that {y2, }nen is a Cauchy sequence. Suppose that {yo, }nen is
not a Cauchy sequence. It follows that there exists ¢ > 0 such that for each
k € N there exist positive integers 2m(k) and 2n(k) with 2m(k) > 2n(k) > 2k
satisfying

d(Yan(k)> Yom(k)) = € (2.11)
where 2m(k) is the least integer exceeding 2n(k) satisfying (2.11). It follows
that

d(Yan(k)> Yom(k)—2) <&, VkeN. (2.12)
In view of (2.11), (2.12) and the triangle inequality, we know that
e < d(Yan(k)s Y2m(k))

< d(Yon(k)> Yom(k)—2) T AYamk)—25 Yom(k)—1) + AY2m(k)—1> Yom))  (2.13)

<&+ domy—n + dom@y—1, ¥k €N
and

|d(Yon(k)s Yom(k)—1) — AYon(k) Yomk))] < domy—1, Yk €N;

|d(Yon(k)+1> Yamr)) — AY2n(k)> Yom))| < dongry, Yk €N (2.14)

|d(Yon(k)+1> Y2m(k)—1) = AY2n(k) Yomk)—1)] < dony, Yk € N.
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Clearly, (2.10), (2.13) and (2.14) guarantee that
Jim d(Yon(r), Yomr) = Hm d(Yan(r): Yom(k)-1)
= lim d
kglolo (y2n(k)+1v y2m(k)) (2.15)
= khm d(Yan(k)+1> Y2m(k)—1)
—00

= E&.

In light of (2.4), (2.5), (2.15), (p,¢,¢) € &1 x P9 x P3 and Lemma 1.6, we
infer that

M (T2 (k) Tom(k)—1)
= max {d(AxQn(k)7 Bxomr)-1), A(ATan ) TTonr)),
d(Bx2m(k)—1v Sx2m(k)—l)7

1

5 [d(Azon(k), Stomr)—1) + AT @on(k), BLamr)-1)];
1+ 2d(Ax2n(k)a S:EQm k)— 1)

2(1 + d(Az2p (k) BTom(r)-1)

(k )

)

(

(
1—|—2d(T$2n ) BIEQm(k) 1

(

)—

) d(Twon(k), BTomk)—1)s

Ao k), STom(k) 1)
2(1 + d(Azopn k), BTom(k)-1)) HA2n (1), ST2m)-1)

1+ d(A$2n(k)a S.TQm(k 1)
L+ 2d( Az (k) BTom(k)—1
L+ d(Ton k), BTom(k)—1)
1+ Qd(Al'Qn(k), BQO(k)—l)

) d(AxQn(k) ) T$2n(k)),

d(Bxapm (k) -1 5$2m(k)1)}

= max {d(an(k) s Y2m(k)—1)» AY2n(k)> Yon(k)+1)» AY2m(k)—15 Y2m(k))s

1

2 1(an ), Yomw)) + A(Yanmy+1, Yomry-1)];
)

1+ 2d(Yan(k)» Y2m(k)

2(1 + d(Yon(k) Y2m(k)-1))
1+ 2d(Yon(k)+1> Y2m (k) — 1)

21+ daniy, Yoy 1)) P20 Ym0

L+ d(Yon(k)s Y2m(k))
L+ 2d(Yan(k)> Yom(k)—1
L+ d(Yan(k)+15 Y2m(k)—1)
L+ 2d(Y2n (k) Y2m(k)—1)

A(Yon(k)+1> Y2m(k)—1)s

] A(Yan(k)> Yon(k)+1)5

d(Yom (k) -1, y2m(k‘))}
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1 142 142
—>max{5,0,0,2(5+5)’ + 2¢ + 2¢ 570,0}

21 +¢2) 2(1+e)
=e¢ ask— o0

and

e d(Y2n (k) +1>Y2m(k))
v (/ cp(t)dt) = limsup v (/ @(t)dt)
0 k—oo 0

A(TTon (k) sST2m(k)—1)
= limsup </ go(t)dt)
0

k—oo
M1 (Zan (k) sT2m (k)—1)
< limsup [@Z)</ <p(t)dt>
0

k—00

M1 (Zon k) T2m(k)—1)
o [ e(0at),

M1 (Zon (k) T2m(k)—1)
< limsup </ w(t)dt)
0

k—o00

Ml(m2n(k)7x27n(k)71)
— lim inf gb(/ @(t)dt)
k—o0 0

<w([@wﬁ)

which is impossible. Hence {y, }nen is a Cauchy sequence.

Now we show that A, B, S and T have a unique common fixed point. Assume
that A(X) is complete. It is clear that {y2, }nen is a Cauchy sequence in A(X).

Therefore, there exists (z,w) € A(X) x X such that

lim yo, = 2z = Aw.
n—oo

Obviously

z= lim y,

n—oo

= lim T$2n
n—oo

= lim B$2n+1
n—oo

= lim Sx2n_1
n—oo

= lim Axg,.
n—oo

(2.16)
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Suppose that Tw # 2. Notice that (2.4), (2.5), (2.16), (¢, ¢,1) € &1 X Py X
®3 and Lemma 1.6 yield that

My (w, x2n+1)
= max {d(Aw, B$2n+1), d(Aw, TU)), d(Bl’Qn_H, Sl’gn_H),

1
§[d(Aw, Sxon+1) + d(Tw, Brapi1)],

1+ 2d(Aw, S$2n+1)
2(1 + d(Aw, B$2n+1))
1+ 2d(Tw, B:L'Qn_H)
2(1 + d(Aw, B$2n+1))
1+d Aw, STont1
1+ 2d((Aw, B.%'Q:+1)) d(Aw, Tw),
1 + d(TU), Bl’gn_H)
1 + Qd(A’LU, B(L‘Qn_H)

_» max {d(Aw,z),d(Aw,Tw),d( 2), %[ (Aw, 2) + d(Tw, )],

d(T’LU, B£U2n+1),

d(Aw, S$2n+1),

d(Bxap41, STont1) }

)
1+ 2d(Tw, z
2(1 4+ d(Aw, 2))

14+ d(Tw,z)
1+ 2d(Aw, 2) dz, Z)}

1+ 2d(Aw, z)
2(1+ d(Aw, 2))
1+ d(Aw, z)

1+ 2d(Aw, Z)d(Aw,Tw),

1 1
= max {0, d(z,Tw),0, §d(Tw, z), §d(Tw, 2),0,d(z, Tw), 0}

d(Tw, z), d(Aw, z),

=d(Tw,z) asn — oo

and

w([f@“”¢uma

d(Tw,ST2n+1)
= limsup ¢ ( / @(t)dt)
0

n—oo
My (w,z2n+1) My (w,x2n+1)
< lim sup [@Z) </ gp(t)dt) - qb(/ gp(t)dt)}
n—00 0 0
My (w,z2n+1) My (w,x2n+1)
< lim sup ¢ (/ w(t)dt) — lim inf ¢ (/ cp(t)dt)
n—00 0 n—o00 0

d(Tw,z)
<w(A ¢@w)
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which is absurd. Thus, Tw = z. It follows from (2.2) that there exists a point
uw € X with z = Bu = Tw.

Suppose that Su # z. Making use of (2.4), (2.5), (2.16), (¢, ¢, %) € ®1 X
®y x &3 and Lemma 1.6, we conclude that

M (z2p, )

= max {d(Aacgn, Bu),d(Axay,, Txay), d(Bu, Su),

1
§[d(A:E2n, Su) + d(Txay,, Bu)],

1+ 2d(Azap, Su)
2(1 + d(Axayp, Bu))
1+ d(Axay,, Su)
1+ 2d(Azsy,, Bu)

1+ 2d(Txo,, Bu)

(1 + d(Axap, Bu))
1+ d(Tﬂj‘Qn, BU)
1+ 2d(Azsy,, Bu)

d(T'zoy,, Bu), 5 d(Axan, Su),

d(Axon, Txop), d(Bu, Su)}

— max {d(z, Bu),d(z, z), d(Bu, Su), %[d(z, Su) + d(z, Bu)],

2}1123((5: ;;Z))) d(z, Bu), 211123& g% d(z, Su),
1+ d(z, Su) 1+ d(z, Bu)
T+ 2402, Bu) " 2 T304 (e, Bu) " BW S“)}

1 1
= max {0, 0,d(z, Su), §d(2’ Su), 0, id(z, Su),0,d(z, Su)}

=d(z,5u) asn — oo

w(A““M¢@MQ

d(Tx2n,Su)
= limsup ¥ ( / go(t)dt)
0

n—0o0

M (22n,u) M (22n,u)
< lim sup [w(/o @(t)dt) - ¢(/O @(t)dt)]

My (a:gn,u) Mi(x2n,u)
< limsup (/ cp(t)dt) — liminf ¢ </ g@(t)dt)
0 0

n—00 n—00

d(z,Su)
<w(A wﬁMO,

which is impossible. That is, Su = z. It follows from (2.1) that Az = ATw =
TAw =Tz and Bz = BSu = SBu = Sx.

and
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Suppose that 7'z # Sz. In light of (2.4), (2.5), (v, ¢,1) € &1 x P9 x $3 and
Lemma 1.7, we know that

M;(z, z) = max {d(Az, Bz),d(Az,Tz),d(Bz,Sz),

%[d(Az, Sz)+d(Tz, Bz)),

1+ 2d(Az, Sz)
2(1+ d(Az, Bz))
1+ 2d(T'z, Bz)

2(1+ d(Az, Bz))
1+ d(Az, Sz)

1+ 2d(Az, Bz)
1+d(Tz, Bz)

1+ 2d(Az, Bz)

d(Tz,Bz),

d(Az, Sz),
d(Az,Tz),
d(Bz, Sz)}

1
= max {d(Tz, Sz),0,0, i[d(Tz, Sz)+d(Tz,Sz)],

1+2d

2(1+d

1+2d

2(1+d
=d(Tz,5z)

Tz, 5z
Tz,5z
Tz, 5z
Tz, 5z

d(Tz,Sz),

)

| |
~— [ — — [ —

) d(Tz,Sz),0, o}

and

. < /Od(Tz,sz) @(t)dt)
<y ( / e SO(t)dt) - ¢< / e s@(t)dt>
., < /Od(Tz,Sz) go(t)dt) L, ( /Od(Tz,sz) w(t)dt)

)

d(Tz,5z)
<Y (/0 o(t)dt

)

which is absurd. Thus, Tz = Sz.
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Suppose that Tz # z. According to (2.4), (2.5), (¢, ¢,9) € &1 x Py X Py
and Lemma 1.7, we have

M;i(z,u)

= max {d(Az, Bu),d(Az,Tz),d(Bu, Su),

%[d(Az, Su) + d(Tz, Bu)),

1+ 2d(Az, Su)
2(1 4 d(Az, Bu))
1+ d(Az, Su)
1+ 2d(Az, Bu)

1+ 2d(Tz, Bu)
(1+d(Az, Bu))

1+d(Tz,Bu)
1+ 2d(Az, Bu) d(Bu, Su)}

d(Tz, Bu), 5 d(Az, Su),

d(Az,Tz),

, %[d(Tz, 2) +d(Tz, z)],

and

o [ e

([ e ottt
o [ ewa) o [ o)
o [ etwa) o [ ptor)
<o [T o),

which is ridiculous. Therefore, Tz = z, that is, z is a common fixed point of
A,B,S and T.

Suppose that A, B, S and T have a common fixed point b € X \ {z}. Taking
account of (2.4), (2.5), (¢, ®,9) € &1 x Py x P3 and Lemma 1.7, we attain
that

IA
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Ml(ba Z)
~ max {d(Ab, B=), d(Ab, Tb), d(B=, S=), %[d(Ab, S2) + d(Th, B2)].

1+ 2d(Ab, Sz)
2(1 4 d(Ab, Bz))
1+ d(Ab, Sz)
1+ 2d(Ab, B>)

1+ 2d(Tb, Bz)
2(1 + d(Ab, Bz))
1+ d(Tb, Bz)
1+ 2a(Ab, B2) "B z)}

1+ 2d(b, 2)
"2(1+d(b, 2))

d(Th, Bz),

d(Ab, Sz),
d(Ab, Tb),

= max {d(b, 2),0,0, %[d(b, z) +d(b, z)] d(b, z),

1+ 2d(b, 2)
2(1+d(b, 2))
=d(b, z)

o [ )

o[ e ottt
o [ cwa) o [T ewar)
o [ o) ~o [ e
<o [ em)

which is a contradiction. Hence A, B, S and T have a unique common fixed
point in X.

Similarly we infer that A, B, S and T have a unique common fixed point in
X if one of B(X),S(X) and T(X) is complete. This completes the proof. [

d(b, ),0, o}

and

IN

Theorem 2.2. Let A, B,S and T be mappings from a metric space (X,d)
into itself satisfying (2.1)-(2.3) and for all z,y € X,

o [ e ttyir) <o [ e ottyit) o | e olt)it). (217

where (@, p,1) € 1 x Py x P3 and
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M2($7 y)
_ {d(Ax, By), d(Az, Tx), d(By, Sy), é[d(Ax, Sy) + d(Tz, By)),

1+ d(By, Sy) 1+ d(Az, Tx) (2.18)
1+ d(Ax, Tx) "1+ d(By, Sy) 4z, By)
d*(Az, By) d(Az, Sy)d(Tz, By)
V. X.
1+d(Tz,8y)" 1+d(T=,Sy) } nye

d(Az, By)

Then A, B, S and T have a unique common fixed point in X.

Proof. Let x be an arbitrary point in X. It follows from (2.2) that there
exist two sequences {yn}nen and {zptnen, in X satisfying (2.6). Put d,, =
d(Yn, Ynt1) for all n € N. Suppose that da,, < dapy1 for some n € N. It is easy
to see that

d2 d +d3 ., —d3
dopyq — ——2n - 220l T Tndd 7 Fon o (2.19)
1+ d2n+1 1+ d2n+1
1+ dopi1 dany1 — dop
d - =—>0. 2.20
2n+1 1 n dQn 2n 1 n d2n ( )

By (2.6), (2.17)-(2.20), (v, ¢,9) € 1 x P9 x 3 and Lemma 1.7, we infer that

M>(22n, T2n11)
= max {d(szm Bxopi1),d(Axan, Tray,), d(Brant1, STont1),

1
3 [d(Azap, Stont1) + d(Tx2p, Brany1)]

1+ d(Bxopt1, Stony1)
1+ d(Awgn, T.rgn)
1+ d(Axgn, T.Z‘Qn)
1+ d(Bxopt1, Stony1)
d2 (Al‘Qn, Bl‘gn+1) d(Al‘Qn, Sl‘QnJrl)d(Taj‘Qn, B$2n+1)
1+ d(T:L‘gn, S."L‘2n+1) ’ 14+ d(Tl‘Qn, S:E2n+1) }

d(Axopn, Broni1),

d(Axap, Bronyi1),
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= max {d(y2m Yon+1), A(Y2n, Yon+1), d(Y2ns1, Yont2),

%[d(y%, Yon+2) + d(Y2n+1, Yont1)],
L+ d(y2n+1,Y2n+2)
1+ d(y2n, y2n+1)
1+ d(y2n, Y2n+1)
1+ d(yon+t1, Yont2
d2(y2n, Yon+1) d(Y2ns Yont+2)d(Y2nt1, Y2n+1) }
1+ d(y2n+1, yan+2)’ 1+ d(yon+1,Y2n+2)
1+ d2n+1
1+ dop,

d(ana y2n+1)a

] d(Yon, Yon+1),

1
= max {d2n7 d2n7 d2n+17 §d(y2na y2n+2)7

1+ day, d%n }
Tt donis " 14 dopys’
= max{day, d2nt1} = dont1

o [ o o(0at)
=¢ ( /Od@m,sWn 0 dt>
. ( /OMQ(M,WQ " dt) B ¢( /0 MQ(“”’“"“%(t)di)
o | o ettat) - o /Od otont)
<o [ o),

which is a contradiction. Hence

2n;

and

IN

dont1 < do, = Ma(T2n, T2n41), Vn € N.
In a similar way, we get that
dop, < dop—1 = Ma(xop, x2n—-1), VYn €N
That is,
dn1 < dpn,  dop = Ma(T2n, T2n11), (2.21)
don—1 = Ma(xap,xon—1), Yn €N, '

which implies that {d,, },en is nonincreasing and bounded. Clearly, there exists
¢ € R such that lim, o d,, = ¢. Suppose that ¢ > 0. It follows from (2.17),
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(2.21), (p, ¢, 0) € @1 x Py x 3 and Lemma 1.6 that

o [ o)

don+1
= lim sup v ( / gp(t)dt)
n—00 0
d(Tz2n,ST2n+1)
= limsup v < / ga(t)dt)
0

n—o0

M (z2n,T2n+1) Mo (x2n,T2n+1)
< lirrisup [w (/0 ' @(t)dt) — (b(/o @(t)dt)}
dgn d2n
=i dt | — d
msup v [ ettar) o [ etar)
dgn d2n
< limsup ¢ < / cp(t)dt) — liminf ¢ ( / cp(t)dt)
n—00 0 n—00 0

<o( [Cetwar)

which is a contradiction. Hence ¢ = 0, that is, (2.10) holds.

Next we show that {y, },en is a Cauchy sequence. By virtue of (2.10), we
only have to prove that {y2, }ren is a Cauchy sequence. Suppose that {yap bnen
is not a Cauchy sequence. It follows that there exists € > 0 such that for each
k € N there exist positive integers 2m(k) and 2n(k) with 2m(k) > 2n(k) > 2k
satisfying (2.11)-(2.15). By means of (2.15), (2.17), (2.18), (v, ¢,v) € &1 x
®y x &3 and Lemma 1.6, we conclude that

Ma(T o (k) Tom(k)—1)

= max {d(AxQn(k)v By k)-1), A(AZan k) TTon(k))s A(BTam (k) -1, STom(k)—1)
1
2
1+ d(Bxopm (k)15 STom(k)—1)
L+ d(Azan k), TZonk))
1+ d(Azoni), TTonk))
L+ d(BZapm (k)15 STam(k)—1
AP (A gy (), Bom(k)-1)
14 d(TSUQn(k), Sme(k)fl) ’
d(AT oy k), STomk)—1) AT T2 k), BTom(k)—1) }
1+ d(Txgn(k), Sme(k)fl)

[d(AmZn(k)a S:UQm(k)—l) + d(T:E?n(k)a Bl’?m(k)—l)}a

d( Az k), BTom(k)—1)

) d(A:L‘Qn(k) ) B$2m(kz)—1)7




Common fixed points for two pairs of mappings 377

= max {d(an(k)7 Yom(k)—1)> AYan(k)s Yon(k)+1)s AY2m(k)—1: Y2m(k) )

1
5 [d(an(k) ) me(k)) + d(an(k)—i-la y2m(k)—l)]7

L+ d(Yom(k)—1> Yom(k))
L+ d(Yon(k)> Yon(k)+1)
L+ d(Yon(k)> Yon(k)+1)
L+ d(Yam k) -1 Yom(k))

P Yan(ky> Yomk)—1)  AWonk) Yom ) A Yan(k)y+1> Y2m(k)—1) }
L+ d(Yan(k)+15 Yom(k)) L+ d(Yan(k) 115 Y2m(k))

d(Yan(k)> Y2m(k)—1)s

d(an(k;) y Yom(k)—1 ) )

1 g2 g2
— 0,0, = ==
max{s, , ’2(€+€)’E’E’1+5’1+5}

=¢ ask —

o [ o)

and

d(Yon(k)+1:Y2m(k))
= lim sup ¢ ( / go(t)dt)
k—o0 0
d(Txop(k)>STam(k)—1)
= limsup ¢ < / go(t)dt)
k—o00 0
M2 (Ton k) T2m(k)—1)
< lim sup [w < / @(t)dt)
k—o0 0

M2 (Zon (k) T2m(k)—1)
—¢<A @@ﬁﬂ

M2 (T2p (k) sT2m(k)—1)
< limsup ¢ </ @(t)dt)

k—o0 0
M2 (2o (k) sT2m (k)—1)
— liminf ¢ (/ cp(t)dt)
k—oo 0

<ol [ o),

which is absurd. Therefore, {y, }nen is a Cauchy sequence.

Now we show that A, B,.S and T have a unique common fixed point. Assume
that A(X) is complete. It is clear that {yay, }nen is a Cauchy sequence in A(X).
Therefore, there exists (z,w) € A(X) x X with lim,, o0 yon, = 2 = Aw. It is
obvious that (2.16) holds. Suppose that Tw # z. It follows from (2.16)-(2.18),
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(p,d,1) € &1 X Py x P35 and Lemma 1.6 that
Mo (w, x25,41)

= Imax {d(Aw, B:L'2n+1), d(Aw, T’U)), d(B$2n+1, S.%'Qn_H),

1
5[d(Aw, Srony1) + d(T'w, Brany1)],

1+ d(Bxap+1, Sxoni1)
1+ d(Aw, Tw)
1+ d(Aw, Tw)
1+ d(Bw2ny1, STont1)
d2(Aw, Bl’2n+1) d(Aw, S:Zign+1)d(Tw, B{Eszrl)
1 —|—d(Tw,Sx2n+1)’ 1 +d(Tw,S$2n+1) }

d(Aw, Bxop41),

d(Aw, Bra, 1),

— max {d(Aw, 2), d(Aw, Tw),d(z, z), %[d(Aw, z) +d(Tw, z)],

1+d(z,2) 1+ d(Aw, Tw)
1+ d(Aw, Tw) 1+d(z,2)
d*(Aw,z)  d(Aw,z)d(Tw, z)}

d(Aw, z), d(Aw, z),

1+d(Tw,z) 1+4+d(Tw,z2)
1
= max {0, d(z,Tw), 0, §d(Tw, 2),0,0,0, 0}
=d(Tw,z) asn — oo

and

w([f@mdwuma

d(Tw,ST2n+1)
= lim sup ¢ < / go(t)dt)
0

n—oo

M (w,z2n+1) M (w,z2n+1)
< limsup [1/1(/ cp(t)dt) - gb(/ go(t)dt)]
n—o00 0 0

Ma(w,z2n+1)
< limsup ¢ </ go(t)dt)
0

n—oo

M (w,z2n+1)
— liminf ¢ (/ cp(t)dt)
0

n—oo

d(Tw,z)
<¢<A w@ﬁ)
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which is impossible. Thus, Tw = z. It follows from (2.2) that there exists a
point u € X with z = Bu = Tw. Suppose that Su # z. Taking account of
(2.16)-(2.18), (p, ¢, ¥) € 1 x Py x P3 and Lemma 1.6, we derive that

My (x2, u)
= max {d(Aaan, Bu),d(Axay, Txay,), d(Bu, Su),

1 1+ d(Bu, Su)

i[d(AxQn, Su) + d(Txay, Bu)], T+ d(Azan, Txgn)d(AxQ"’ Bu),
1+ d(Azop, T'zap) d*(Aza,, Bu)
A B
1+ d(Bu, Su) d(Awzn, Bu), 14 d(Txop, Su)’

d(Azap, Su)d(Tx2y,, Bu)
1+ d(T:UQn, Su)

1
— max {d(z, Bu),d(z, z),d(Bu, Su), i[d(z, Su) + d(z, Bu)],
1+ d(Bu, Su) 1+d(z,z)
SO PR 0y Bu). - =)
1+4d(z,2) (2, Bu), 1+ d(Bu, Su)

d*(z,Bu) d(z,Su)d(z, Bu)
1+d(z,Su)” 1+d(z,Su) }

d(z, Bu),

1
= max {0, 0,d(z, Su), id(z, Su),0,0,0, 0}

=d(z,5u) asn — oo

w( / e eo(t)dt)

d(Tx2n,Su)
= limsup v ( / <p(t)dt)
0

n—oo

Mo (x2n,u) Mo (22n,u)
< lim sup [w</0 w(t)dt) - ¢</O w(t)dt)]

Ma(x2n,u) Mo (z2n,u)
< limsup (/ w(t)dt) — liminf ¢ </ go(t)dt)
0 0

n—o0 n—oo

d(z,5u)
<y ( /O w(ﬂdt),

which is a contradiction. Hence Su = z. It follows from (2.1) that Az =
ATw =TAw =Tz and Bz = BSu = SBu = Sz. Suppose that Tz # Sz. In

and
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light of (2.17), (2.18), (¢, ¢, 1) € @1 x Py x 3 and Lemma 1.7, we know that

Ms(z,z) = max {d(Az, Bz),d(Az,Tz),d(Bz,Sz), %[d(Az, Sz)+d(Tz,Bz)],

1+ d(Bz,Sz) 1+ d(Az,Tz)

1+d(Az,Tz) 1+ d(Bz,Sz)
d*(Az,Bz) d(Az, Sz)d(Tz, Bz)

14+d(Tz,Bz)” 1+d(Tz B=z) }

d(Az, Bz), d(Az, Bz),

= max {d(Tz, Sz),0,0, %[d(Tz, Sz)+d(Tz,5z2)],d(Tz,Sz),

d(T=, 52) d*(Tz, Sz) d*(Tz,S%) }

"1+d(Tz,52)" 1+ d(Tz,S=2)
=d(Tz,5z)

o [ )
<o( [ e ettat) —o( | e (at)
o [T ewa) o [T wwar)
<o [T ),

which is absurd. Hence Tz = Sz.
Suppose that Tz # z. Taking account of (2.17), (2.18), (p, ¢,9) € ®1 x
®y x &3 and Lemma 1.7, we have

and

1
Ms(z,u) = max {d(Az, Bu),d(Az,Tz),d(Bu, Su), E[d(Az, Su) + d(T'z, Bu)],

1+ d(Bu, Su) 1+ d(Az,Tz)

14+ d(Az,Tz) "1+ d(Bu, Su)
d*(Az,Bu) d(Az, Su)d(Tz, Bu)

1+d(Tz,Su)”  1+4d(Tz, Su) }

d(Az, Bu) d(Az, Bu),

1
= max {d(Tz, 2),0,0, i[d(Tz, 2)+d(Tz,z2)],d(Tz,z),

d(Tz,z)

d*(Tz, z) d*(Tz, z)
"14d(Tz,2) 1+ d(Tz,z2)
=d(Tz,z)
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o [ ewar)

o [T et
o [ ewa) o [T o)
o [ wtwa) o [ o)
<o( [ R o(0at).

which is a contradiction. Therefore, Tz = z, that is, z is a common fixed point
of A,B,S and T.

Suppose that A, B, S and T have a common fixed point b € X \ {z}. Using
(2.17), (2.18), (p, ¢,1) € P x Py x P35 and Lemma 1.7, we have

and

IN

1
M (b, z) = max {d(Ab, Bz),d(Ab,Tb),d(Bz,Sz), i[d(Ab, Sz)+d(Tb, Bz)],

1+ d(Bz,Sz) 1+ d(Ab,TY)

1+ d(Ab,TY) 1+d(Bz,Sz)
d?(Ab, Bz)  d(Ab, Sz)d(Tb, Bz)

14d(Th,Sz)’ 1+4d(Th,Sz) }

— max {d(b, 2),0,0, %[d(b, 2) 4 d(b, 2)], d(b, 2), d(b, 2),

d*(b, 2) d?(b, 2)
1+d(b,z)’ 1+d(b,z)}
=d(b,2)

o [ " ottyit) = | e ottt
<ol [ vwa) ~o [T o)
o[ e ottyit) o | e ottt
<o [ e olt)it).

d(Ab, Bz), d(Ab, Bz),

and
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which is a contradiction. Hence z is a unique common fixed point of A, B, S
and T in X.

Similarly we conclude that A, B,S and T have a unique common fixed
point in X if one of B(X),S(X) and T(X) is complete. This completes the
proof. O

3. REMARK AND EXAMPLES

Remark 3.1. Theorems 2.1 and 2.2 extend Theorems 1.1 and 1.2, respec-
tively. The follows examples reveal that Theorems 2.1 and 2.2 generalize
proper Theorems 1.1 and 1.2, and differ from Theorems 1.3 and 1.4, respec-
tively.

Example 3.2. Let X = R" be endowed with the Euclidean metric d = | - |.
Define A, B, S, T : X — X and ¢, ¢, : Rt — R by

X\ {L
Ar =16z, Bx ==z, Sr=0, VrelX, T:E:{Ol’ Vo € X\ {53}

_ 1
64 T = 32>
t, vt € [0, &, it Vtelo, &l
~ B4 € a,+00), 1287 € (@,4‘00),

(
o(t)=1, VteRT.

Clearly, (2.1)-(2.3) hold, (¢, ¢,1) € ®1 x ®g x P3, () > ¢(t) for each t € R,

1 is increasing and sup ¢p(RT) < ﬁ. Let z,y € X. In order to prove (2.4),
we need to consider two possible cases as follows:

Case 1. = € X \ {55} It follows that

o [ R ottrit) o< | e ottyit) o | e o)t )

Case 2. z = 4. Notice that

32
11 11 31
and

d(Tz,Sy) é 1 1 191

w(/o w(t)dt> = ¢</0 <p(t)dt> = ¢(64> - <

61 1 & 3
== === t)dt | — t)dt
64 128 ¢</0 90()) ¢(/0 %0()>
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That is, (2.4) holds. It follows from Theorem 2.1 that the mappings A, B, S
and T have a unique common fixed point 0 € X. But Theorems 1.1-1.4 cannot
be used to prove the existence of fixed points of 7' and common fixed points
of T'and S in X.

Suppose that T satisfies the conditions of Theorem 1.1. That is, there exist
¢ and ¢ € ®5 satisfying (1.1). It follows from (1.1) that

o) = (o m3i)
<o(a(z5)) ~2((551))

1 1 1
o(a) () < ()
which is absurd.

Suppose that T satisfies the conditions of Theorem 1.2. That is, there exist
c € (0,1) and ¢ € ®; satisfying (1.2). By (1.2), we get that

o d(T55.T55) d(33:51) o1
0< / p(t)dt = / (t)dt < c/ p(t)dt < / w(t)dt,
0 0 0 0

which is a contradiction.
Suppose that T satisfies the conditions of Theorem 1.3. That is, there exists
(o, p,1) € D1 x Py x Py satisfying (1.3). Using (1.3), we gain that

which is impossible.
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Suppose that T" and S satisfy the conditions of Theorem 1.4. That is, there
exists (¢, p,1) € 1 x &y x Py satisfying (1.4). It follows from (1.4) that

which is absurd.

Example 3.3. Let X = [0, 1] be endowed with the Euclidean metric d = | - |.
Define A,B,S,T : X — X and ¢, ¢, : Rt — RT by

%, vz € [0, %]

Am:3x—§, Bx =z, 537:37 VeeX, Tw=q] L)
6 12 3 Vo e (g,1],

t, Vte[0,5),

t) = 100t, t)=2t, VteRT, t) =
Obviously, (2.1)-(2.3) hold, (¢, ¢,9) € @1 x $y x P3, Y(t) > ¢(t) for each
t € R*, 4 is increasing and sup ¢(RT) < 1. Let x,y € X. In order to prove
(2.17), we have to consider two possible cases as follows:

Case 1. z € [0, 3]. It is clear that

" ( / R so(t)dt) —0<y ( / e so(t)dt) - <z>< / e eo(t)dt);

Case 2. z € (3,1]. Note that

Ms(x,y) > d(Az,Tx) = 3z — >

D=

1
2

| Ut



Common fixed points for two pairs of mappings 385

and
1

o [ R ettar) =o( " ewi) =o( 1) =15
< - w(/oé so(t)dt> - <z></0é so(t)dt>
<o [ e ottsit) o | e olt)it).

Hence, (2.17) holds. It follows from Theorem 2.2 that the mappings A, B, S
and T have a unique common fixed point % € X. But Theorems 1.1-1.4 cannot
be used to prove the existence of fixed points of T" and common fixed points
of T"and S in X.

Suppose that T satisfies the conditions of Theorem 1.1. That is, there exist
¢ and 1) € ®j5 satisfying (1.1). It follows from (1.1) that

() o) e ) ()
_ ¢<112> —¢><112> < w(lg)

which is absurd.
Suppose that T satisfies the conditions of Theorem 1.2. That is, there exist
c € (0,1) and ¢ € ®; satisfying (1.2). In light of (1.2), we obtain that

5 ATy TERY 4
0< / o(t)dt = / o)t < ¢ / o()dt < / o(t)dt,
0 0 0 0

which is a contradiction.
Suppose that T satisfies the conditions of Theorem 1.3. That is, there exists
(o, p,1) € D1 x Py x Py satisfying (1.3). In view of (1.3), we know that
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which is impossible.

Suppose that T" and S satisfy the conditions of Theorem 1.4. That is, there
exists (@, ¢,1) € ®1 x &y x Py satisfying (1.4). Taking advantage of (1.4), we
conclude that

=¢(Aéwmw>—¢(éé¢@ﬁ)
<¢(Aéwwﬁ)

which is a contradiction.
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