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Abstract. In this paper, we introduce general iterative algorithms for finding a fixed point
of a continuous pseudocontractive mapping in a Hilbert space. Then we establish strong
convergence of sequences generated by the proposed iterative algorithms to a fixed point of

the mapping, which is the unique solution of a certain variational inequality.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced norm
| - ||. Let C' be a nonempty closed convex subset of H and let T': C' — C be
a self-mapping on C. We denote by Fiz(T) the set of fixed points of 7.

The class of pseudocontractive mappings is one of the most important
classes of mappings among nonlinear mappings. We recall ([2, 3]) that a
mapping T : C' — H is said to be pseudocontractive if

1Tz = Tyl* < |l =yl + |( = D)z — (I = T)yl*, Yz, y€C,

and T is said to be k-strictly pseudocontractive ([3]) if there exists a constant
k € [0,1) such that

|72 — Tyl < |l — y|* + K| (I - T)a — (I — Tyl Va, y € C,

where [ is the identity mapping. The class of k-strictly pseudocontractive
mappings includes the class of nonexpansive mappings as a subclass. That is,
T is nonexpansive (i.e., |Tx — Ty|| < ||z — y||, Vo, y € C) if and only if T is
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0-strictly pseudocontractive. Clearly, the class of k-strictly pseudocontractive
mappings falls into the one between classes of nonexpansive mappings and
pseudocontractive mappings. Recently, many authors have been devoting the
studies on the problems of finding fixed points for pseudocontractive mappings,
see, for example, [1, 7, 8, 9, 11, 14, 22] and the references therein.

In 2010, by combining Yamada’s method [20] and Marino and Xu’s method
[12], Tian [17] considered the following iterative algorithm for a nonexpansive
mapping S:

Tnt1 = YV, + (I — apuF)Sx,, ¥Yn >0,
where F': H — H is a p-Lipschitzian and 7n-strongly monotone mapping with
constants p > 0, n > 0, V : H — H is an [-Lipschitzian mapping with a
constant120,0<,u<i—;7 and0§7l<7':,u(n—“—§2).

In 2011, Ceng et al. [5] also proposed the following iterative algorithm for
the nonexpansive mapping S

Tnt1 = PolanyVa, + (I — anuF)Sxy,], Yn >0,

where P¢ is the metric projection of H onto C; F : C' — H is a p-Lipschitzian
and n-strongly monotone mapping with constants p > 0andn > 0; V : C - H
is an [-Lipschitzian mapping with a constant [ > 0; 0 < pu < i—g and 0 < vl <
T=1-/1—p2n—pp?).

In 2015, Jung [9] devised the following iterative algorithm for a k-strictly
pseudocontractive mapping T for some 0 < k < 1:

Tnt1 = 0V Van + (I = anuF)Tyzy, Y >0,

where F' : H — H is a p-Lipschitzian and 7-strongly monotone mapping
with constants p > 0, n > 0, V : H — H is an [-Lipschitzian mapping
with a constant [ > 0, 0 < p < Z—Q, 0<yl<1T=1- \/1—u(277—,up2),
T, : H — H is a mapping defined by T,,x = \yz + (1 — \,,)Tx for all z € H,
with 0 < k < A, < A < 1 and lim,, oo Ay, = A. His results improved results
of Tian [17] and Ceng et al. [5] from the class of the nonexpansive mappings
to the class of strictly pseudocontractive mappings. The following problem
arises:

Question. Can we extend the class of nonexpansive mappings in [5, 17] or the
class of strictly pseudocontractive mappings in [9] to the more general class of
pseudocontractive mappings?

In this paper, in order to give an affirmative answer to the above question,
we introduce implicit and explicit iterative algorithms for a continuous pseudo-
contractive mapping 7" in a Hilbert space. Under suitable control conditions,
we establish strong convergence of sequences generated by the proposed itera-
tive algorithms to a fixed point of T', which is a solution of a certain variational
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inequality, where the constrained set is F'iz(T). The results in this paper im-
prove and develop the corresponding results in [5, 7, 8, 9, 12, 15, 17, 18] and
references therein.

2. PRELIMINARIES AND LEMMAS

We recall ([2]) that a mapping F' of C' into H is called

(i) Lipschitzian if there exists a constant £ > 0 such that
[Fz = Fy|| < sllz -yl Yo,y eC;

(ii) monotone if (x —y, Fx — Fy) >0, Vz, y€ C;
(iii) n-strongly monotone if there exists a positive real number 1 such that

(x —y,Fz — Fy) >z —y|*, Vaz, yeC.

For every point © € H, there exists a unique nearest point in C', denoted
by Pc(x), such that

le — Po(@)]| < llz—yll, VyecC.

Pc is called the metric projection of H onto C. It is well known that Pg is
nonexpansive and that for x € H,

z = Pox if and only if (z — z,y — 2) <0, VyeC. (2.1)
The lemma can be derived easily from the inner product (see [2]).
Lemma 2.1. In a real Hilbert space H, the following inequality holds:
lz +yl* < llel® + 2{y. 2 +y), Ve, y € H.

Lemma 2.2. ([21]) Let C be a nonempty closed convex subset of a real Hilbert
space H. Let T : C — H be a continuous pseudocontractive mapping. Then,
forr >0 and x € H, there exists z € C such that
1
(Tz,y—2z)——(y—2z1+r)z—2) <0, VYyeC.
r

Forr >0 and x € H, defineT, : H— C by
1
Trx:{ZEC:<TZ,yz>r(yz,(1+r)zx>§0, VyEC}.

Then the following hold:
(i) T, is single-valued;
(ii) T is firmly nonexpansive, that is,
|IToe — Tyl < (Tow — Toy, @ —y), Va, y € H;
(i) Fiz(T,) = Fix(T);
(iv) Fiz(T) is a closed convex subset of C.
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We also need the following lemmas for the proof of our main results. The
following Lemma 2.3 is essentially Lemma 2 in [10].

Lemma 2.3. ([10, 19]). Let {s,} be a sequence of non-negative real numbers
satisfying
Spt1 < (1 - 5n)5n + Bn5n + Yn, Vn >0,

where {Bn}, {0n} and {y,} satisfy the following conditions:

(i) {Bn} C [0,1] and 3772 Bn = o0,

(ii) Hmsup, o 6, <0 or Y 02 Bnldn| < 00,

(i) 70 > 0 (n > 0), X% g9 < oc.
Then lim,, oo s, = 0.

Lemma 2.4. ([16]). Let {z,} and {l,,} be bounded sequences in a Banach
space E and let {fn} be a sequence in [0,1] which satisfies the following con-
dition:

0< liniinfﬂn < limsup 8, < 1.

n—oo

Suppose that xp41 = Pran + (1 — Bp)ln, n >0, and

limsup([|lnt1 — lnll = [[Znr1 — zal]) <0.
n—oo

Then lim,, 0 ||ln, — xn|| = 0.

The following lemmas can be easily proven, and therefore, we omit the
proofs (see [20]).

Lemma 2.5. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let V : C — H be an l-Lipschitzian mapping with a constant [ > 0,
and F : C — H be a p-Lipschitzian and n-strongly monotone mapping with
constants p > 0 and n > 0. Then for 0 < ~l < un,

(WF =AV)z — (uF = V)y,z —y) = (un — )|z —y|?, vz, y € C.
That is, uF' —~V 1is strongly monotone with a constant un — .

Lemma 2.6. Let C be a closed convex subset of a real Hilbert space H. Let F' :
C — H be a p-Lipschitzian and n-strongly monotone mapping with constants
p >0 andn > 0. Let0<u<i—2and0<t<§§1. Then S =
oI —tuF : C — H is a contractive mapping with a constant ¢ — tT, where

T =1— /1= pu(2n— pup?).

The following lemma is a variant of a Minty lemma (see [13]).
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Lemma 2.7. Let C' be a nonempty closed convexr subset of a real Hilbert
space H. Assume that the mapping G : C — H is monotone and weakly
continuous along segments, that is, G(x + ty) — G(z) weakly as t — 0. Then
the variational inequality

zreC, (Gxr,p—z)>0, VpeC,
1s equivalent to the dual variational inequality
zeC, (Gp,p—2)>0, VpeC.

In the following, we write z,, — z to indicate that the sequence {z,} con-
verges weakly to x. x, — x means that {x,} converges strongly to x.

3. ITERATIVE ALGORITHMS

Throughout the rest of this paper, we always assume the following;:

e H is a real Hilbert space;

e (' is a nonempty closed convex subset of H;

e T :C — (C'is a continuous pseudocontractive mapping with Fiz(T) #
0;

e 1., : H— (C is a mapping defined by

TrtJU:{ZGC:(yz,T,z:)rlt(yz,(1+7“,5),2733>§07 VyEC}

for ry € (0,00), t € (0,1), and liminf; ,or; > 0;
e T,. : H— C is a mapping defined by

Trnx—{zEC:(y—z,Tz)—Ti(y—z,(l%—rn)z—x) <0, VyeC}

for r, € (0,00) and liminf,,_,~ 7, > 0;

e V:(C — C is an [-Lipschitzian mapping with constant [ € [0, c0);

e I':(C — (C'is a p-Lipschitzian and n-strongly monotone mapping with
constants p > 0 and n > 0;

e Constants pu, I, 7, and vy satisfy 0 < p < i—g and 0 < 4l < 7, where
T =1—/1T—u(2n— pup?);

o Fix(T) # 0;

e Pc is the metric projection of H onto C.

By Lemma 2.2, T,, and 7,, are nonexpansive and Fiz(T) = Fix(T,,) =
Fiz(T,,).

In this section, first, we consider the following iterative algorithm that gen-
erates a net {x;}c(0,1) in an implicit way:

xy = PoltyVaey + (I — tuF)T,x], t€(0,1). (3.1)
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Indeed, for ¢t € (0,1), consider a mapping Q; : C' — C' defined by
Qix = PoltyVa + (I — tuF)T,,z], VxeC.

It is easy to see that @ is a contractive mapping with constant 1 — ¢(7 — ~1).
Indeed, by Lemma 2.6, we have

[Qiz — Quyll < ty|[Ve = Vyll + [(I — tuF)Trx — (I — tul)T,,y||
<tylllz =yl + (1 —t7)|lz -yl
= (L—t(r =)z -yl

Hence @; has a unique fixed point, denoted x;, which uniquely solves the fixed
point equation (3.1).

Now, we establish the strong convergence of the net {x;} as t — 0, which
guarantees the existence of solutions of the variational inequality:

(uF —~AV)z,x —p) <0, Vpe Fizx(T). (3.2)

Theorem 3.1. The net {x;} defined by (3.1) converges strongly to a fized point
T of T ast — 0, which solves the variational inequality (3.2). Equivalently,
we have Ppiy (I — pF +~V)Z) = 7.

Proof. We first show the uniqueness of a solution of the variational inequality
(3.2), which is indeed a consequence of the strong monotonicity of uF — V.
In fact, noting that 0 < vl < 7 and pn > 7 if and only if p > 7, it follows from
Lemma 2.5 that

(WF = V)z — (uF —AV)y,z —y) > (un — )|z — yl|*.

That is, uF' — ~V is strongly monotone for 0 < vl < 7 < un. Suppose that
T € Fiz(T) and T € Fiz(T) both are solutions to (3.2). Then we have

(WF —yV)z, 2 —2) <0 (3.3)
and
(uWF —yV)z, 2 — ) < 0. (3.4)
Adding up (3.3) and (3.4) yields
(WF =AV)z — (uF —yV)z,2 — 7) < 0.

The strong monotonicity of uF — «V implies that & =  and the uniqueness
is proved.

Next, we prove that z; — x as ¢ — 0. To this end, we divide its proof into
four steps.
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Step 1. We show that {z;} is bounded, and so {Vx:}, {Tz:}, {1, 2}, {F e}
and {FT,,z:} are bounded. Observing Fiz(T) = Fiz(T,,) by Lemma 2.2,
from (3.1), we derive that

lze = pll < |tvVae + (I — tuF) Ty, — pl|
= [t(Way — pFp) + (I —tpuF)Tryxy — (I — tpd)p||
< (1 —t7) ||z — pl| + t|yVay — uFpll,

and hence

1
|z — pl| < ;HW:rt — pFp|
1
< ;[IIW% —Vp|l + [vVp — uFpl|]

1
< —Dllze = pll + VP — pFpll)
This implies that

e = pll < VP — pFpl|.

T—7l
Hence {x¢}, {Vai}, {Ta}, {Th, 2}, {Fai} and {FT,,2:} are bounded.
Step 2. We show that lim;_q ||z — wy|| = 0, where wy = T}, z¢. In fact, it
follows that

lim ||z; — w|| = lim | Po[tyVay + (I — tuF) T, xt) — Po(Ty,x¢)|]

t—0 t—0

IN

lim |[tvVzy + (I — tuF) T xe — Tr,we|
t—0

lim t||[yVay — pFT,, x|
t—0
= 0.

Step 3. We show that {z;} is relatively norm compact as ¢t — 0. To this end,
let {t,} C (0,1) be a sequence such that ¢, — 0 as n — co. Put z,, := zy,,
wy, = wy, and 1, := 1¢,. Since {z,} is bounded, without loss of generality,
we may assume that {x, } converges weakly to a point ¢ € C. First, we prove
that ¢ € Fiz(T). In fact, from the definition of w,, = T}, z,, we have

1
(y — wp, Twy) — —(y — wp, (L + 1) )wy, —x,) <0, Vyel. (3.6)

n

Put v, =70+ (1 —7)g for all 7 € (0,1] and v € C. Then v, € C, and from
(3.6) and pseudocontractivity of 7', it follows that

(wp, — vr, Tor)

1
> <wn — Ur, TUT) + <U‘r - wnaTwn> - 7<’UT — Wn, (1 + 7ﬁn)wn - $n>
n
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= - <UT Wy, To7 Twn> - 7(1]7' Wn,, Wp xn) - <UT wnawn>
n
1
> = ||UT - wn” - 7<’UT W, W, $n> - <UT - wnywn> (3 7)
n
Wy — T
= _<UT_wn7UT>_<vT_wna “ n>

By Step 2, we get “’"Ti;x" —0asn —>noo. Moreover, since xz,, — ¢, by Step 2,
we have w, — ¢q as n — oo. Therefore, from (3.7), as n — oo, it follows that
(¢ —vr, Tvr) > (g — vryv7),

and hence
—(v—q,Tv;) > —(v—q,v;), YveC.
Letting 7 — 0 and using the fact that T is continuous, we get
—(v—¢,Tq) 2 —(v—q,q), YveC.
Putting v = T'q attains ¢ = T'q, that is, ¢ € Fix(T).
Now, from (3.1), we write for p € Fiz(T)
Tp—P=Tt =Yt + Yt — P
=z —yr+ (tyYWVay+ (I —tuF)T,,xy — p)
=x — Yy + (YW — pFp) + (I — tuF) T,z — (I — tuF)p,
where y; = tyVay + (I — tuF)T,,x;. From (2.1), we derive
|2 —pH2 = (zt —yr, 2t —p) +t{(yVar — pFp,xy — p)
+ (I = tpF)Ty, 20 — (I — tpF)p, ¢ — p)
< (1= t7)llee — pl® + tylllze — pl* + t(yVp — pFp, x: — p),

and henc
|z = pll* < —— (VP = pFp, 2~ p). (3.8)
We substitute ¢ for p in (3.8) to obtain
—q|* < — pF —q). :
lzn =4l = — v (YWaq—pFq,zn — q) (3.9)

Note that z, — ¢. This fact and the inequality (3.9) imply that =, — ¢
strongly. This has proved the relative norm compactness of the net {x;} as
t— 0.

Step 4. We show that that ¢ is a solution of the variational inequality (3.2).
Indeed, putting z;, in place of z; in (3.8) and taking the limit as ¢, — 0, we
obtain

lg —plI*> < (VP —pFp,q—p), Vpe Fix(T).
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In particular, g solves the following variational inequality

q € Fiz(T), (yVp—puFp,q—p)>0, Vpe Fiz(T).
or the equivalent dual variational inequality (see Lemma 2.7)

q € Fix(T), (yWq—upFq,q—p) >0, Vpe Fix(T).

That is, ¢ € Fix(T) is a solution of the variational inequality (3.2), hence
q = Z by uniqueness. In a summary, we have shown that each cluster point of
{z} (at t — 0) equals z. Therefore, z; — = as t — 0.

The variational inequality (3.2) can be rewritten as
(I =pF +V)x —2,2 —p) >0, Vpc Fix(T).
By (2.1), this is equivalent to the fixed point equation
Prigr)(I — pF ++V)Z) = T.
This completes the proof. O

Now, we consider the following iterative algorithm which generates a se-
quence in an explicit way:

Tp+1 = Polon YV, + (I — anuF)T,, xy], ¥Yn >0, (3.11)

where {a,} C (0,1), {rn} C (0,00) and ¢ € C is an arbitrary initial guess

Using Theorem 3.1, we establish strong convergence of the sequence gen-
erated by the explicit algorithm (3.11) to a fixed point = of T', which is the
unique solution of the variational inequality (3.2).

Theorem 3.2. Let {z,,} be the sequence generated by the iterative algorithm
(3.11), where {ay} and {r,} satisfy the following conditions:

(C1) {an} C (0,1) and lim,, o0 oy = 0.

(C2) Y02y = 00.

(C3) lant1 — an| < o(ont1) + Ony D opepon < 00 (the perturbed control

condition).

(C4) >0 o |rnt1 — Tn| < 00 and 1, > b >0 forn > 1.
Then {z,} converges strongly to & € Fix(T), which is the unique solution of
the variational inequality (3.2).

Proof. First, note that from the condition (C1), without loss of generality, we

assume that o, 7 < 1 and %T;Jll) < 1 for all n > 0.

Let ¢ be defined by (3.1), that is, z; = Po[tyVar + (I — tuF)T,,a4] for
0 <t<1,and let limy_gax; := 2 € Fiz(T) (by Theorem 3.1). Then Z is the
unique solution of the variational inequality (3.2).

We divide the proof into several steps:
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p—
and all p € Fiz(T). Indeed, let p € Fiz(T'). Noticing p = T;,,p, we have
Jns1 = Il < llan(yVn — wFp) + (I — cnptF) Ty, 0 — (I — anuF )Ty, |
< (L= an7)|[zn = pll + anllyVen, — pFp||
< (L= an?)llzn = pll + an(VVan = Vpll + [IWVp — nFpl))

Step 1. We show that ||z, — p|| < max{H:ro —ll, W’} forallm >0

YWp—pFp
<= (r=vDan]l|zn —p| + (T—vl)an—” H
T—"
— ukF
< max{n:cn _pH,IWPMPII},
T =l

Using an induction, we have |z, — p|| < max{||zo — p||, W}. Hence

{zy} is bounded, and so are {Vz,}, {Tx,} {1, xn}, {FT;,zn}, and {Fz,}.

Step 2. We show that ||wy, — wyp—1|| < [|#n — Tp-1]| + F|rn — rp—1|K1, Where
wy, := Ty, xy and K7 = sup{||w, — z,|| : n > 1}. Indeed, let w, = T, =, and
Wp—1 =1, ,xn—1. Then we get

<y — Wnp—-1, Twn—1> - (y — Wnp—-1, (1 + Tn—l)wn—l - $n—1> < 0, Vy € C,

Tn—1
(3.12)
and
1
(y — wp, Twy) — T—(y — Wp, (L+1p)w, —x,) <0, VyeC. (3.13)

Putting y = w,, in (3.12) and y = w,_1 in (3.13), we obtain
1

Tn—1

<wn - wn—laTwn—1> - <wn — Wp-1, (1 + Tn—l)wn—l - xn—1> <0, (314)

and

1
(Wp—1 — Wy, Twy,) — T—(wn_l — W, (1 + 7p)wy, — x,) < 0. (3.15)

Adding up (3.14) and (3.15), we have
<wn_wn—17 Twp—1 — Twn>
(1 + Tn—l)wn—l — Tp—1 (1 + rn)wn — T

— (wp, — W1, - ) <0,
Tn—1 Tn

which implies that

<wn — Wp-—1, (wn - Twn) - (wn—l - Twn—l))
- <wn — Wp—-1, Ln-1 = Tl - Un — xn> S 0
T'n—1 Tn
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Now, using the fact that 71" is pseudocontractive, we deduce

<wn — w1, Wp—1 — Tpn—1 _ Wp — wn> >0,
Tn—1 Tn
and hence
Tn—1
(Wy, — Wp—1, W1 — Wy, + Wy, — Tpy—1 — Z (wp, — xy)) > 0. (3.16)
n

Since 1, > b > 0 for n > 1, by (3.16), we have

Tn—1
Hwn - wn—1”2 < <wn — Wp—1,Tn — Tp—1 + <]— - : >(wn - xn))
n

1
<l = el = 52l + 1 = ralln = 2l
n
which implies
1
Hwn - wnle < ||55n - xanH + g|rn - Tn71|K17 (317)

where K = sup{||w, — x| : n > 1}.

Step 3. We show that lim,_,« ||Zn+1 — @»| = 0. In fact, by Step 1, there
exists a constant K9 > 0 such that for all n > 0,

P F Tzl + ][V an|| < K.
Then, by Step 2, we have
[Zn1 = @nll < (I — anpF )T, 20 — (I — anpF) T, 201
+ play —an—1)FT,, xn_1
+lan(Vay = Van1) + Vap_i(an — an-1)|
< (1 —ann)|T,zn — Tr,, Tp—1]]
+ plom — an|[|[FT,_ 2n—1]]
+an[lllen — znall + [[VEn-illom — anl] (3.18)
< (1= an(r = W)l — nall + gl — a1 Ky
+ |ay — ap—1] K>
< (1= an(r =) on = 2l + 3l = rai] Ky
+ (o(am) + on-1)Ka.

By taking sp4+1 = ||Tnt1 — Znll, Bn = an(T — 1), Brdn = o(ay) Ky and v, =
On_1K9 + %]rn — rp—1|K1, from (3.18), we derive

Sn+1 < (1 - Bn)sn + Bn(sn + Yn-
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Hence, by (C2), (C3), (C4) and Lemma 2.3, we obtain

nlggo [#n41 — zn| = 0.
Step 4. We show that lim,_, ||z, — wy| = 0, where w,, := T, x,. Indeed,

from the condition (C1) and Step 3, it follows that
[#n — wall = [lzn — T, 2|
< llzn = zns1 || + 12041 — T 2|
< |lwn — Tpgal| + [JanYVan + (I — anpuF) Ty, xn — Ty, 2|
= [[#n — Zppall + anl[yVan — pF Ty, a0
< ||xp — Tpy1|| + K3 =0 (as n — o0),

where K3 = sup{||[yVx, — pFT,, x| :n>0}.

Step 5. We show that limsup,,_,..(YVZ — pFZ,z, — ) < 0, where ¥ is a
solution of the variational inequality (3.2). First we prove that

limsup((vV — puF)z,w, — ) = limsup((vV — uF)z,T,, z, — ) < 0.
n—oo

n—o0
Since {z,} is bounded, we can choose a subsequence {z,,} of {z,} such that
limsup((yV — uF)z,w, —z) = lim ((yV — uF)x,w,, — ). (3.19)
n—oo 1—00

Without loss of generality, we may assume that {z,,} converges weakly to
g € C. From |lw, — x,|| — 0 by Step 4, it follows that w,, — ¢. Thus,
by the same argument as in Step 3 of the proof of Theorem 3.1, we obtain
q € Fiz(T). So, from (3.19), we obtain
limsup((yV — uF)z,w, —x) = lim ((WV — uF)Z,w,, — T)
n—00 oo (3.20)
=((vV —puF)z,q— ) <0.
Since limy, o0 ||Zn, — wy|| = 0 by Step 4, from (3.20), we conclude that

limsup((yV — uF)x,x, — T)
n—oo

IN

limsup((vV — puF)Z, xy — wy) + limsup((yV — pF)z, w, — T)
n—oo

n—o0

< limsup [|(7V = pF)Z||[|an — wn || + limsup((7V — pF)z, wn — Z)
n—oo n—oo
< 0.
Step 6. We show that lim,_, ||z, — Z|| = 0, where T is a solution of the

variational inequality (3.2). To this end, let y,, = ap YV, + (I — anuF)T,, Ty,
Then, we obtain

Yn — T = an(YWay — pFz) + (I — anuE)T,, xn — (I — auuF)x
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and
Tp+l — T
=Tnyl —Yn+Yn — T
= Tp+1 — Yn + an(YVxy — pFT) + (I — anpuF)Ty, xn — (I — anuF)T.
Applying (2.1), Lemma 2.1 and Lemma 2.6, we derive

|41 — 2|7
= ||zns1 — yn + (I — anuE)T,, xn — (I — auF)x
+an (YW — pF7)|?
< (I = anpF) Ty 0 — (I = anpF)T,, T
+ 2(Tpt1 — Yn, Tnt1 — T) + 200 (YVay — pFT,2p41 — T) (3.21)
< (1= ant)?||zn — T|* + 200 (YW n — YVT, Tpi1 — T)
+ 20, (YT — pFZ, 2041 — T)
< (1= ant)’llzn = Z1* + anyl(llzn — 217 + 2 = Z1°)
+20,(YWVT — pFZ,2p41 — 7).
Then, it follows from (3.21) that

41 — F?
1— 2 l _ 2 ~ ~ =
< Qe ly, g 20 W i i~ B)
1—apyl 1 —apyl
) o N 3.22
< 1_M 2n — 7|2 522
1 — apyl

20, (T — A1) 1 - _ ~ a7
 WFF T — B+ Ty,
+ Tl T_’yl<’ny J70 R x>+2(7’—7l) 4

where Ky = sup{||z,, — Z||? : n > 0}. Put

200, (T — 7l
g, = 2mlr =)
1— a,yl
1 (uF7 Vi )+ anT? e
n = T — T,x — Tn —K3.
T—’}/lu Y +1 20r — ) 3

From (C1), (C2) and Step 5, it follows that 3, — 0, > ° 8, = oo and
lim sup,, ,~, 6 < 0. Since (3.22) reduces to

|Znt1 — %”2 < (1 =Bu)llwn — §||2 + Bnon,

from Lemma 2.3 with 7, = 0, we conclude that lim,_, ||z, — Z|| = 0. This
completes the proof. O
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In case that C' = H, we can dispense with the condition (C3) |ap41 — | <
o(@nt1) + Ons D opegon < 00 (perturbed control condition) in Theorem 3.2.
For this purpose, we propose the following iterative algorithm which generates
a sequence in an explicit way:

Tnt1 = anYVn + Bnxn + (1= ) — anuF)T,, x,, ¥Yn >0, (3.23)

where {an}, {fn} C (0,1), {r,} C (0,00) and z¢ € C is an arbitrary initial
guess.

Using Theorem 3.1, we also prove strong convergence of the sequence gen-
erated by the explicit algorithm (3.23).

Theorem 3.3. Suppose that C = H. Let Let {x,} be the sequence gener-
ated by the iterative algorithm (3.23), where {cu,}, {Bn} and {r,} satisfy the
following conditions:

(C1) {an} € (0,1) and lim, o0 vy, = 0.

(C2) Yooy = 0.

(C3) 0 < liminf, o By < limsup,_, Bn < 1; and

(C4)" limy 00 [Tnt1 — | =0 and 7, > b >0 forn > 1.
Then {x,} converges strongly to © € Fix(T), which is the unique solution of
the variational inequality (3.2).

Proof. We only include the difference from the proof of Theorem 3.2. We also
divide the proof into several steps:

Step 1. We show that ||z, — p|| < max< ||zo — pll, W)} foralln >0

and all p € Fiz(T). Indeed, let p € Fiz(T). Noticing p = T, p, we have

[Zn41 = pll = e (YW an — pFp) + Bu(zn — p)
+ ((1 - /Bn)l - an/«LF)Trnmn - ((1 - Bn)l - anMF)Tran

<(1 = B — ant)ln — pll + Ballzn — pll + anlPVan — uFpl
<(1 = apm)||lzn —pll + an(|VVEn —4Vp| + [WVp — uFp||)
<(1 = an?)l2n — pll + an(ylll2n — pll + VP — uFpl)
Vo —uF
<11~ (r = Wanlllan — pll + (7 — D)oy V2= HEPI
T =l
Vop—uF
gmax{uxn ol ””’“‘p’}
T =l

Using an induction, we have ||z, — p|| < max{||zo — p||, %}. Hence

{zy,} is bounded, and so are {V,}, {Tz,} {1}, zn}, {FT;, xn}, and {Fz,}.
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Step 2. From Step 2 in the proof of Theorem 3.2, we know that
1
w1 — wnll < [|Zpg1 — 2ol + g|rn+1 — | K1,

where wy, := T, x, and K1 = sup{||w, — z,|| : n > 1}.
Step 3. We show that lim,,_,« ||Zn+1 — 2n|| = 0. To this end, define
Tn+1 = Bnn + (1 = Bp)ln, ¥n > 0.

Then, we deduce

ln—i—l - ln
_ Tng2 = Bni1Tng1 Tngl = Bnln
- 1- /Bn-‘rl - /Bn
oYV 4+ (1= Bor)] — an i plF) T, T
B 1- Bn-&-l
o YVan + (1= Bp)l — anp)T, zn
1— 06y
= Trn+1xn+1 - Trnwn
4 Wy — pF Ty, Tpg1) + — (WF T 2 — V).
1- Bn-i—l 1- Bn
Thus, from Step 2, we obtain
it = tll = onen = 2l < (2550 L2V Kt i =l

where Ko = sup{p||FT;, 2| +7||V2y| : n > 0}. From conditions (C1), (C3)’
and (C4)’, we derive

limsup([|lnt1 — lnll = [[Zns1 — z4l]) < 0.
n—oo

Hence, Lemma 2.4, we obtain

lim ||l,, — z,| = 0.
n—oo
Consequently,
nh—>H;o [Zns1 — 20|l = nh_%o(l — Bn)llln — ]| = 0.
Step 4. We show that lim, o ||z, — wy|| = 0, where w,, := T, z,,. Indeed,

by (3.23), we have
|z — wnll = [[2n — T, 20|
< llzn = zng1 || + lzns1 — T 20|
< lzn = @ngill + an(VIVanll + pl| FT,znll) 4 Bullzn — Trpanl,
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that is,
2 = wall =l — Troall < 7l — ania| + — 22K
- ﬁn - ﬁn

So, by conditions (C1) and (C3)’, and Step 3, we conclude

113(010 |z — wy| = nh%rgo |xn — Tp, xn|| = 0.
Step 5. From Step 5 in proof of Theorem 3.2, we see that

limsup(yVz — uFz,x, — ) <0,
n—oo

where T is a solution of the variational inequality (3.2).
Step 6. We show that lim,_,« ||z, — Z|| = 0, where T is a solution of the

variational inequality (3.2). By using (3.23), we have
Tyl — T = an(YVy, — uFT) + Bu(x, — 7)
+ (1 = B — anuF)T,, xy — (1 — Bp)I — apnpuF)T.
Applying Lemma 2.1 and Lemma 2.6, we obtain
[
= [[((X = Bp)I — auuF) T on — (1 = Bn)I — anpF)T
+ Bn(n — ) + an(YV iz, — pFT)|?
< (= Bl = anpF)Tywn — (1= Ba)I — aqpF) T3, T + Boan — 7)1
+ 20, (YVxy — uFT, xp 1 — )
< (1= Bn — anT)llzn — 2| + Bullzn — 5”)2 + 20, (YWan —YVZ, Tpt1 — T)
+ 20, (Y VT — pFZ, 241 — T)
<(1- anT)ZHfEn - 5”2 + 2anyl([|zn — [ [|2n1 — Z]))
+20,(YVZT — pFZ,xpy1 — T)
< (1= an7)?llen = 2|1 + anyl(l|zn — ZI* + [[2nts — Z[*)
+20,,(YVZT — pFZ, xp1 — ).

The remainder follows from Step 6 in proof of Theorem 3.2. This completes
the proof. O

Remark 3.4. (1) Theorem 3.1, Theorem 3.2 and Theorem 3.3 improve
and develop the corresponding results in [5, 8, 9, 17] from the class of
the strictly pseudocontractive mappings or the class of the nonexpan-
sive mapping to the class of the pseudocontractive mappings.

(2) Theorem 3.1 includes the corresponding results of Tian [18], Marino
and Xu [12] and Moudafi [15] as some special cases.
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(3) Theorem 3.2 and Theorem 3.3 also generalizes the corresponding re-
sults of Cho et al. [7], Jung [8] and Marino and Xu [12] in following
aspects:

(a) A strongly positive bounded linear operator A in [7, 8, 12] is
extended to the case of a p-Lipschitzian and n-strongly monotone
operator F'. (In fact, from the definitions, it follows that a strongly
positive bounded linear operator A (i.e., there exists a constant
5 > 0 with the property: (Az,z) > 7||z||?, = € H) is a ||A|-
Lipschitzian and 7-strongly monotone operator).

(b) The contractive mapping f with a constant o € (0,1) in [7, 8, 12]
is extended to the case of a Lipschizian mapping V with a constant
[ >0.

(¢) The nonexpansive mapping S in [7, 12] is extended to the case of
the pseudocontractive mapping 7T'.

(4) For iterative algorithms for systems of generalized equilibria, mixed
equilibria, minimization, split inclusion and fixed point problems, we
can also refer to [4, 6] and the references therein. By combining our
methods in this paper and methods in [4, 6], we will consider new
iterative algorithms for the above-mentioned problems coupled with
fixed point problems of pseudocontractive mappings.
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