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1. Introduction and preliminaries

Throughout this paper, we assume that E is an arbitrary real Banach space
and denote by J the normalized duality mapping from E into 2E∗ given by

J(x) = {f ∈ E∗ : 〈x, f〉 = ‖x‖2 = ‖f‖2}, x ∈ E.

Where E∗ denotes the dual space of E and 〈·, ·〉 denotes the generalized dual-
ity pairing between E and E∗.

Definition 1.1. Let D be a nonempty subset of E, T : D → D be a mapping.
(1) T is said to be asymptotically nonexpansive if there exists a sequence

{kn}∞0 in [1,+∞) with lim
n→+∞ kn = 1 such that

‖Tnx− Tny‖ ≤ kn‖x− y‖

for all x, y ∈ D and n ≥ 1; if the sequence {kn} is a constant sequence {1},
then T is said to be nonexpansive.

(2) T is said to be asymptotically quasi-nonexpansive if there exists a se-
quence {kn}∞0 in [1,+∞) with lim

n→+∞ kn = 1 such that

‖Tnx− q‖ ≤ kn‖x− q‖

for all x ∈ D and for all q ∈ F (T ) (F (T ) denotes the set of fixed points of T )
and n ≥ 1.

It is well known that if T is nonexpansive, then T is asymptotically nonex-
pansive with invariant sequence {1}n≥1; if T is asymptotically nonexpansive,
then T is uniformly L-Lipschitzian where L = sup

n≥1
{kn} and asymptotically

quasi-nonexpansive. But the converse is not true in general and an asymptot-
ically quasi-nonexpansive mapping needn’t be continuous.

we are now in a position to introduce the following iterative processes
for asymptotically nonexpansive and asymptotically quasi-nonexpansive map-
pings in Banach spaces.

Definition 1.2. Let D be a nonempty convex subset of E and T : D → D
be a mapping. Let x ∈ D be a given point and {αn}∞0 , {βn}∞0 , {γn}∞0 and
{δn}∞0 are real sequences in [0, 1]. Then the sequence {xn}∞0 defined by
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x ∈ D

xn+1 = αnx + (1− αn − γn) 1
n+1

n∑
j=0

T jyn + γnun n ≥ 0

yn = βnxn + (1− βn − δn) 1
n+1

n∑
j=0

T jxn + δnvn

(1.1)

is called the first type of modified Reich-Takahashi iterative sequence with
errors of T , where {un}∞0 , {vn}∞0 are arbitrary bounded sequences in D. Es-
pecially, if βn = 1, δn = 0 for all n ≥ 0, then yn = xn and {xn}∞0 defined by





x ∈ D

xn+1 = αnx + (1− αn − γn) 1
n+1

n∑
j=0

T jxn + γnun n ≥ 0 (1.2)

is called the second type of modified Reich-Takahashi iterative sequence with
errors of T .

The conception of asymptotically nonexpansive mapping was introduced by
Goebel and Kirk [2] in 1972, they proved that every asymptotically nonexpan-
sive self-mapping defined on a nonempty bounded closed convex subset of an
uniformly convex Banach space has a fixed point.

The iterative algorithm for fixed points of maps is one of the main aspects
in studying nonlinear analysis. Many authors have considered some special
cases of sequence (1.1) and (1.2).

(1) If E = H is a Hilbert space and T : D → D is a nonexpansive mapping,
then the sequence {xn} defined by (1.2) was introduced and studied in Shimizu
and Takahashi [5]. They showed that if F (T ) 6= ∅ and if {αn} satisfies 0 ≤
αn ≤ 1, αn → 0, and

∞∑
n=0

αn = ∞, then the sequence {xn} converges strongly

to some point in F (T ) which is nearest to x in F (T ).
(2) Let E = H is a Hilbert space and T : D → D is a nonexpansive mapping

and {xn} be the sequence defined by
{

x ∈ D
xn+1 = αnx + (1− αn)Txn n ≥ 0 (1.3)

Wittmann [8] showed that if {αn} satisfies the following condition:

0 ≤ αn ≤ 1, αn → 0,
∞∑

n=0

αn = ∞, and
∞∑

n=0

|αn+1 − αn| < ∞,

then the sequence {xn} converges strongly to some fixed point of T in D.
Recently, Chang in [1] has proved the following theorem:
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Theorem 1.3. Let E be a real Banach space whose norm is Gâteaux differ-
entiable, D be a nonempty closed convex subset of E and T : D → D be an
asymptotically nonexpansive mapping with a sequence {kn} ⊂ [1,∞), kn →
1,

∞∑
n=0

(en − 1) < ∞, where

en =
1

n + 1

n∑

j=0

kj ≥ 1, ∀n ≥ 0 (1.4)

and let F (T ) 6= ∅. Let {αn}, {βn} be two sequences in [0, 1] satisfying the
following conditions:

αn → 0(n →∞) and
∞∑

n=0

αn = ∞,

for any given x ∈ D and for any n ≥ 1 define a contractive mapping Sn : D →
D as follows:

Sn(z) = (1− dn)x + dnTnz

where

dn =
tn
kn

, n = 1, 2, · · · , tn ∈ (0, 1), tn → 1 (as n →∞).

Let zn be the unique fixed point of Sn, i.e., zn satisfies the following:

zn = Sn(zn) = (1− dn)x + dnTnzn, n ≥ 1.

If {zn} converges strongly to some z ∈ F (T ) as n →∞, then the first type of
modified Reich-Takahashi sequence {xn} defined by (1.1) converges strongly to
the fixed point z if and only if {yn} defined by (1.1) is bounded.

Liu [3] studied the Ishikawa iterative approximation problems of fixed points
for asymptotically quasi-nonexpansive mappings with error member in Banach
spaces. He gave the necessary and sufficient condition for the Ishikawa iterative
sequences to converge to fixed points of these mappings. Inspired by their
idea, in this paper we will continue studying these problems and to extend the
results of [1] from a real Banach space whose norm is Gâteaux differentiable
to arbitrary Banach spaces and of [3] from the modified Ishikawa and Mann
iterative sequences with error members to the first type of Reich-Takahashi
iterative sequence with errors of T . We will give some necessary and sufficient
condition for the sequence to converge to fixed points in arbitrary real Banach
spaces. The method proving the main result in this paper is also quite different
and of a little more succinct. Then results presented in this paper thus extend
and improve the main results in [1-8].
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2. Main results

Our results are the following.

Theorem 2.1. Suppose that E be an arbitrary real Banach space, D be a
nonempty closed convex subset of E, T : D → D be an asymptotically quasi-

nonexpansive mapping with a sequence {kn} ⊂ [1,∞), kn → 1,
∞∑

n=0
(en − 1) <

∞, where

en =
1

n + 1

n∑

j=0

kj ≥ 1, ∀n ≥ 0 (2.1)

(T need not be continuous), and let F (T ) 6= ∅. Suppose {αn}∞0 , {βn}∞0 , {γn}∞0
and {δn}∞0 are real sequence in [0, 1] satisfying the following conditions:

(a) αn + γn ≤ 1, βn + δn ≤ 1, n = 0, 1, 2, · · · ;
(b)

∞∑
n=0

αn < +∞,
∞∑

n=0
γn < +∞,

∞∑
n=0

δn < +∞.

Then the first type of modified Reich-Takahashi sequence {xn} defined by (1.1)
converges strongly to the fixed point p of T if and only if lim inf

n→+∞ d(xn, F (T )) =

0, where d(y, C) denotes the distance of y to set C; i.e., d(y, C) = inf
∀x∈C

d(y, x).

Theorem 2.2. Suppose that E be an arbitrary real Banach space, D be a
nonempty closed convex subset of E, T : D → D be an asymptotically quasi-

nonexpansive mapping with a sequence {kn} ⊂ [1,∞), kn → 1,
∞∑

n=0
(en − 1) <

∞, and let F (T ) 6= ∅. Suppose {αn}∞0 , {γn}∞0 are real sequence in [0, 1]
satisfying the following conditions:

(a) αn + γn ≤ 1, n = 0, 1, 2, · · · ;
(b)

∞∑
n=0

αn < +∞,
∞∑

n=0
γn < +∞.

Then the second type of modified Reich-Takahashi sequence {xn} defined by
(1.2) converges strongly to the fixed point p of T if and only if lim inf

n→+∞ d(xn, F (T )) =
0.

Theorem 2.3. Suppose that E be an arbitrary real Banach space, D be a
nonempty closed convex subset of E, T : D → D be a non-expansive mapping
and let F (T ) 6= ∅. Suppose the conditions for the iterative parameters as same
as in Theorem2.1. Then the modified Reich-Takahashi sequence {xn} defined
by (1.1) or (1.2) converges strongly to the fixed point p of T if and only if
lim inf
n→+∞ d(xn, F (T )) = 0.

Theorem 2.4. Suppose that E be an arbitrary real Banach space, D be a
nonempty closed convex subset of E, T : D → D be a quasi-nonexpansive
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mapping (T need not be continuous) and let F (T ) 6= ∅. Suppose the conditions
for the iterative parameters as same as in Theorem2.1. Then the modified
Reich-Takahashi sequence {xn} defined by (1.1) or (1.2) converges strongly to
the fixed point p of T if and only if lim inf

n→+∞ d(xn, F (T )) = 0.

In order to prove the above theorem, the following lemma plays an impor-
tant role.

Lemma 2.5. ([3]) Let {an}∞0 , {bn}∞0 , and {tn}∞0 be nonnegative real sequences
satisfying

an+1 ≤ (1 + tn)an + bn,

for all n ∈ N , and
∞∑

n=0
tn < +∞,

∞∑
n=0

bn < +∞. Then

(a) lim
n→+∞ an exists.

(b) If lim inf
n→+∞ an = 0, then lim

n→+∞ an = 0.

3. Proofs of the main results

Proof of Theorem 2.1. The necessity of the conditions is obvious. Thus
we will only prove the sufficiency. For any q ∈ F (T ), from (1.1) and by the
definition of normalized duality mapping we have

‖xn+1 − q‖2

= ‖αn(x− q) + (1− αn − γn)
1

n + 1

n∑

j=0

(T jyn − q) + γn(un − q)‖2

= 〈αn(x− q) + (1− αn − γn)
1

n + 1

n∑

j=0

(T jyn − q) + γn(un − q), J(xn+1 − q)〉

= 〈αn(x− q), J(xn+1 − q)〉+ (1− αn − γn)
1

n + 1

n∑

j=0

〈(T jyn − q, J(xn+1 − q)〉

+ γn〈un − q, J(xn+1 − q)〉
≤ αn‖x− q‖‖xn+1 − q‖+ en‖yn − q‖‖xn+1 − q‖

+ γn‖un − q‖‖xn+1 − q‖ ∀n ≥ 0.

No matter what ‖xn+1− q‖ is zero or not, from above inequality, we always
obtain that

‖xn+1 − q‖ ≤ en‖yn − q‖+ αn‖x− q‖+ γn‖un − q‖, ∀n ≥ 0. (3.1)
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Now we consider ‖yn − q‖ which follows from (1.1) that

‖yn − q‖

= ‖(1− βn − δn)
1

n + 1

n∑

j=0

(T jxn − q) + βn(xn − q) + δn(vn − q)‖

≤ (1− βn − δn)en‖xn − q‖+ βn‖xn − q‖+ δn‖vn − q‖
= [(1− βn − δn)en + βn]‖xn − q‖+ δn‖vn − q‖
≤ en‖xn − q‖+ δn‖vn − q‖ ∀n ≥ 0.

(3.2)

Substituting (3.2) into (3.1) we have

‖xn+1 − q‖ ≤ e2
n‖xn − q‖+ enδn‖vn − q‖+ αn‖x− q‖+ γn‖un − q‖

= [1 + (e2
n − 1)]‖xn − q‖+ (δn + αn + γn)M1

where M1 = max{‖x− q‖, supn≥0 en‖vn − q‖, supn≥0 ‖un − q‖}.

Let an = ‖xn+1 − q‖, tn = e2
n − 1, bn = (δn + αn + γn)M1, then

∞∑
n=0

tn <

+∞,
∞∑

n=0
bn < +∞, and above inequality becomes ‖xn+1 − q‖ ≤ (1 + tn)‖xn −

q‖ + bn, so it is followed from lemma2.5 that lim
n→+∞ ‖xn − q‖ exists and we

have
lim

n→+∞ d(xn, F (T )) = 0

by the hypothesis of theorem. By using inequality 1 + x ≤ expx(∀x ≥ 0) and
above inequality for all positive integer m ≥ 1 we have

‖xn+m − q‖ ≤ (1 + tn+m−1)‖xn+m−1 − q‖+ bn+m−1

≤ exp(tn+m−1)‖xn+m−1 − q‖+ bn+m−1

≤ exp(
n+m−1∑

k=n

tk)‖xn − q‖+ exp(
n+m−1∑

k=n

tk)
n+m−1∑

k=n

bk

≤ M‖xn − q‖+ M
n+m−1∑

k=n

bk

where M = exp(
+∞∑
k=n

tk). Thus so far we have showed that

(c) ‖xn+m − q‖ ≤ M‖xn − q‖+ M
n+m−1∑

k=n

bk.

(d) lim
n→+∞ d(xn, F (T )) = 0.
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So it is easy to show that {xn}∞n=1 must be Cauchy sequence. Because for

all ε > 0, since lim
n→+∞ d(xn, F (T )) = 0 and

∞∑
n=0

bn < ∞, there must exist a

constant N1, such that when n ≥ N1,

d(xn, F (T )) ≤ ε

4M
and

∞∑

k=n

bk ≤ ε

6M
,

and so d(xN1 , F (T )) ≤ ε
4M . There must exist p̄ ∈ F (T ), such that

d(xN1 , p̄) ≤ ε

3M
.

From (c) above it can be obtained that when n ≥ N1,

‖xn+m − xn‖ ≤ ‖xn+m − p̄‖+ ‖p̄− xn‖

≤ M‖xN1 − p̄‖+ M
∞∑

k=N1

bk + M‖xN1 − p̄‖+ M
∞∑

k=N1

bk

≤ M
ε

3M
+ M

ε

6M
+ M

ε

3M
+ M

ε

6M
= ε.

This implies {xn}∞n=1 is a Cauchy sequence. The space is complete, thus
lim

n→+∞xn exists. Let lim
n→+∞xn = p. We will show that p is a fixed point, i.e.,

p ∈ F (T ). For all ε > 0, since lim
n→+∞xn = p and lim

n→+∞ d(xn, F (T )) = 0, there

must exist a constant N , such that when n ≥ N,

‖xn − p‖ ≤ ε

2(k1 + 1)
and d(xn, F (T )) ≤ ε

3(k1 + 1)
.

And so there must exist a p1 ∈ F (T ), such that

d(xN , p1) ≤ ε

2(k1 + 1)
.

Hence we have

‖Tp− p‖ = ‖Tp− p1 + p1 − p‖ ≤ (k1 + 1)‖p− p1‖
≤ (k1 + 1)[‖p− xN‖+ ‖xN − p1‖]
≤ ε.

Thus Tp = p, i.e., p is a fixed point by the arbitrary property of ε. With this,
the proof of Theorem2.1 is completed. ¤

Theorem 2.2 can be proved by Theorem 2.1. Using the same method,
Theorem 2.3 and Theorem 2.4 can be proven.
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Remark 3.1. Our results extend the results of [1] from real Banach spaces
whose norm is Gâteaux differentiable to arbitrary real Banach spaces. It is
also easy to see that our results are significant extensions of the results of [2-8]
to arbitrary real Banach spaces and to the more general classes of mappings
considered here. Moreover, the boundedness of domain is removed, and the
method proving the main result in this paper is new and succinct. It is worth to
mention that the statement in our theorems are simpler than that in Theorems
in [1] and that the restriction for the iterative parameter {αn} which satisfies
+∞∑
n=0

αn = ∞ in [1, theorems] is replaced by considering the condition that

+∞∑
n=0

αn < ∞ and that the proof is completed in our paper only by using one

single auxiliary lemma. We also mention that the iterative process in [1] is
extended to that with error members.
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