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Abstract. In this paper, we shall generalize Duhamel’s principle in order to represent
solutions to some semi-linear hyperbolic type of equations. We also give some examples
which will be useful in the study of the life span or the singularity.

1. INTRODUCTION

We are concerned with the Cauchy problem on [0,7] x R?

{ OPu — p(9y)*u = f(t, x, Opu — p(&c)u),
u(0,7) = p(z), du(0,z) =1p(x),

where p(9,) is a differential operator such that
p"(0z) = —p(0z). (1.2)

Through this article, we do not assume smoothness nor growth order for p(x),
¥(x) and f(t,x,«). In particular, when n = 1, the equation (1.1) with p(9,) =
+0, is just a semi-linear wave equation. The equation (1.1) with p(9,) =
+iA, is a semi-linear plate equation (Timoshenko type equation) which can
be regarded as a sort of hyperbolic type (see [1], [10], etc.)

By Fourier transform, one can show an exact representation formula for the
linear equation with f = 0. So we may suppose that the solution v to the

(1.1)
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following Cauchy problem on [0,7] x R} is known:

{ 0fv — p(0z)*v =0, (1.3)
v(0,2) = ¢(x), 9v(0,z) = ().
Moreover, the existences of some typical non-linear equations have been al-

ready known. In particular, we shall suppose that the solution « to the fol-
lowing Cauchy problem on [0,7] x RY is known:

{ O+ p(0z)a = f(t,x,a), (1.4)
a(0,z) = ¢(x) — p(z)p(x). '
Actually, when n = 1, the equation (1.4) with p(9,) = £0, is the first order
non-linear equation which can be reduced to an ordinary evolution equation by
changes of variables. Not only the existence but also the exact representation
formula is well-known classically. The equation (1.4) with p(9,) = +iA, is a
non-linear Schrodinger equation for which the existence has been studied by
many authors (see [3], [9], etc.).

Our purpose is to represent the solution u to the semi-linear equation (1.1)
with the solution v to the linear equation (1.3) and the solution « to the non-
linear equation (1.4). So the exactly solvable model (1.1) is a new category of
non-linear equations. We can prove the following:

Theorem 1.1. Let us assume that v is the solution to (1.3) and « is the
solution to (1.4). Then the solution to (1.1) is represented by

t
u(t,x) = v(t, x) —I—/ w(t — s, x;s)ds, (1.5)

0
where w(t, x; s) is the solution to the following Cauchy problem on [0,T] x R :

algw - p(aiv)zw = 07
w(0,x;8) =0, dw(0,x;s) = f(s,x,a(s,:c)). (1.6)
Remark 1.2. Whenn =1 and p(0;) = £0,, (1.1) is a linear inhomogeneous

equation if f(t,x,a) is independent of a. Then (1.3) is a linear homogeneous
equation and (1.6) is just an auxiliary equation for the Duhamel’s principle.

Our theorem gives a reduction method from a higher order equation (1.1) to
a lower order equation (1.4) which inherits a nonlinearity from (1.1) (see §2.1).
In general, it would be difficult to find an example for the general semi-linear
wave equation

(fu — Au = f(t, x,u, O, axu>. (1.7)

Our theorem has good possibilities to construct useful examples as a special
case (1.1) of (1.7) and to know the structure of the solution (see §2.2).
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We shall also introduce more simpler cases of 1-dimensional semi-linear
equations. We are concerned with the Cauchy problem on [0,7] x R}

{ O*u — a(t)?0%u = d (t)0pu + f(t, x, Opu — a(t)81u>, (1.8)

u(O,x) = QO(SC), 875”(0737) = 1/1(33)7

where a(t) is a real-valued differentiable function on [0,7]. Here we remark
that a(t) may possibly take zero. Thus, the equation (1.8) is a weakly hyper-
bolic equation with a variable coefficient. Linear weakly hyperbolic equations
have been studied (see [4] and [5]) and applied to non-linear weakly hyperbolic
equations (see [2], [6] and [7]).

We consider the following Cauchy problem on [0, 7] x R} corresponding to
(1.4):

{ Oy + a(t)ax()é = f(ta €, Oé), (19)

a(0,z) = ¢(x) — a(0)dzp(x).

We shall also give the another representation of the solution u to the semi-
linear equation (1.8) with the solution « to the non-linear equation (1.9), but
without the Cauchy problem corresponding to (1.3).

Then we can prove the following:

Corollary 1.3. Let us assume that « is the solution to (1.9). Then the solu-
tion to (1.8) is represented by

ult, z) :g0<:6—|-/0ta(r)d7'> +/0ta(s,x+/:a(7')d7')ds, (1.10)

in particular, if a(t) = a,

u(t, x) :<p(x+at)+/0toz<s,x+a(ts))ds. (1.11)

Remark 1.4. The result (1.11) for (1.8) with a(t) = a should coincide with
the result (1.5) for (1.1) with p(0;) = ady (n = 1). One can check this fact
after a long computation (see §6).

2. APPLICATIONS

In this section we shall introduce some examples to apply our theorems.

2.1. n-dimensional semi-linear plate equations.
We shall consider (1.1) with p(9,) = £iA,. From the following proposition,
we can get the solution v to the Cauchy problems (1.3) and (1.6):
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Proposition 2.1. Let ¢,9 € LY(R?). The solution to the Cauchy problem
on [0,T] x R?
{ OFv + A2v =0,
v(0,z) = p(x), Ow(0,z) = Y(z),

1s represented by

v(t,x) = \/41—7rn - {go(m —Vty) + /Ot Y(x — ﬁy)dT} cos {W;mr}dy

For the proof of Proposition 2.1, see §5.
Hence, by Theorem 1.1 we find that
1

u(t,r) = T e {cp(a: —Vity) + /Oti/)(x — ﬁy)dT} cos {|y]24—n7r}dy

1 t t—s
+ —= S, — \TY,a(S, T — /T
Var /2/0/0 f< Vol fy)>
[y —nm
X €08 {T }desdy

solves the Cauchy problem on [0,7] x R

8t2u + Aiu = f(t, x, 0u F iAxu),
Here, « is given by the solution to the Cauchy problem on [0,7] x R}

o Filya = f(t,z, ),
a(0,7) = ¥(z) £ ilep(z).
The existence of the solution « to the non-linear Schrodinger equation de-
pends on its non-linearity (see [3], [9], etc.).

(2.1)

2.2. n-dimensional semilinear wave equations.
Let ¢ > 1. We shall consider the Cauchy problem on [0,7] x R?

1 1 q
2 o - I H
Ofu — Agu = 1 (8tu \/ﬁdlvxu> ,

Putting X = )" | ;, we assume that ¢ and 1) satisfy
o) = P(X), ¥(z)=Y(X).

Then, we will know the fact that u also satisfies u(t,z) = U(t,X) from the
later representation. Therefore, we shall use this fact in advance. Since A, =

(2.2)
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(divg)?/n + ZKK]QL(@,;z — 8z;)?/n and (O, — O, )u = (8, — O, )U = 0, the
Cauchy problem (2.2) is changed into the Cauchy problem on [0,7] x R}
1 .. 1 1 . q
O — E(dlvx)2u = e (Btu - %dlvxu> ,

u(0,z) = ®(X), Owu(0,z) = V(X).
We can find that
1 1 [
v(t,x) = 5{cI>(X +vnt) + ¢(X — \/ﬁt)} + 2/ V(X + /nr)dr
—t
solves the Cauchy problem on [0,7] x R
1
OPv — —(divy)?v =0,
n
v(0,z) = ®(X), 0w(0,z) = V(X),
and that

1

alt,z) = {t - {\IJ(X _ ) — ad' (X — \/ﬁt)}l_q}m

solves the Cauchy problem on [0,7] x R

1 1
87505 + %dlvxa = ]ﬁaq,
a(0,z) =¥ (X) — %divqu(X).

Moreover, writing a(t,z) = A(t, X ) we can also find that

/ A(s, X + /n1)ldr

w(t,z;s) =
2(1—¢q)

solves the Cauchy problem on [0,7] x R?
1
OPw — ﬁ(divz)Qw =0,

1 1
w(0,x;8) =0, Qw(0,x;s) = Ea(s,x)‘Y( = EA(S,X)'I).
Thus, by Theorem 1.1 we get the following:

Theorem 2.2. Let X = " | x;. Then the solution to the Cauchy problem
on [0,T] x R2

1 1 q
2 _ T
Ofu — Azu ¢ <8tu \/ﬁdlvxu> ,

u(0,z) = ®(X), Ju(0,z) = ¥(X),
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1s represented by

u(t,z) = 1{ D(X + nt) + (X — ft)} ;/ttqf(X+\/ﬁT)dT
s/, / 0 (X 47 —3) ~vad! (X +vi(r—s)} D drds.

For instance, taklng ®(X) =0, V(X) = 1/X and ¢ = 2, we have for
sufficiently large X > 0

_;/_ttX;fr //t 9 S+X+\/E(T_s)}72d7ds

2v/n + 1 log X NG
-1 X +0- )t
Remark 2.3. In the computations of the above formula, we need the integra-
bility. In fact, formal computations give for all (x1,--- ,x,) € RY

2 1 X t

u(t,x) = vn+ log Vn .

dn —1 X+ (1—+n)t
Hence, we see that the solution is singular at X 4++/nt = 0 and X +(1—/n)t =
0.

2.3. 3-dimensional semilinear wave equation.
We shall consider the Cauchy problem on [0,7] x R3
{ Otu — Agu = f(t,z, |20 — - Viu — u),
u(O,x) = 90(55)7 atu(07$) = ¢($)

We assume that ¢ and ¢ are radially symmetric, i.e.,

p(z) = @(|z]), ¥(z) = V(|z).
Then, we know that w is radially symmetric, i.e., u(t,x) = U(t,|x|). Since
Agu = 02U + %GTU and z - Vu = r9,U, the Cauchy problem (2.2) is changed
into

(2.3)

2
U — 92U — ~0,U = f(t,z,rOU = 10,U =),
U,r)=®(r), o,U(0,r) =¥(r).

Moreover, putting U = r~ 'V, we have

OV — 02V =rf(t,z,0,V —rd,V),
V(0,7r) =r®(r), 0V (0,r) =r¥(r).
Thus, by Corollary 1.2 it follows that

t
V(t,r) =r®(r+1t)+ / a(s,r+t— s)ds.
0
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Here, « is given by the solution to the Cauchy problem on [0,7] x R}

{ o+ Ora=rf(t,r a),
a(0,r) =r¥(r) —ro,®(r) — &(r).

In conclusion, the solution to (2.3) is represented by

t
u(t,z) = ®(|z| +t) + \x]_l/ a(s, |z] +t — s)ds.
0

2.4. 1-dimensional semilinear wave equations.
Let F(a) and G(t) be differentiable functions such that F'(«) # 0 and
G(0) = 0. We shall consider (1.8) with a(t) =1 and f(t, z, «) defined by

flt,z,a) = ?/,((2)

Since F’(a) # 0, there exists an inverse function (). By the reduction to
an ordinary equation and the method of separation of variables we can solve
the Cauchy problem (1.9) on [0,T] x R} and get

aft,z) = F~! (G(t) + F(w(m 1) — Dy — t))).

Thus, by (1.11) in Corollaryl.2 we have

t

u(t,x) = p(z+t) 4—/F_1 (G(s)+F(1,Z)(x+t —2s8) — 8mgo(x+t—25)>> ds. (2.4)

0
Hence we observe that the regularity of f with respect to o (the non-linearity
of f) has influence on the regularity of the solution u with respect to t and
x. For instance, we solve the Cauchy problem with special initial data ¢ = 0,
Y = F~Y(z) and G(t) = 2t, and get u(t,x) = tF~1(x +t). When f belongs to
a Gevrey class with respect to « , this simple case shows that the solution u
belongs to the same Gevrey class with respect to x as f(see [2], [6] and [7]).
(i) Taking F(a) = tan~! a and G(t) = tan~' ¢, we find that
t

u(t,z) = p(z+t) —i—/tan (tan’ls + tan~ ! <¢(m+t—2s) — 6xg0(x+t—2s)>) ds
0

B b os+ap(x+t—25) — Opp(x +t — 25)
<_g0(a;+t) +/0 1 —s{y(z+t—2s) —8x<p($+t—23)}ds)

solves the Cauchy problem on [0, 7] x R}

Oru=Opu=""5" 211
u(0,2) = ¢(x), Ou(0,z) = P(x).
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This solution suggests that the initial data must be small for the global solv-
ability, since for p =c and ¢ = ¢

t
ste t 1

() = dme b (14 D) tog o)

u(t, x) 5+/0 s =e +52 og( £)

The lifespan T; tends to infinity as € tends to zero, i.e., T, < %

Remark 2.4. In general, if the equation has an inhomogeneous term, one can
expect only the local solvability (see [12]). But, in the above we get the global
solvability due to the inhomogeneous term 1/(t*> 4+ 1) degenerating at infinity.

(ii) Taking F(a) = tan™! o and G(t) = ¢, we find that

u(t,z) = p(z+1t)+ /Ottan (s + tan™! <¢(:U +t—2s) —Opp(z+t— 25)))ds

solves the Cauchy problem on [0,7] x R

O*u — 02u = (Jyu — Opu)? + 1,

u(0,z) = ¢(x), Ou(0,z) = ().
This solution suggests the local solvability due to the inhomogeneous term
even if the initial data are small, since for ¢ = ¢ and ¢ =¢

cos(t + tan~!¢)
cos(tan~!e)

u(t,x)zs—log‘ ‘:6—10g|cost—ssint|.

The lifespan 7. is bounded, i.e., T. < tan™! % < 3.
(iii) Taking F(a) = —1/c and G(t) = t, we find that

wlt ) = oz P @+t —2s) = dup(x +t — 25)
(t,z) = o +t)+/0 1—3{w(x+t—2s)—8x¢(x+t—28)}

solves the Cauchy problem on [0,7] x R
{ O*u — 02u = (Jyu — Opu)?,

This solution suggests that the initial data must be small for the global solv-
ability, since for p = ¢ and Y = ¢

u(t,z) = e —log(1 — te). (2.5)

The lifespan 7. tends to infinity as € tends to zero, i.e., T, < %

ds

Remark 2.5. The equation satisfying the null condition can be solved by
putting v = 1 — exp|—u] (see [12]). The following due to Nirenberg is very
well-known:

exp[—p(x exp[—¢(z — ot
ulty) =~ tog { POl 20l T ) e oo
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solves
{ OPu — 0%u = (Ou)? — (Opu)?,
u(0,2) = ¢(x), du(0,z) = P(z).
This solution suggests that the initial data must be small for the global solv-
ability, since for p =¢ andp =¢
u(t,z) = e —log(1l — te),

which is quite same as (2.5). So its lifespan T; is also same.

2.5. 1-dimensional semilinear hyperbolic equations.

Under the same situation as Example 4, we shall consider (1.8) with a(t) =
t* (k > 0). In this case, the equation (1.8) is a weakly hyperbolic non-linear
equations, more precisely Tricomi-type equations (see [11] and [13]). Similarly
we can solve the Cauchy problem (1.9) on [0, 7] x R and get

tk+1

at,r) = F_l(G(t) +F(¢(x “aa 1)))
Thus, by (1.11) in Corollary 1.2 we have

ey =ofo ) [ (00 (o(o P2 s

In the same way as §2.4, we get the following:
(iii)" Taking F'(«) = —1/a and G(t) = t, we see that

tk+1_2sk+l

oy (e )
u(t,x):go(x—i— )-l—/ s
k+1 01— st (m + 4tk+1k_flsk+l)

solves the Cauchy problem on [0, 7] x R}

{ Otu — t°02u = kt* 1o,u + (O — t*O,u)?,
u(0,2) = p(z), Ou(0,z) = Y(z).

This solution suggests that the initial data must be small for the global solv-
ability, since for p = ¢ and ¥ = ¢

u(t,x) = e — log(1 — te).
The lifespan T, tends to infinity as € tends to zero, i.e., T, < %

Remark 2.6. We know C™ well-posedness for the linear equation 0Fu —
t2%02u = kt*~10,u (see [8]).
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3. PROOF OF THEOREM 1.1
By (1.3) we easily see that
u(0,2) = v(0,x) = p(z).
Differentiating u in ¢, by (1.6) we have

t
Owu(t,z) = ow(t, z) +w(0,z;t) + / Ow(t — s, x; s)ds
0

t
= Ow(t,x) + / Ow(t — s, x; s)ds.
0

Hence, by (1.3) we easily see that
(0, z) = Ow(0,x) = P(x).
Moreover, differentiating Oyu in ¢, by (1.6) and (3.1) we have

¢
DPu(t,z) = 2u(t, z) + (Opw)(0, z; ) +/ OPw(t — s, x;5)ds
0

t
= 0%v(t,x) + f(t,m,a(t, x)) +/ DPw(t — s,2;5)ds.
0

While, we also get
t
p(@a)ult, z) = p(@o)u(t, z) + / p(Da)wlt — s, 255)ds,
0

p(82)2u(t, z) = p(9.)%v(t, z) + /0 p(9:)2w(t — s, x; 5)ds.

Thus, by (1.3), (1.6), (3.2) and (3.4) it follows that

OPu(t, x) — p(0x)*u(t, z) = dPv(t, z) — p(dy)?v(t, ) + f(t,x, a(t,x))

(3.1)

[ ot s.r0) = @2 utt - 259) s

= f(t,x, a(t,a:)).

Let w(t, z; s) be the solution to the Cauchy problem on [0,7] x R?

O — p(,)*10 =0,
w(0,x;8) =0, Ow(0,x;s) = afs,x).

Hence, we also find that

07051 — p(9:)* 050 = 0,
0sw(0,z;5) =0, 0;05w(0,x;s) = Osax(s, x),

(3.5)

(3.6)
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and

{ atgp(az)w - p(aw)2p(8w)w =0,
p((?m)w(O, €T 5) =0, 8tp(am)w(07 €T 5) = p(ax)a(5> l’)

Combining d,@ with p(d,)w and noting that
Brw(0, z; ) = f(s,x,a(s,z:)) = dia(s, z) + p(0a)a(s, x),
we can write w(t, z; s) as
w(t,z;8) = (as + p(ax)w) (t, 23 5).

Therefore, by (3.1), (3.3) and (3.6) we have

Opu(t, x) — p(Ox)u(t, x)

= ow(t,x) — p(9z)v(t, x) + w(t — s,x;8) — p(Ox)w(t — s, x; s)}ds

t

= ow(t,z) — p(d)v(t, x) + Oy — p(8$)> { (85 —i—p(@x)u?) (t—s,z; s)}ds

t

= Ow(t,x) — p(Oz)v(t,x) + O — p(8$)> (83 + 0 + p(@@)u?(t — s,x;8)ds

= ow(t,z) — p(0z)v(t, x) +

—l—/otas{(@t—p(@m)>w(t—s,:p;s)}d8
= dyo(t,2) = p(@,)u(t, @) + (9 — p(0,)) (0, 2:8) — (9 — p(Da) )(t,:0)
= oot 2) =t 70} — p@) {o(t,2) = B(t,2:0)} + alt, 2).
Thus it follows that
Byult, ) — p(dy)ult,z) = B,5(t,x) — p(8a)i(t, x) + a(t, z), (3.7)

where 9(t,x) = v(t,x) — w(t,x;0). We remark that o(¢,z) is the solution to
the Cauchy problem on [0,7] x RY

970 — p(8,)%0 =0,
{ 5(0,2) = p(z), B3(0,2) = ¥(x) — (0, 7) = p(ds)p(x). (3:8)

Lemma 3.1. Let us assume that v is the solution to (3.8). Then v satisfies
for all (t,z) € [0,T] x RY

S— S— S— S—

OF — pl(0,)?)(t — 5,;5)ds

00 (t,x) = p(9,)0(t, x).
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E(t):/Rg

Differentiating E(t), by (1.7) and (3.8) we have

Proof. We put

(L, ) — p(Dy)i(t, x))de

E'(t) = 2% g {afﬁ(t, ) — p(8,)d,5(t, x)}{@tﬁ(t, ) — p(8,)d(t, :E)}d:c

=2 | p(@){00(t, ) — p(0.)5(t, ) { A0 (t. @) — p(@:)0(t. ) pda

=R | 200{0i0(t.2) =p@:)(t.0) {A0(t.2) = p(00)i(t. )} da

+% | {ot.0) = p(0.)itt,2) fp(0:){00(t.2) = p(00)i(t0)}da

=0.
Therefore, we find that

From Lemma 3.1 and (3.7) it follows that
Owu(t, ) — p(0z)u(t,z) = alt, x).
Hence by (3.5), we obtain

02u(t, ) — p(dy)2u(t, z) = f(t, z, dyult, ) — p(@x)u(t,a:)).

4. PROOF OF COROLLARY 1.3
We obviously see that
u(0,z) = p(x).
Differentiating « in ¢, then we have

t

Byult, z) :a(t)ﬁmcp<x+ /O a(T)dT) +alt,z)+a(t) /O &Ea(s, ot / a(T)dT) ds.(4.1)
Hence, by (1.9) we easily see that
O (0, z) = a(0)0zp(x) + a0, ) = ¢ (x).
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Moreover, differentiating dyu in ¢, by (1.9) we have
dFu(t, ) (4.2)

- a’(t)&go(x—i—/ota(r)dT) + Ora(t, ) + d' (1) /Ot Oy (s,x+/gta(7)d7> ds
+ a(t)da(t, z) + a(t)? /Ot 8304(3, l‘—|—/:a(7‘)d7‘) ds
= a’(t)@go(x—i—/ota(r)dT) + a(t)26§90<x+/0ta(7)d7') + f(t,x, a(t,x))

+a'(t) /Ot Oxoz(s,x + /St (I(T)dT) ds + a(t)? /Ot ﬁga(s,x + /St CL(T)dT) ds.

While, we also get
t t t
Ozu(t, x) zargo(az—f-/ a(7’)d7’) —l—/ &Ca(s,az—}-/ a(7’)d7’>ds, (4.3)
0 0 s

Du(t, ) = 8:%90(:1: + /Ota(T)dT> + /Ot (9%0[(5,56 + /St a(7)d7)ds. (4.4)

Thus, by (??), (4.3) and (4.4) it follows that
t

OPu(t,z) — a(t)?0?u(t,z) = a’(t)8$<p<a}+/0 a(7)d7) + f(t,x, a(t,x))

+ad’(t) /Ot 89504(3,3: + /:a(7'>d7')d8

= o (t)d,ult, x) + f(t, z, alt, x)). (4.5)
On the other hand, by (4.1) and (4.3) we immediately get
Owu(t, z) — a(t)ozu(t, z) = a(t, x).
Hence by (4.5) we obtain
O2u(t, z) — a(t)20%u(t, ) = d' (t)dpult, ) + f(t, z, Buu(t, =) — a(t)dpult, x)).

5. PROOF OF PROPOSITION 2.1

It is sufficient to prove that the solution to the Cauchy problem on [0, T] xR

{ 87521)1 + Aivl =0,

v1(0,2) = o(x), dw1(0,2) =0, (5.1)

is represented by

o(x — Vty) cos {W_mr}dy.

vi(t,x) = 1

1
Vi Ar Ry
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Actually, we easily see that ve = f(f v1(s)ds solves the Cauchy problem on
[0,7] x RY
{ aEUQ + A?CUQ =0, (5 2)
'U2(O7x) =0, at’U2(0a :Z:) = ?l)(x), .
since O2vy + AZvg = Qpvy + fg A2v1(s)ds = Oyvy — fg 0?v1(s)ds = Oyv1(0) = 0.
Thus, by (5.1) and (5.2) we find that v = vy + vs.
By Fourier transform, the Cauchy problem (5.1) is changed into
{ O on + [¢[*o1 =0,
@1(0,.T) = ¢($)7 875@1(07'7;) =0.
Solving the Cauchy problem (5.3) for the ordinary equation, we have

01(t,€) = §(€) cos([¢]*).

(5.3)

Therefore, we get
o(ta) = / (€ cos(€[)de
5 27[_77, R?

1 . 4 .

- W / ) ewicﬁ(g){el\flzt + e*ll&lzt}df
¢

ily|?

1/ ( ) e 4t n e 4t d
=5 ’:U - y { -, ! P } y
2 Rg(’p V—amit"  amit"
1 i\y|27tn7r .\y\th'rwr
= T — et @ 4 @ }d
WAt o y){ Y

1 ly|? — tnn

W/ﬂx_y)“’s it
1 y|> — nm

£i|y)|?
e 4t

VE4mit"

dy

Here we used the fundamental solutions for Schrodinger equations

oru FiAzu = 0.
6. APPENDIX

We shall show that the result (1.11) for (1.8) with a(¢) = a coincides with the
result (1.5) for (1.1) with p(d,) = a0, (n = 1). Solving (1.3) with p(9;) = ad,,
we have

o) = 5 [ o+l + 3{etat lal) + oo =L} (61
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Solving (1.6) with p(9;) = a0y, by (1.4) we have

|a\t
w(t,x; s) / sm—i—y,a(s,a:—i—y))dy
~ 2[d] lalt
=2 [ 1+ lalvs o,z + lal) )y
—t
1/t a [*
—5 [ vats+lanidy+ 5 [ onatsin+ lalyay
—t —t
1/t a
=— [ Osa(s,x+ |aly)dy + —{a(s,m +lalt) — a(s,z — \a|t)}.
2/ 2|al

Changing the order of integration, by (1.4) we have

/t — s, x;8)ds
// a(s,x + |aly)dyds
+2|a|/ a s,x+|a\(t—s)) —a(s,x—|a\(t—s))}ds

t— y t+y
/ / (s,z + |aly)dsdy + = / / (s,z + |aly)dsdy

2\a| ; {a(s x + |al(t — s)) —a(s x —|al(t — s))}ds

I 10
—5 [ att—votlaldy+ 5 [ att+ya+ )y
0 —t

1/t a [t
5 | vty + G [ dupta+ laly)dy
—t —t

+2|aa|/0t{a(svx+|a‘(t_s))—a(s,x—|a(t—8))}d8
:;/0 a(s,x—l—|a\(t—s))ds+;/0 a(s,x—|a!(t—s))ds

— 3 [ v+ ol + 5 { ot + o) - (o~ i)

+2\a|/0 o' s,a:—|—|a\(t—s)>—a(s,x—|a\(t—s))}d8
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= /ta<3,x+a(t—s)d8
0

1 t
~3 | v+l +

a

ST 1P lalt) = (e —lalt)}

Hence, by (6.1) it follows that

u(t,z) =v(t,x) + /Otw(t —s,x;8)ds = p(z + at) + /Otoz<s,x +a(t — s))ds.

1]
2]

3]
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