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Abstract. In this paper, we give some definitions of S*-metric spaces and we prove a
common fixed point theorem for four mappings under the condition of weakly compatible
mappings in complete S*-metric spaces. We get some improved versions of several fixed
point theorems in complete S*-metric spaces.

1. INTRODUCTION

Metrical fixed point theory became one of the most interesting area of re-
search in the last fifty years. A lot of fixed and common fixed point results
have been obtained by several authors in various types of spaces, such as met-
ric spaces, fuzzy metric spaces, uniform spaces and others. One of the most
interesting are partial metric spaces, which were defined by Matthews in the
following way.
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Definition 1.1. ([4]) A partial metric on a nonempty set X is a function
p: X x X — [0,400) such that, for all z,y,z € X:

(p1) =y < pz,z) =p(z,y) = p(y,y),
(p2) p(z,z) < p(z,y),
(p3) p(.T, y) = p(yv ZL‘),
(p4) p(z,y) < p(z,2) +p(2,y) — p(z, 2).
In this case, the pair (X, p) is called a partial metric space (see also [5]).

On the other hand, S-metric space were initiated by Sedghi, Shobe and
Aliouche in [11] (see also [2, 7, 8, 12] and references cited therein).

Definition 1.2. ([11]) An S-metric on a nonempty set X is a function S :
X X X x X — [0, 400) such that for all z,y, z,a € X, the following conditions
are satisfied:

(s1) S(z,y,2) =0 <= z=y =2z,
(s2) S(x,y,2) < S(w,z,a) + S(y,y,a) + S(2,2,a).

In this case, the pair (X, .S) is called an S-metric space.

It is easy to see that in an S-metric space (X, S) we always have S(z, z,y) =
Sy, x), v,y € X.

In this paper, combining these two concepts, we introduce the notion of
partial S-metric space and prove a common fixed point theorem for weakly
increasing mappings in ordered spaces of this kind.

We recall some notions and properties in S-metric spaces.

Definition 1.3. (][9]) Let (X, S) be an S-metric space and {x,} be a sequence
in X.
(a) The sequence {z,} is convergent to = € X if S(xp,zn,x) — 0 as
n — oo. In this case, we write lim,,_,o x, = .
(b) {z,} is said to be a Cauchy sequence if for each € > 0, there exists
no € N such that for S(x,, Xy, xm) < € for all n,m > ng.
(¢) The space (X,S) is said to be complete if every Cauchy sequence is
convergent in X.

Lemma 1.4. (]9]) Let (X,S) be an S-metric space. If {x,} and {y,} are
sequences such that lim, .o , = x and lim, o Yy, =y, then

lim S(zpn,Zn, yn) = S(z, x,y).

n—oo
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2. PARTIAL S-METRIC SPACES

In this section, we introduce partial S-metric spaces and investigate some
of their simple properties.

Definition 2.1. A partial S-metric on a nonempty set X is a function S* :
X x X x X — [0,400) such that for all z,y,z,a € X:
(Spl) T=Yy=z < S*(az,y,z) = S*(ZL‘,.T,IL') = S*(yvyvy) = S*(Z’Z’ Z)>
(sp2) S*(z,z,2) < S*(x,y,2),
(sp3) S*(z,y,2) < S*(z,z,a) + S*(y,y,a) + S*(z,2,a) — 25 (a,a,a).
The pair (X, S*) is then called a partial S-metric space or S*-metric space.

Each S-metric space is also a partial S-metric space. The converse is not
true, as shown by the following example.

Example 2.2. Let X = [0,400) and let S* : X x X x X — [0,+00) be
defined by S*(z,y, z) = max{z,y, z}. Then, it is easy to check that (X, S*) is
a partial S-metric space. Obviously, (X, S*) is not an S-metric space.

Lemma 2.3. For a partial S-metric S* on X, we have, for all x,y € X :
(a) S*(z,z,y) = S*(y,y,2),
(b) if S*(x,z,y) =0 then z = y.
Proof. (a) By the condition (sp3), we have
S*(z,x,y) < S*(x,z,z) + S*(z,x,2) + S*(y,y,x) — 25* (x, z, x)
= S"(y,y,2)
and
S*(y,y,2) < S (v, v, y) + 5" (W v, y) + 5 (2,2, y) — 257 (y, 5, )
= S*(z,x,y).
Hence, we get S*(x,z,y) = S*(y,y, z).
(b) By the condition (sp2), we have
S*(z,x,z) < S*(z,x,y) =0,

and similarly by relation (a), we also have

S*(y,y,y) < S*(y,y,2) = 5™ (v, z,y) = 0.
Therefore, we get S*(z,z,y) = S*(z,z,2) = S*(y,y,y) = 0, which, by the
condition (sp1) implies that z = y. O

Remark 2.4. Dung, Hieu and Radojevié¢ noted in [3, Examples 2.1 and 2.2]
that the class of S-metric spaces is incomparable with the the class of G-metric
spaces, in the sense of Mustafa and Sims [6]. The same examples show that the
class of partial S-metric spaces is incomparable with the class of GP-metric
spaces, in the sense of Zand and Nezhad [14].
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Definition 2.5. Let (X, S*) be a partial S-metric space and {z,} be a se-
quence in X.
(a) The sequence {z,} is convergent to x € X (denoted as x,, — x as
n — 00) if

lim S*(zp, zpn,x) = lim S™ (2, 2y, x,) = S (2, z, x).
n—0o0 n—0o0

(b) {zn} is said to be a Cauchy sequence if there exists (finite)
liInn,m—)oo S* (l'nv Tn, xm)

(c) The space (X, S*) is complete if every Cauchy sequence in X is con-
vergent.

Note that if z,, — = as n — oo, then for each € > 0 there exists ng € N such
that

|S*(xn, Ty x) — S*(x,x,2)| <€, Vn > nyg, (2.1)
and
|S* (@, Ty xn) — S™(x,z,2)| <€, VYn > ng. (2.2)
Hence, for each € > 0 there exists ng € N such that
|S* (@, Tny Tn) — S™(Tn, T, )| <€, Vn > ng. (2.3)

Lemma 2.6. Let (X,S*) be a partial S-metric space. If a sequence {z,} in
X converges to x € X, then x is unique.

Proof. Let {x,} converges to x and y. Then we have

Jim S™(zn, n, wn) =l S (25, 20, 2) = 5™ (2, 7, 7) (2.4)

and
hm S*(xnv xn: xn) - hm S*(wrw xnﬂ y) = S*(y7 y’ y)
n—oo n—oo
Then, by the condition (sp3), relation (2.4) and Lemma 2.3, we have
S*(z,x,y) <28 (x,x,20) + S*(y,y, 2n) — 25% (20, Tpy Tn)
= 2(3*(1'717 xna x) - S*(xna w’n) xn)) + S*<mn7 x?’h y)
= 5"y, y,9) + 5" (Y, 9, 9)-
By taking the limit as n — oo, we get S*(z,z,y) < S*(y,v,y).
Also, by the condition (sp2), we have
S*(y,y,y) < Sy, y,2) = 5" (z,2,y).
Hence, we get
S* (@, x,y) = S (y,y,y)-
Similarly, we have
Sz, z,y) = (2,2, 2).
Hence, by the condition, (s,1) it follows that z = y. O
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Lemma 2.7. Let (X, S*) be a partial S-metric space. Then every convergent
sequence {xy} in X is a Cauchy sequence.

Proof. Let {x,} converges to z, that is for each € > 0 there exists nyp € N
such that inequalities (2.1), (2.2) and (2.3) hold for all n > ng. Then, by the
condition (sp3) and these inequalities, we have, for m,n > ny,
S*(‘rna 'rn7 xm) S S*(xn7 x?’w CL’) + S*(x’rh x?’“ f]}')
+ S*(xm, Tm, ) — 25™ (2, 2, x) (2.5)
<2(S™(zn, Tny ) — S (2, 7, 7))
+ S*(xm, Tm, ) — S*(x, 2, ) + S*(x, x, )
<2+e+ S*(z,z, ).

Similarly, by the condition (sp3) and Lemma 2.6,

S*(z,x,x) < S*(x,z,xn) + S* (2, 2, 2p)
+ S*(x, x, xp) — 25" (@n, Tn, Tn) (2.6)
= 2(S*(zp, Tn, ) — S™(Tp, T, ) + S* (2, 2, 27)
< 2(S™(xn, p, ) — S™(Xp, T, Tn)) + 28 (2, 2, T4
+ S™(Tpy Ty Tm) — 25" (T, Ty T ) -

< 2€ + 2€ + S™(Tp, Tny Tim)-
Hence, by (2.5) and (2.6), we have
|S* (@, Ty Tm) — S™(z, 2, x)| < 4e

for m,n > ng. Thus, limy, 00 S* (T, Tn, Tm) = S*(z, z, z), and the sequence
{zy} is Cauchy. O

The notion of Sp-metric spaces was introduced independently in [10] and
[13].

Definition 2.8. Let X be a nonempty set and b > 1 a given real number. An
Sp-metric on X, with parameter b, is a function Sp : X x X x X — [0, +00)
such that for all x,y, z,a € X, the following conditions are satisfied:

(Sbl) Sb(x,%Z) =0 — r=y==z,

(Sb2) Sb(x7m>y) = Sb(y)y7$)>
(Sb3) Sb(x7y7 Z) < b(Sb(.ZU,IL’, CL) + Sb(ya y7a) + Sb(z7 2 (L))

In this case, the pair (X, Sp) is called an Sp-metric space.

A connection between partial S-metric and Sp-metric is given by the fol-
lowing lemma.
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Lemma 2.9. If (X,S*) is a partial S-metric space, then S*: X x X x X —
[0,4+00), given by

S*(@,y,2) = 5" (z,2,y) + 5 (y,y,2)
+ S*(z,z,x) — S*(x,z,x)
- S*(yvyvy) - S*(Z,Z,Z),
18 an Sp-metric on X, with parameter b = 2.
Proof. First of all, by the condition (s,2) and the definition of S*, we have
S%(xz,y,z) > 0. Further, we check that the conditions of Definition 2.8 are

fulfilled.
(sp1) If S*(x,y,2) = 0 then it follows that

S*(x,y,2) = S*(x,z,x) = S*(y,y,y) = S*(z, 2, 2).

That is, x = y = z. Conversely, if x = y = z, then we have S*(x,y, z) = 0.
(sp2) By the definition of S® and Lemma 2.3, we have

S¥(x,z,y) = S*(z,x,2) + S*(z, z,y)
+ S*(y,y,z) — S*(z,z,x)
=Sz, x,2) = 5" (v, y,y)
= S*(z,z,x) + S*(z,x,y)
+ S*(z,x,y) — S*(z,x, )
=S5 (@,x,2) = 5" (v y,y)
=258"(z,z,y) — S*(z,z,x) — S*(y,y,v).

Similarly, we can show that
S*(yy,w) = 25" (2, 2,y) — S (z,2,2) — 5%(y,9,9).
Therefore, S*(x,z,y) = S*(y,y,x). Also, we have always that
S*(z,x,y) — S*(x,x,2) < S%(x,z,vy).

(sp3) By the condition (sp3) and Lemma 2.3, we have
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S¥(x,y,z) = S*(z,x,y) + S*(y,y,2) + S*(z,2,2) — S*(z,x, )
- S*(yayay) - S*(Z’Z7Z)
< 258%(x,xz,a) — 25" (a,a,a) + S*(y,y,a)
+ 25*(3/7 Y, a) - 2‘9*(a7 a, a) + S*(Z, 2y a)
+25%(z,z,a) — 25%(a,a,a) + S*(z,z,a)
- S*(z,x,x) — S*(y,y,y) — S™(2, 2,2)
=3S5*(a,a,x) — 25" (a,a,a) — S*(z, x, x)
+ S*(a,a,z) — S*(z,z,x)
+ 38*(a7a7y) - 25*(avava) - S*(yaya y)
+ S*(aaaay) - S*(yaya y)
+3S5*(a,a,z) —25%(a,a,a) — S*(z, z, 2)
+ S*(a,a,z) — S*(z, 2, 2)
= 2[S%(x,x,a) + S%(y,y,a) + S°(z, z,a)].
[l
Lemma 2.10. Let (X, S*) be a partial S-metric space and S* the respective
Sy-metric introduced in Lemma 2.9. Then, we have the following statement:
(a) A sequence {z,} in X is a Cauchy sequence in (X,S*) if and only if
it is a Cauchy sequence in (X, S®).
(b) The space (X,S*) is complete if and only if the space (X,S®) is com-
plete. Furthermore, limy, o0 S*(2p, Tn,x) = 0 if and only if
S*(z,x,x) = nh—{gos (Tn, T, ) = n}rllriloos (Tny Ty Tom)-
Proof. (a) Let {z,,} be a Cauchy sequence in (X, S*). Then there exists (finite)
limy, ;o0 S™(Tn, T, Tm) = limy 00 S*(2p, n, ). Since

S (T, Ty Tm) = 25" (Tny Ty ) — S™ (T, Ty Tn)) — S™ (Tomy Ty T )
we have

lim  S*%(xp, n,Tm) =2 lim  S*(zy, Tn, Tpm)
n,m—00 n,M—00

— lim S*(zp,Tpn,xy) — lm S* (T, T, T
n—o0 m—00

=0.
We conclude that {z,} is a Cauchy sequence in (X, S*).

(b) Next we prove that completeness of (X, S*) implies completeness of (X, S*).
Indeed, if {z,} is a Cauchy sequence in (X,S*) then it is also a Cauchy se-
quence in (X, S%). Since the space (X, S®) is complete, we deduce that there
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exists y € X such that lim,,_,o S*(xp, xn,y) = 0, since

Ss(xmxnay) = 2S*(«menay) - S*(y,y,y) - S*(xn,a:n,xn).

Also, we know that

0 < S (@n, Tn,y) = S (¥, ¥,y) < 5°(@n, Tn, y)
and
0 < S*(xn, Tn,y) — S™(Xn, Tn, Tn) < S*(Tp, Tn,y).
Therefore, we have

lim S*(xn, zpn,y) = lim S*(zy, xp, z,) = lim S*(y,y,y).
n—oo n—oo n—oo

Hence, we deduce that {z,} is a convergent sequence in (X,S*). Now we
prove that every Cauchy sequence {z,} in (X,S°) is a Cauchy sequence in

(X,S5%). Let e = % Then there exists ng € N such that S%(x,, Tn, Tm) < %

for all n,m > ng. Since
S*(ﬂj‘n, Tn, .’En) S 48*(1‘710’ 1"7107 xn) - 35*(£na Tn, .’L'n)
- S*(xnov xnov mno) + S*(x’n7 Tn, Cﬂn)
S 258('17“7 x’na :Eno) + S*(:Bnoal‘noal‘no))
we have
S*(xm Tn, xn) < QSS(xm Tn, xno) + S*(xnm Tng, xno)
<1+ S*(Tngs Tngs Tng)-
Consequently, the sequence {S*(xy,xy,zy)} is bounded in R, and so there
exists an a € R such that a subsequence {S*(xy, , Zn,,Zn,)} is convergent to
a, that is, limg_yo0 S*(2p,, Tn,,, Tn,) = .
It remains to prove that {S*(xy, zpn,x,)} is a Cauchy sequence in R. Since

{zn} is a Cauchy sequence in (X, S*®), for given € > 0, there exists n, such
that S°(zp, zn, 2py) < § for all n,m > n.. Thus, for all n,m > n,,

[S™ (@, Ty Tn) — S™ (T, Ty Tm)| < AS™ (Ty Ty ) — 3S™ (T, Ty )
— S (T, Ty Tim) + S (T, Ty T,
— S* (T, T, Tm)
< 28%(zp, Tny Tm)
< €.
On the other hand,
|S™(Zn, Tn, Tn) — | < [S™ (2, Tn, 2n) — S™ (Tny s Tngs Ty )|
+ |S*(xnk7‘rnk’$nk) - a|

< e+ e =2,
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for all n,ny > n.. Hence lim, o0 S*(2p, Tn, Tn) = a. Now,
125" (2, Tny Tm) — 20
= |Ss(xna l'nvxm) + S*(Jin,$n,ﬂfn) —a+ S*(xmyﬁmvxm) - Oé|

< SS(CL‘m,IEm,CL‘m) + |S*(l'n7xnaxn) - a‘ + |S*($ma$maxm) - O[|

9
<§+26+26:§€.

Thus, {x,} is a Cauchy sequence in (X, S*).

In order to complete the proof, we have to prove that (X, S*) is complete
if such is (X, S*). Let {z,} be a Cauchy sequence in (X, S®). Then {z,} is a
Cauchy sequence in (X,5*), and so it is convergent to a point y € X with

lim S*(xp, Tn, Tm) = lim S*(y,y,zn) = S*(y, v, v).

n,Mm—00
Thus, given € > 0, there exists n. € N such that
157y, 20) = S (w9, )l < 5 and [S7(y,y,y) = 5720, 20, 20)| < 5
whenever n > n.. Hence, we have
S*(Y,y, xn) = 257(y, ¥, xn) — S (Tn, Tny ) — S (Y, 4, y)
S ’S*<y7y7xn) - S*(y7y7y)’ + |S*(yuy7 xn) - S*(«'Bmxnaxn)’
€ €
< — —_ =
2 T =¢

whenever n > n.. Therefore (X, S*) is complete. Finally, it is a simple matter
to check that lim,_, S*(a,a,x,) = 0 if and only if

S*(a,a,a) = nl;n;o S*(a,a,xy) = mlﬁgloo S* (2, T, Trm)-
k)

O

Lemma 2.11. Let {x,} and {y,} be two convergent sequences to x € X and
y € X, respectively, in a partial S-metric space (X,S*). Then

lm S*(xn, 2p,yn) = S™(z, x,y).
n—oo
In particular, lim, oo S*(xn, yn, 2) = S*(z,y, 2) for every z € X.

Proof. By the assumptions, for each ¢ > 0 there exists ng € N such that
€

47
|S™ (@, Ty ) — ™ (2, 2, 2)| <

* * * * 6
|S™ (29, T, ) — S™ (2, 2, 2)| < IS™ (Yns Yn,y) — S™(y,y,y)| < T

€
47
’S*(ymymyn) - S*(Z/mymy)’ <

|S*(ynaynayn) - S*(yayvy)| <

|S* (20, Ty Tn) — S™ (@, Ty, )| ;

L
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hold for all n > ng. By the condition (sp3), for n > ny we have
S*(xn, Ty Yn) < S* (T, Tn, ) + S™ (20, Tn, ) + S™(Yn, Yn, x) — 25™ (x, 2, x)

< S*(xmxna CU) + S*(xnvxmx) + S*(ymynyy) + S*(ymymy)
+S*(z,2,y) — 25" (y,y,y) — 25" (z, 2, 2)

€ € € € .
<gtgtatatS (@),
and so we obtain
S*($n7xnayn) - S*({L‘,IL‘,y) <e
Also,
S*(x,z,y) < S*(x,x,2p) + S*(z, 2, 2) + S* (Y, y, Tn) — 25™ (xp, T, Tp)
< S*(x,x,x0) + 5™ (2,2, 20) + S (Y, Y, Yn) + S (Y, Y, Un)
+ S*(l'na l‘nayn) - 25*(yn7yn7yn) - 25*(1’%»1'71’ l‘n)
< S fp ity )
4 T1T Ty Tns Tns Yn -
Thus,
S*(xvxay) - S*(xn7$n7yn) <e.

Hence for all n > ng, we have |S*(zp, pn, yn) — S*(x, x,y)| < € and the result
follows. O

Lemma 2.12. If (X, S%) is a partial S-metric space, the Sy-metrics S* (de-
fined in Lemma 2.9) and S™ : X x X x X — RT given by

28*($,$,y)—5*($,$,$) S (y yay)a
S™(x,y,z) = max < 25*(y,y,z) —S*(v,y,y) — S*(z, 2, 2),
S

25%(z,z,x) — S*(z,2,2) — S*(x,z, )
for all x,y,z € X, are equivalent.

Proof. 1t is easy to see that S™ is an Sp-metric on X. Let z,y,z € X. It is
obvious that

S™(x,y,z) <25%x,y, 2).
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On the other hand, since a + b + ¢ < 3max{a, b, ¢}, it follows that
S¥(xz,y,z) = S™(x,z,y) + S*(y,y,2) + S* (2,2, z) — S*(x, x, )
- S*(yayay) - S*(Z7Z72)

1 * * *
25[25 (l',l’,y)—s (IE,%,.%')—S (y7y7y)]

1 * * *
+ 5[25 (yvya Z) -8 (y7y7y) ) (Z,Z,Z)]
1
+ 5[25*(2, z,x) — S*(z,2,2) — S*(x,z,x)]
3 25*(%%9)—S*(%%x)—S*(%%y%
< imax 25*(%%2)—S*(y,%y)—S*(%Z?Z)?
25%(z,z,x) — S*(2,2,2) — S*(z,x, x)
= ;Sm(m,y,z).

Thus, we have
1 m S 3 m
55 (xuya Z) S S (.’E,y, Z) S 55 (xay7 Z)

These inequalities imply that S¢ and S™ are equivalent. U

3. MAIN RESULTS

A class of implicit relation: Throughout this section (X, S*) denotes a
partial S-metric space, that is, S*-metric space and ® denotes a family of
mappings such that for each ¢ € ®, ¢ : (RT)* — R*, is continuous and

increasing in each co-ordinate variable. Also y(t) = ¢(t,t,t,t) < t for every
t e R,

Example 3.1. Let ¢ : (R*)* —s R* be defined by

1
P(t1,t2,t3,t1) = 5@1 +t2 +t3 +tg).
Then ¢ € .
Our main result, for a complete S*-metric space X, reads follows:

Theorem 3.2. Let A, T, C and R be self-mappings of a complete S*-metric
space (X, S*) with:
(i) A(X) CT(X), C(X) C R(X) and T(X) or R(X) is a closed subset
of X,
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(i)

S*(Az, Ay, Cz) < q<;5< S*(Rz, Ry, Tz),S*(Rx, Ry, Ay), ))

%S*(Ry, Tz,Cz), %S*(Tz, Rz, Ax)
for every x,y,z € X, some 0 < q < % and ¢ € P,

(iii) the pair (A, R) and (T, C) are weak compatible.
Then A, T, C' and R have a unique common fized point in X.

Proof. Let xg € X be an arbitrary point. By (i), there exists x1,z2 € X such
that

Axg=Tz1=yo and Czxi= Rxo=1y.
Inductively, construct sequence {y,} in X such that
Yon = Az2p = T2np1  and  yopy1 = Cxapp1 = Rronyo,

forn=0,1,2,---.
Now, we prove that {y,} is a Cauchy sequence. Let S¥, = S*(Ym, Ym, Ym-+1)-
Then, we have

S;n = S*(yQTM Yon, y2n+1)
= S§*(Away, A2, Cr2n11)

< g0 S*(Rxan, Rrop, Txont1), S*(Rxon, Rrop, Azay),
=4 $5*(Rxon, Toops1, Cony1), 55* (Txans1, Roon, Azay)

_ q¢ S* (anfla Yoan—1, y2n)a S* (y2n717 Yon—1, yZn)7
5% (Y2n—1, Y2n, Yont+1), 35* (Yon, Yon—1, Y2n)

1 *
S (anaan—17y2n)>- (31)

" 1
= q(b(S;nfl? Sanlv 5 ) 5

25*(y2n—17 Yo, Y2n+1)

Since
S*(Y2n—1,Y2n: Y2n+1) < S (Y2n—1,Y2n—1,Y2n) + S (Y2n, Y2n, Y2n)
+ 5" (Y2nt1, Y2nt1: Y2n) — 25" (Y2n: Y2n, Y2n)
that is,
S*(Y2n—1: Y2ns Y2nt+1) < S™(Y2n—1, Y2n—1, Y2n) + 5™ (Y2n Y2n, Y2n+1),
also, since

S*(Yan, Yan—1,Y2n) < 25" (Y2n, Y2n, Y2n—1) + S (Y2n—1, Y2n—1, Y2n—1)
— 25" (Yon—1, Y2n—1,Y2n—1),
that is,

S*(Yans Yoan—1,Y2n) < 25" (Y2n—1,Y2n—1,Y2n),
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we prove that S5, <S5, _, for every n € N. If S5, > S5, for some n € N,
then we get
S™(Y2n—1, Y2ns Yont1) < 257 (Y2n, Yon, Y2n+1) = 253,
and
S*(Y2n, Yan—1,Y2n) < 25" (Y2n—1, Y2n—1,Y2n) < 2.55,.
Hence by inequality (3.1) we have S5, < ¢S5, is a contradiction. Now, if
m = 2n + 1, then
Sont1 = S (Y2n+1, Y2n+1, Y2n+2)
= S™(Y2n+2, Y2n+2, Y2n+1)
= S*(Awany2, Av2n 12, Cr2n41)

< g0 S*(Rxony2, Rronyo, Txont1), S*(Rxont2, Rroni2, ATony2),
- 15" (Rzan+y2, Txont1, Coni1), 35 (T22n41, RTont2, Aoy o)

— 6 < S*(Y2n+1s Y2n+1:Y2n)s S* (Y2n+1, Y2n+1, Y2n+2), )
25" (Yon+15 Yon, Yont1)s 55 (Yon, Yont1, Yont2)

= (S5, Soni1> 55 (Want1, Yon, Yont1)s 557 (Y2n, Yont1, Yoni2))-

2 2
Since
S™(Y2n+1, Yo, Yont1) < 257 (Yont1, Yont1, Y2n) + 5™ (Y2ns Y2n, Y2n)
— 25" (Yon, Yon, Yon), (3.2)
that is,
S™(Yon+15 Y2ns Yont+1) < 25™(Yon, Y2n, Y2n+1),
also, since

S (Y2n, Y2n+1, Y2n+2) < S™(Y2ns Yons Y2nt1) + S (Y2n+1, Yo2n+1, Y2nt1)
+ 5™ (y2n+2: Yant2: Yant1) — 257 (Y2n+1, Yon+1, Yont1),
that is,
S*(Y2n, Yon+1, Y2n+2) < S*(Y2ns Y2n, Yont1) + S (Y2nt1, Yont1, Yont2),
we prove that S5, ., < 55, for every n € N. If 53 ., > S5, for some n € N,
then we get
S™(Y2n+15 Y2n, Yon+1) < 257 (Y2n, Yon, Yont1) = 253,

and

S (Y2ns Yon+1, Yon+2) < 28% (Yan+1, Y2n+1, Y2n+2) = 285,11

Hence, by inequality (3.2) we have S5, ; < ¢S3,,; which is a contradiction.
Hence for every n € N we have S}, < ¢S}, _;. That is

S = 5" Uns Yn> Yn+1) < @S Yn—1,Yn—1,Un) < -+ < ¢"S* (Yo, Y0, y1)-
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Hence we get
S*(Yn Yns Ynt1) < 4" S™ (Y0, Yo, Y1),
so that

lim S*(Yn, Yn, Yn+1) = 0. (3.3)
n—oo
Since Ss(ynvyna ynJrl) < 25*(3/713 ynayn+1) we have
S*(Yns Yn> Yn+1) < 25 (Uns Yny Yn+1) < 24" S™ (Y0, Yo, y1)-

By the triangle inequality in Sp— metric space, for m > n we have

Ss(y’ru Yn, ym) S Q-QSS(Z/m Yn, Z/n—i—l) + 2-2255(.%1-}—1, Yn+1, yTI+2)
+ -+ 2-2m_n58(ym—17 Ym—1, ym)a

hence we get

S5 (Yny Yns Ym) < 23¢"S* (y0, 0, y1) + 24" 1S* (yo, yo, 1)

+oe L+ 2m_"+2qm_15*(yg, Yo, Y1) (3.4)
< 2%¢"[1+2g+2°¢* + -~ 1S* (%0, Yo, y1)
3qn
< S*
= 1-2g (40: Yo, Y1)
— 0.

It follows that {y,} is a Cauchy sequence in the Sp—metric space (X,S*).
Since (X, S*) is complete, then from Lemma 1.4 follows that the sequence
{yn} converges to some y in the S,—metric space (X, S®). Hence

lim S*(Yn, yn,y) = 0.
n—oo
Again, from Lemma 1.4 we have
S™(y,y,y) = Im S™(yn,yn,y) = Lm S (yn, yn, Ym)- (3.5)
n—00 n,M—00
Since {yn} is a Cauchy sequence in the S,—metric space (X, S®) and

Ss(ymymym) = 25*(ynaynaym) - S*(ymymyn) - S*(ym, ymvym)7
we have
lim Ss(ynaynaym) = 07

7,M—00

and by (3.3), we have
lim S*(ynaynayn) =0.
n— oo

Thus by definition of S° we have
lim S*(ynayn’ym) =0.

n,Mm—00
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Therefore by (3.5), we have

S, y,y) = i Sy, yn,y) = lim  S™(yn, 2y, ym) = 0.

n,M—00
That is,
lim y, = lim yo, = lim Azs, = lim Rzo,io
n—oo n—oo n—oo n—oo

= lim yop41 = lim Czopq1 = lim Txoni1 = y.
n—oo n—oo n—oo

Let R(X) be a closed subset of X, hence there exist + € X such that
Rz =y. We prove that Az = y. By the inequality (3.1), for z = z,y = = and
z = Tap+1, then we have

S*(Azx, Az, yon+1) = S™(Az, Az, Cxopiq)

< ¢< S*(Rx, Rz, Txon+1),S*(Rx, Rz, Ax),
=14 %S*(Rx7Tx2n+lucm2n+l)7%S*(szn-i-l)Rx)Am)

_ q¢< ‘f*(yuyayQ’ﬂ)vS*(yvy7Ax)7 > '
ES*(y7y2n7y2n+l)v%S*(anvyvAl‘)

Since

S*(Al“, Az, y2n+1) = 5*(y2n+1, Yon+1, Ax)a

S*(Y, y2n, Yant1) < S*(W, v, y) + S (Y2n, Y20, Y)
+ S*(Y2n+1, Yont1,Y) — 25 (v, 4, y)

and

S*(an,y,Al’) < S*(y2n,y2n,y) + S*(yvyvy) + S*(AQZ',AJ),y) - 25*(y>y>y)7

taking the limit as n — oo we get

lim sup S™ (v, Yan, Yon+1) < S*(y,y,y) + limsup S*(yon, Yon, v)

n—oo n—r0o0
+ limsup S™ (yan+1, Yon+1,Y) — 25 (v, ¥, y)
n—oQ
— S* (y7 Y, y)

and

lim sup S* (y2n, y, Az) < limsup S*(Y2n, Y2n, y) + S™ (4, ¥, y)
n—oo

n—:o0
+ S*(Az, Az,y) — 25 (y, y, )
= S*(Ax, Az, y).
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Hence we have
S*(Az, Az,y) = lIm S*(yan+1, Yon+1, Ax)
n—oo
- q¢( 5°(4,,9), 5" (4., Ax), >
B 55*(y7y7y)755*(‘41’1’14x7y)

S d) S*(Ax,Ax,y),S*(Ax,A:U,y),
= S*(Ax, Az, y), S*(Az, Az, y)
< qS*(Ax, Az, y)

< (Az, Az, y).

If S*(Azx, Axz,y) > 0, then we have S*(Az, Azx,y) < S*(Az, Az,y) which is a
contradiction. Thus Az = y. By the weak compatibility of the pair (A4, R) we
have ARx = RAx. Hence Ay = Ry. We prove that Ay = y. If Ay # y , then
by the inequality (3.1), for x = y,y = y and z = x9,+1, we have

S*(Ay, Ay, yon+1) = S™(Ay, Ay, Cranyi1)

< ¢ < S*(RyaRyaTxQTH»l)aS*(RvayvAy)v )
15*(Ry, Twopt1, Cxont1), 25*(Txan+1, Ry, Ay)

35 (Ay, yan, Yon+1)s 35 (yan, Ay, Ay)

Similarly, taking the limit as n — oo, we get
S*(Ay, Ay,y) = lim S™(Ay, Ay, yan+1)
< q¢< 5" (4y, 4y,y), 5*(Ay, Ay, Ay), )
< qS*(Ay, Ay, y),
which is a contradiction. Therefore, Ry = Ay = y, that is, y is a common
fixed of R and A.

Since y = Ay € A(X) C T(X), there exists v € X such that Tv = y. We
prove that Cv = y. For

S*(Ay, Ay, Cv) = S*(y,y,Cv)

< g0 ( 5"y By, Tv), S"(Ry, Ry, Ay),
35*(Ry, Tv,Cv), 55*(Tv, Ry, Ay)

_ q¢< S*(y,y,9), 5™ (y, 9,9, )
$9*(y,y,Cv), 35*(y, 9, y)
< qS*(y,y,Cv).
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Thus Cv = y. By the weak compatibility of the pair (C,T") we have TCv =
CTwv. Hence Cy = Ty. We prove that Cy = y. If C'y # y, then

S*(Ay, Ay,Cy) = S*(y,y,Cy)

< q¢< f*(*Rvavay%Sj(R*y, Ry, Ay), )
35%(Ry, Ty, Cy), 55" (T'y, Ry, Ay)
_ ¢< 5 (4, .9), 5" (v, 4, ), )
35 (v, v,Cy), 55 (¥, 9, v)
<qS*(y,y,Cy),

which is a contradiction. Therefore, Cy = Ty = y, that is, y is a common
fixed of C and T'. That is,

Cy=Ty=Ay=Ry=y

To prove uniqueness, let v be another common fixed point of A,C, R, T.
If S*(y,y,v) > 0, then

S*(y,y,v) = S*(Ay, Ay, Cv)

< g0 ( 5By Ry, Tv), 5" (Ry, Ry, Ay),
=4 %S*(Ry,Tv,C’v), %S*(TU,Ry,Ay)

_ q¢< S*(y,y,v), S* (4,9, 1), )
%S*(y,v,v),%S*(v,y,y)

< qS5™(y,y,v),
which is a contradiction. Therefore, y = v. This means that y is the unique
common fixed point of self-maps A,C,R,T. O

Example 3.3. Let X = [0,00) be equipped with the partial S— metric
S*(z,y,z) = max{z,y, z}.

Consider the mappings A, T, C and R be self-mappings of a complete S*—
metric space (X, S*) with:

Alz) = §, T(x) = 3, C(x) = § and R(x) = 5. Choose ¢ € @ as
¢(t1, tg, t3, t4) = max{tl, tz, t3, t4}.

We will check that conditions of Theorem 3.2 are fulfilled.

First of all, since A(X) = T(X) = C(X) = R(X) = X hence A(X) C
T(X),C(X) C R(X) holds for x € X and T'(X) or R(X) is a closed subset of
X and the pair (A, R) and (T, C) are weak compatible. Since

Ty 2 1 Ty z
S*(Azx, Ay, Cz) = max 9’9’6} 3max{3,3,2}
and
S*(Rx, Ry, Tz) = max{E Y Z},

37372
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this reduces to
S*(Rz, Ry, Tz),S*(Rx, Ry, Ay),
$5*(Ry,Tz,Cz),35*(Tz, Rz, Ax)

for every z,y,z € X and ¢ = 5. By Theorem 3.2, the mappings A,T,C and
R have a unique common fixed point 0 in X.

Corollary 3.4. Let T, R and {Aa},e; and {Cy} o be the set of all self-

mappings of a complete S*-metric space (X, S*). Suppose that the following
conditions are satisfied:

(i) there exists ag € I and vo € K such that Ay (X) C T(X) and
C’YO(X) - R(X)7
(ii) Aay(X) or Cy(X) is a closed subset of X,
(i)

S*(Azx, Ay, Cz) < <
1
3

N S*(Rx, Ry, Tz),S*(Rx, Ry, Awy),
§7(Aaz, Aay, Cy2) < q9 ( %S*(Ry,Tz, Cyz), %S*(Tz, Rz, A,x)

for every x,y,z € X, some 0 < g < % and ¢ € @, and everya € I,y €
K,
(iv) the pair (Aay, R) or (Cy,,T) is weak compatible.
Then for every A € I and n € K Ay),Cy, R,T have a unique common fizved
point in X.

Proof. By Theorem 3.2 R,T and A,, and C,, for some ag € I, € K, have
a unique common fixed point in X. That is, there exist a unique a € X such
that R(a) = T'(a) = Aqy(a) = Cy,(a) = a. Suppose that there exist A € I such
that A\ # «ag and S*(Axa, Axa,a) > 0. Then we have

S*(Axa, Axa,a) = S*(Axa, Ara, Cya)
< g0 S*(Ra, Ra,Ta),S*(Ra, Ra, Aya),
q %S*(Ra, Ta,Cya), %S*(Ta, Ra, Aya)
S*(a,a,a),S*(a,a, Ara),
<
<q¢ < %S*(a, a,a), %S*(a,a, Aya)
< qS* (A)\CL, A)\CL, a) < S (A/\CL, A)\CL, a)7
which is a contradiction. Hence for every A € I we have Ay(a) = a. Similarly

for every n € K we get Cy(a) = a. Therefore for every A € I and n € K we
have Ay(a) = Cy(a) = R(a) = T'(a) = a. This completes the proof. O
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