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Abstract. The aim of this paper is to prove the existence and uniqueness of mild and
classical solutions of a second order evolution equation with functional dependence on the
solutions and on derivatives of the solutions. The theory of strongly continuous cosine
families of linear operators in a Banach space is applied. Further we discuss the existence of

solutions of nonlinear fractional differential equations in abstract spaces.

1. INTRODUCTION

In this paper, we consider the abstract nonlocal second order semilinear
functional-differential equation of the form:

u”(t) = Au(t) + f(t,u(t), u(ar(t)),d'(t),u (az(t))), t € (0,T), (1.1)
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u(0) = xo, (1.2)
u/'(0) + > haulti) =z, (1.3)
i=1

where A is a linear operator from a real Banach apace X into itself, w : [0,7] —
X, f:[0,T] x X* = X, a;:[0,T] = [0,T] (i=1,2), z0,21 € X, h; ER (i =
1,2,..,p)and 0 < t; <ty < ..<t,<T.

We prove the existence and uniqueness of mild and classical solutions of
problem (1.1) - (1.3). For this purpose, we apply the theory of strongly con-
tinuous cosine families of linear operators in a Banach space. We also apply
the Banach contraction theorem and the Bochenek theorem (see Theorem 1.1
in [10]).

Assumption (Ajp). Operator A is the infinitesimal generator of a strongly
continuous cosine family {C(t) : ¢t € R} of bounded linear operators from X
into itself.

Recall that the infinitesimal generator of a strongly continuous cosine family
C(t) is the operator A: X D D(A) — X defined by [24, 26]

d2
Az = WC’(t)x lt=0, * € D(A),
where
D(A):={x € X : C(t)x is of class C? with respect to t}.
Let

E:={zxecX: C(t)z is of class C' with respect to t}.
The associated sine family {S(¢) : t € R} is defined by

t
S(t)x ::/ C(s)xds, x€ X, teR.
0

From Assumption (A;) it follows (see [29,30]) that there are constants M > 1
and w > 0 such that
IC@)|| < Me* and ||S(t)]| < Me for teR.

We will also use the following assumption:

Assumption (Az). The adjoint operator A* is densly defined in X*; that is,
D(A*) = X*.

The paper is based on the publications [1-4, 6-9, 13-22, 27-28, 30] and is a
generalization of papers [11] and [12].
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2. MILD SOLUTIONS

A function u belonging to C1([0, T, X) and satisfying the integral equation

p

u(t) = C)mo+S(t)ar — SO (Y hiut:)

i=1

—i—/ St —s)f(s,u(s),u(ai(s)), ' (s),u (az(s)))ds, t€0,T],
0

is said to be a mild solution of the nonlocal Cauchy problem (1.1) - (1.3).

Theorem 2.1. Suppose that:

(i) Assumption (Ay) is satisfied,

(ii) a; : [0,T] — [0,T7], (i = 1,2) are of class C* on [0,T], f : [0,T] x X* —
X is continuous with respect to the first variable t € [0,T] and there
exists a positive constant Ly such that

4
Hf(sazlaz27 Z37Z4) - f(87217227237§4)u S Ll Z sz - 22”

i=1

for s €[0,T], zi,z€ X (i=1,2,3,4),

p
(iii) 2C(2T Ly +Z | hi |) < 1, where C := sup{||C(¢)|| + [|S@)| + ||S(t)]| :
i=1
t€[0, T},
(iv) zo € E and 1 € X.

Then the nonlocal Cauchy problem (1.1) - (1.3) has a unique mild solution.

Proof. Let the operator F : C1([0,T], X) — C*([0,T], X) be given by
(Fu)(t) = Ct)yro+SHar — SO Y hault:))
i=1

+/ S(t—s)f(s,u(s),u(ar(s)),v'(s),u (az(s)))ds, te0,T].
0

Now we shall show that F is a contraction on the Banach space C*([0, 7], X)
equipped with the norm

lwily == sup{[lw(®)|| + [lw' ()] ¢ € [0,TT}.
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To do this, observe that

|(Fw)@) - (Fa)(®)] = St >(Zm<w<ti> - w(tm)

|(Fu)(t) — (Fa)(®)]| < C(Z | B )Hw ~ |

/ 15t - $)l|La(lo(s) — s)]

+llw(ai(s)) = w(ar ()] + [[w'(s) — @' (s)l]
+ [lw'(az(s)) - ( 2(s))l)ds

< C(2TL1+Z | |>||w—7]1|]1

and
|(Fw) () = (Fa) (8)] = 1181 (Zh ((t:) — w(t)
+/0 C(t—s)(f(s,w(s)), w(ai(s)),w'(s),w'(az(s)))
— f(s,0(s),w(a1(s)), @' (s), 0 (az(s))))ds||
P
< (Y1l )lw =l
=1
+/0 1C(t = s)[|Li([[w(s) — @(s)]|
+ lw(ai(s)) — @(ar(s))]| + [w'(s) — @' (s)]]
+ [lw'(az(s)) — @' (a2(s))|)ds
<C<2TL1+Z\h \)Hw a1, telo,T).
Consequently

p
|Fw — Fi|y < 20(2TL1 +3 |k )||w — ||y for w,w € C([0,T], X).
i=1
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Therefore, in the space C*([0,7], X) there is only one fixed point of F and
this point is the mild solution of the nonlocal Cauchy problem (1.1) - (1.3).
So the proof of Theorem 2.1 is complete. O

3. CLASSICAL SOLUTIONS

A function w : [0,7] — X is said to be a classical solution to problem (1.1)
- (1.3) if
u e ([0, 7], X) N C*((0,T], X),

P
u(0) = x9, '(0)+ Z hiu(t;) = 1,
i=1

and

u”(t) = Au(t) + f(t, u(t), u(ar(t)),u' (t),u (az(t))) for t € [0,T].

Theorem 3.1. Suppose that:
(i) Assumptions (A1) and (Az) are satisfied and a; : [0,T] — [0,T] (i =
1,2) are of class C* on [0,T).
(ii) there exists a positive constant Lo such that
4

£ (s, 21, 22, 23, 24) — f(5, 21, %, 2, Z0) | < Lol s = 5| + ) ||z — Zll)
=1
fors, §€10,T], zi,z € X (i=1,2,3,4).
(ii) 20(2TL2 +3 by ) <1.
(iv) zo € E and x; € X.

Then the nonlocal Cauchy problem (1.1) - (1.3) has a unique mild solution wu.
Moreover, if xog € D(A), x1 € E andu(t;) € E (i =1,2,...,p), and there exist
positive constants ¢; (i = 1,2) such that

[u(ai(s)) = ular ()l < erfluls) —w(S)|| for s, 5 €[0,T]
and
lu'(az(s)) — ' (a2(3)|| < callu'(s) — /(3| for s, 5 €[0,T],
then w is the unique classical solution of nonlocal problem (1.1) - (1.3).

Proof. Since the assumptions of Theorem 2.1 are satisfied, the nonlocal Cauchy
problem (1.1) - (1.3) possesses a unique mild solution which is denoted by w.
Now we shall show that u is the classical solution of problem (1.1) - (1.3). First
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we shall prove that u,u(a;i(+),u’ and u'(ay(-)) satisfy the Lipschitz condition
on [0,7]. Let ¢t and t + h be any two points belonging to [0, T]. Observe that

u(t + h) —u(t) = C(t + h)wo + S(t + h)x1 — S(t + h) (Zhu )

t+h
+ / S(t+h—s)f(s,u(s),ular(s)), v (s),u (az(s)))ds
0
= C(tyo — S(t)ar + S(t) (D heu(t:))
—/0 S(t—s)f(s,u(s),u(ar(s)), v (s),u (az(s)))ds.
Since

C(t)xo + S(t) (:cl Zhu )

is of class C? in [0, T, there are constants C’1 > 0 and Cy > 0 such that

I(C(t+h) = C(t)ao + (S(t+ h) = S®) (w1 - Zhu D)I<Ciln
and
I((C G+ ) = CE)ao) + (St +h) = S(1)) (w1 = S haut)) I < Co | 1]
=1
Hence

Jua(t + 1) — u(t)]
gclrhun/o S(s)(f(t+h— s,ult+h—s),

u(ay(t +h —s),u'(t+h—s),u (ag(t + h — s)))
— f(t = s,u(t = s),u(ar(t — 5)),4'(t = s),u'(az(t - 5))))ds||
+ | tHh S(s)f(t+h—s,u(t+h—s),u(a(t+h—2s)),
W (t+h—s),u (as(t + h— s)))ds||
<Cy|h| +/0tMe“TL2(| h|+|lu(t+h—s)—u(t—s)|

+lluar(t +h —s)) —ular(t — s))|| + u'(t + b — s) —u/(t = 5)]|
+ | (az(t + h — s) = u'(az(t — 5))|| + Me*"N | h |,
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where

N = sup{[|f (s, u(s), u(a1(s)),u'(s), u'(az(s)))ll : s €[0,T]}.

From this, we obtain
t
lu(t+h) —u(®)|| < Cs | h| +C4/ (llu(s + ) — u(s)]|
0

+ || (s + h) —/(s)]|)ds. (3.1)

Moreover we have
(1) = (C(t)ao + 8(t) (w1 — 3 hau(t)))
i=1

+/ C(t —s)f(s,u(s),u(ar(s)),u'(s),u'(az(s)))ds.
0

From the above formula, we obtain analogously

lW/(t +h) —u' ()] < Cs5 | h | +Cg /Ot(HU(s +h) —u(s)]|
+ ||/ (s + h) — u'(s)]])ds. (3.2)
By inequalities (3.1) and (3.2), we get
lu(t +h) —u(@®)[| + [u'(t + k) — /@)

<Cilh] +C**/O (Ju(s + 1) = u(s)|| + [u'(s + h) = u'(s)])ds.

From Gronwall’s inequality, we have

lu(t + h) = u@)|| + [[u'(t+ k) = ' @) < C A, (3:3)

where C is a positive constant.
By (3.3), it follows that u,u(ai(-)),u’ and u'(az(-)) satisfy the Lipschitz
condition on [0,T] with a positive constant. This implies that the mapping

[0,T] 3t — f(t,u(t),u(a(t)), v (t),u (az(t))) € X

also satisfies the Lipschitz condition.
The above property of f together with the assumptions of Theorem 3.1
imply, by Theorem 1.1 in [10] and by Theorem (2.1), that the linear Cauchy
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problem

V(t) = Av(t) + f(tu(t),u(ar(t), ' (t), v (az(t))), t € [0,T],
v(0) = o,

P
V(0) = a1 - hiu(t)
i=1
has a unique classical solution v such that
P
v(t) = C(t)zo + S(t) <x1 -y hiu(ti)>
i=1

+/ S(t—s)f(s,u(s),u(ar(s)),u'(s)),u (az(s)))ds, t € [0,T].
0

Consequently u is the unique classical solution of the semilinear Cauchy prob-
lem (1.1) - (1.3) and, therefore, the proof of Theorem 3.1 is complete. O

4. ABSTRACT FRACTIONAL DIFFERENTIAL EQUATIONS

Fractional differential equations appear more frequently in different areas of
science and engineering. In fact, real world processes generally or most likely
result in fractional order systems. The main reason for using the integer order
models was the absence of solution methods for fractional differential equa-
tions. The most important advantage of using fractional differential equations
is their non-local property. It is well known that the integer order differential
operator is a local operator but the fractional order differential operator is
nonlocal. This means that the next state of a system depends not only upon
its current state but also upon all its past states.

Many real world systems are better characterized by using a non-integer
order dynamic model based on fractional calculus. Recently, due to increasing
applications of fractional calculus, several papers on the existence of solutions
of fractional differential equations have appeared.

In this section, we discuss the existence of solutions of nonlinear fractional
order differential equations in Banach spaces.

Let X be a Banach space and J = [0,7]. Then Y = C(J, X) is the Banach
space of all real-valued continuous functions defined on the compact interval J,
endowed with the maximum norm. The space of linear bounded operators on
X is denoted by £(X). We use the symbol I to denote the identity operator.
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The fractional integral of a function f € Y is defined as

1°f(t) = F(la) / (t— )27 f(s)ds,

to

for any order n — 1 < a < n, n € N and the Caputo derivative of f is
Cbaf — In—af(n)’ f(n) cv.
The Mittag-LefHler function is defined as

0 k

z
Ea7ﬁ(2) = ;)IW,OC > 0,,6 > 0.

and, when § =1, we denote E, 1(z) = E4(2). The reader may refer the book
[23] for more information about the facts on fractional calculus.

Lemma 4.1. ([23]) Let « >0,te€ J, x €Y. Then
n—1
I*D%x(t) = z(t) + Z crt®, cp €R.
k=0

Lemma 4.2. ([25, Theorem 7.3.1]) Suppose that A is a linear bounded oper-
ator defined on a Banach space X and assume that |A|| < 1. Then (I — A)~!
is linear and bounded. Also

(I - A)il = ZAka
k=0

the convergence of the series being in the operator norm and

1=~ <@—)Ap.

Using Lemmas 4.1 and 4.2, the following lemmas have been established for

the solutions representation of some linear fractional differential equations in
[5].

Lemma 4.3. The fractional differential equations

{ Dou(t) = Au(t) + f(t), 0<a <1,
u(0) = ug

has a solution
t
u(t) = EalAt?uo + [ (¢~ 5" EnalA (= 5))5 (s)ds,
0

provided
(H) The operator A € £(X) commutes with the fractional integral operator I*
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on X and ||A| < Horl),

Next we introduce a linear differential equation with fractional order 1 <
a<2.

Lemma 4.4. Let the condition (H) hold. Then the fractional differential
equation
Deu(t) = Au(t) + f(t), 1<a <2,
{ uw(0) =up € X, u(0)=1vp € X,
has a solution

u(t) = Eq(At)ug + tEq2(At*)vg + f(t) * to‘*lEa,a(Ata)

= Bolt)uo-+ Bt + | Bt = 5)f(5)ds.
where ®¢(t) = Eq(At®), ®1(t) = tEa2(AtY) and ®(t) = t* L E, o AtY).

In general, if the hypothesis (H) is satisfied, then the fractional differential
equations
Deu(t) = Au(t) + f(t), n—1<a<n,
{ W (0)=vpEeX, k=01,...,n—1
has a solution of the form

n—1 ¢
= Yt Eapa(At)ont [ (=5 EualA (= 97)(s)ds,
k=0 0

Consider the nonlinear fractional differential equation of the form
{ EDu(t) = Au(t) + f(t,u(t),“DPu(t)), t € J,

u(0) = ug, u'(0) = v,

with l <a <2, 0< <1, Ais a bounded linear operator and the nonlinear
function f: J x X x X — X is continuous. The solution of (4.1) is given by

(4.1)

u(t) = ®o(t) ug + ®1(t) vo + /0 t B(t — ) f(s,u(s),“DPu(s))ds.

For brevity let us take

n1 = sup{[[@o(®)],t € J}; ng = sup{[[®1()|, ¢ € J};
ny = sup{||®(t —9)|,t,s € J}; ng = sup{||A®(t)|,t € J};
ns = sup{||®a2(t — s),t,s € J}; Do (t) = t* ' Ep 0 1(AtY);

ne = nalluoll + n1llvoll; c=n1||uo|| + nz||vo]|-
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Now we make the following assumptions to obtain the existence results for
the equation:

(H1) For each t € J, the function f(¢, -, -) : X x X — X is continuous
and the function f(-, u, v) : J — X is strongly measurable for each
u,v € X.

(H2) For every positive constant k, there exists hj € L'(J) such that

sup || f(t,u,v)|| < hg(t), for everyt e J.
lull, lvll<k

(H3) There exists a continuous function m; : J — [0, 00) such that
1w, )| < ma (@2 ([ull +[Jol]), ¢ € J, w0 e X

where Q : (0,00) — (0,00) is a continuous nondecreasing function.
(H4) There exists a constant M > 0 and a continuous function msy : J —
[0, 00) such that

nﬁt_ﬁ ns
Ti—p) "T-

and
/OT m(s)ds < /COO Qd(Z)

where m(t)=max{ngmi(t), Mma(t)}.

5 /0 (t—T)_Bml(T)Q(w(T))dT < Mma(t)Q(w(t))

Theorem 4.5. Assume that the hypotheses (H1) — (H4) hold. Then there
exists a solution to the nonlinear equation (4.1) on J.

Proof. Consider the Banach space Z = {u cu € C(J,X) and “DPu € C(J, X)}

with norm |lu||* = max{||ul|, ||DPu||}. We now show that the nonlinear oper-
ator F': Z — Z defined by

(Fu)(t) = Po(t) up + P1(t) vo + /0 Ot — s)f(s,u(s),“DPu(s))ds

has a fixed point. This fixed point is then a solution to (4.1).
The first step is to obtain a priori bound of the set
((F)={u€e Z:u=A\Fu forsome \e(0,1)}.

Let uw € ¢(F'). Then u = AFu for some 0 < A < 1. Thus, for each t € J, we
have

u(t) = Ao (t) up + AP1(¢) vo + A /Ot O(t—s)f(s, u(s),CDﬁu(s))ds.
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Then

[ < naluoll + n2lvoll +n3/0 ma(s)2[[u(s)]| + D u(s)[)ds

_c+n3/m1 Q(u(s) + [ DPu(s)])ds

Denoting the right-hand side of the above inequality by 71 (), we have r1(0) =
C’

[l < 7r1(2)
and
r1(8) = ngma (OQ([Ju(t) | + | D u()])).
Also, we have
u'(t) = NAD(t) ug + APo(t) vo + A /Ot Dot — ) f(s,u(s),“DPu(s))ds.

and

'@ < n4HUoH+n1HvoH+n5/ml(S)Q(Hu<8)H+HCDﬂU(S)H)dS

S / ma(5)u(@)]| + [ DPu(s))ds

Hence it follows that

Dl 71 t —5) 7P| (s)||ds
1D 0] < gy [ =9Il

I — ) Bds
Sy AR

+F(1ni6)/ </ () >II+IICDﬁu<r>||>dT) s
__"6 _ o) Bds
<F(1—B)/ (t=s)7d
1_ / / (t — 8)~Pdsma (1) QJu(r)]| + | DPu(r)|)dr
Neg tl B

“Te-p " (Q_ﬁ)/o(t—T)1 P (T)Qfu(r) | + | D u(r) )dr

Denoting the right-hand side of the above inequality by 72(t), we have r4(0) =
0,
1D ut)l] < r2(t)
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and

ne t—7 n t
rh(t) = F(it_ 5T /0 (t=7) P (D) Ju(n)] + D u(r) dr.

Let w(t) = r1(t) + r2(t), t € J. Then w(0) = r1(0) + r2(0) = ¢ and
w'(t) =11 (t) + ro(t) < m(t)Q(w(?))

which implies that for each ¢t € J,

[t = [ o< [ ot

From the above inequality, we see that there exists a constant K such that

w(t) =r(t) +r2t) < K, teJ.
Then ||u(t)|| < r1(t) and ||DPu(t)| < ra(t), t € J, and hence
ull = max{|[ull, |D"u} < K
and the set ((F') is bounded.
Next we prove that the operator F': X — X is completely continuous.
Let By = {u € Z : |lul|[* < ¢}. We first show that F' maps bounded

sets into equicontinuous family in B,;. Let u € By and t1,to € J. Then if
0<ti <ta <T,

|(Fu)(t2) — (Fu)(t)| < [1@o(t2) — Do) llluoll + 1@ (t2) — @1 () llyol
t1
+| /0 [(tz — ) = ®(t1 — )] (s, u(s),“DPu(s))ds
to
n H/t Dty — s)f(s,u(s),CD/Bu(s))dsH
< || ®o(t2) — Po(ta)[l[[uoll + [|P1(t2) — P1(t2)[lyoll

v "0t — 5) — D(t1 — 5)[hy(s)ds

T / 1D (s — 5)[hg(s)ds (4.2)

t1
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and
t
[(Fuw)' (t)]| < [|A®(@)]|||uol| + [|Po(t)|l[voll +/0 [@2(t — 8)||hg(s)ds
t
< nalluo]| + a1 [[voll +n5/ h(s)ds
0
t
< ng+ n5/ hq(s)ds.
0

Hence it follows that

|DP (Fu)(t2) — DP(Fu)(tr)||
_ HF(ll—B) /O %ty — )P (Fu) (s)ds
F(ll_/B/tl(tl—s) (Fu) (s)3s
gl [ >’<5>dSH
1 — H /tl —(t1 —s)” »3) (Fu)’(s)dSH

< F(1_5)/ (t2 — 5)~° || (Fu) (s)]|ds

1 h B B ,
wg [ (=97 = =) P )]s

o5 /tt (= 9) Pt ) /: (t2 =) </0 hq(T)dT) a
D) /atl (ta=9)7 = (1= 5)77) ds
t s [ (=97 = =) ([ hutrar)

< o7 ) /:2@2—5)6 ([ mutrar) as

r'{-
1 t -8 _ -8 1-58
+/ <t2—7- to — 11 tl—’i‘_)h 7)dr. (4.3
o |, (2= =) = (= 1)) (i (43)
The right-hand sides of (4.2) and (4.3) tend to zero as ty — t;. Thus F' maps
B, into an equicontinuous family of functions. It is easy to see that the family
F By is uniformly bounded.

_l_

IN
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Next we show that F' is a compact operator. It suffices to show that the
closure of F'B, is compact.
Let 0 <t < T be fixed and € be a real number satisfying 0 < ¢ < t. For
u € By, we define
t—e

(Fo) () = Bo(#)uo + B1 ()vo + /D Bt — 5) £ (s, u(s).CDPu(s))ds.

Note that using the same methods as in the procedure above, we obtain the

boundedness and equicontinuous property of F. which implies that the set

Se(t) = {(Feu)(t) : u € By} is relatively compact in X for every 0 < e < t.
Moreover, for every u € By,

t
(P = Fao)] < || [ 8= s) (s, u(). D u)as|

< / |0 (t — 5)[|q(s)ds.

—€

Also
[(Fu)' () = (Feu) ()] < | / D (t = 5)f(s.u(s).Du(s))ds

< / [®a(t — 5) [ 1g(s)ds.

Since ||(Fu)(t) — (Feu)(t)|| — 0 and ||(Fu)'(t) — (Few)'(t)]] — 0 as € — 0, this
implies that

1D (Fu)(t) ~“DP (Feu)(2))]

1 t - / /
= m—m/o (t = 8)|(Fu)/ (t) — (Feu) (1) [ds — 0 as e — 0.

So relatively compact sets S¢(t) = {(Feu)(t) : u € By} are arbitrarily close to
the set {(Fu)(t) : uw € By}. Hence {(Fu)(t) : w € By} is compact in Z by the
Arzela-Ascoli theorem.

Next it remains to show that F' is continuous. Let {u,} be a sequence in
Z such that ||uy, —ul| = 0 as n — oo. Then there is an integer & such that
lunll < k, |DPuy|| < k for all n and t € J. So |lu(t)| < k, |DPu(t)| < k
and u, D°u € Z. By (H1),

f(tvun(t)aCD/Bun(t)) — f(ta u(t),CDﬁu(t)),
for each t € J. Since
£ (t,un(8),“DPun (t)) — (£, u(t),“DPu(t))|| < 2h(t),

we have, by the dominated convergence theorem,
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[(Eun) () =(Fu)(t)]]

— sup H /O t Ot — ) [ £(5,un(5),CDPun(s)) — f(s,u(s),CDﬁu(s))} dsH

teJ
T
< /O H@(t _ %) [f(s,un(s),cpﬂun(s)) . f(s,u(s),CDﬁu(s))} H ds.
Also
| (Fun) (6)—(Fu) (t)||

= ?615) H /Ot Do(t — s) [f(s,un(s),CD’Bun(s)) - f(s,u(s),CDﬁu(s))} dsH
< /0 ' | @2t = ) [£(5,10n().5D un(5)) = f(s,u(s).DPu(s))] || s.
This implies that

1D (Fun) (1) =D (Fu) (1)

1 t B / /
= M/o (t = 5) N (Fun)'(t) = (Fu) (t)|ds = 0 as n — oo.

Thus F is continuous. Finally the set ((F) ={u€ Z: u= AFu, X € (0,1)}
is bounded as shown in the first step. By Schaefer’s fixed point theorem, the
operator F has a fixed point in Z. This fixed point is then the solution of
(4.1). This completes the proof. O

5. EXAMPLES

Example 5.1. Consider the fractional differential equations

() u2(>+u%+sint ’
SN w (5.1)
t) = 3uq(t
us(t) ul()+u§+t’

!/
with initial conditions [ u1 (0) ] = [ ! } and { u}( ) } = [ 0 ] for t € [0, 1].
U2 1 Uy 0

It has the following form
D32u(t) = Au(t) + f(t,u), t € [0,1],
(5.2)
u(0) = up, u'(0) = vo,
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Uy
2 .
0 4 ui +sint i (t)
WhereA—[3 O},f(t,u)— w ,u(t)= w(t) |
ud +t

Using Mittag-Leffler matrix function for a given matrix A, we get

[ La(s) La(s)
cI’<1‘3>—[L§,<s> Li@)]’

where
Li(s) = (t—s)2By3(12(t - s)?),
Ly(s) = 4e079),
Ls(s) = 3e12(t=9),
La(s) = (t—s)2Ey3(12(t - s)°),

Further the nonlinear function f is bounded, continuous and satisfies con-
ditions of Theorem 4.5. Hence there exist a solution to the nonlinear equation
(5.1).

Example 5.2. Consider the system of fractional differential equation of the
form

exp(—2t) (|u1| + |DY2uy (1))

1+ |ua(t)]
exp(—2t) (]ug\ + \%1/2u2(t)])
L+ |ug(t)]

)

DOy (t) = ug (t) — ua(t) +
(5.3)
DOy (t) = ug(t) +

)

with initial conditions [ Zl< ) ] = [ (1) } and [ Zggg; } = [ (1) } for t € [0, 5).

It has the following form

D5Au(t) = Au(t) + f(t, u(t),CDY?u(t)), t € [0,5],
(5.4)
u(0) = ug, v (0) =wo
1 -1 L wa(®)

WhereA—[O 1],u(t)— [u;(t) ],and
exp(—2t) (Ju1] + |DY2uq(t)])

1+ ua(t)]
exp(—2t) (|ua| +|D"?uz (1))

1+ Jua (t)]
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Using Mittag-Leffler matrix function for a given matrix A, we get

w5-0=| "0 Ny |

where N(t) = (5 — t)1/4E5/475/4((5 — ¢)°/%). Further the nonlinear function f
is continuous and satisfies the hypotheses of Theorem 4.5. Hence the equation
(5.3) has a solution on [0, 3].
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