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Abstract. In this paper, we present some fixed point theorems for generalized contractions
involving rational expressions in the framework of complex valued b-metric spaces. Our

results generalize some existing results.

1. INTRODUCTION

In 2011, Azam et al. [2] introduced the concept of complex valued metric
space and proved some fixed point results for mappings satisfying a rational
inequality. This concept is useful in different branches of mathematics, in-
cluding applied mathematics, number theory, algebraic geometry etc. Large
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number of papers have been published containing fixed point results for a sin-
gle and a pair of self-mappings with different rational contraction conditions
in complex valued metric space (see [9, 11, 13, 14]). After the establishment of
complex valued metric spaces, Rao et al. [10] introduced the complex valued
b-metric spaces and then several authors have contributed in this directions
(see [1, 3, 4, 5, 6, 7, 8 and [12]).

In this manuscript,we prove some fixed point theorems having rational type
contraction conditions in the notion of partially ordered complex valued b-
metric space.

2. BASIC FACTS AND DEFINITIONS

Let C be the set of complex numbers and z1, zo € C. Define a partial order=
on C as follows: z; 3 22 if and only if Re(z1) < Re(z2),Im(z1) < Im(z2). It
follows that = exist if one of the following conditions are satisfied:

(C1) Re(z1) = Re(22) and Im(z1) = Im(z2);

(Ca) Re(zl) < Re(z2) and Im(z1) = Im(z2);

(C3) Re(z1) = Re(22) and Im(z1) < Im(z2);

(C4) Re(z1) < Re(z2) and Im(z1) < Im(z2).

In particular, we will write 21 3 22 if 21 # 22 and one of (C3), (C3) and (Cy)
is satisfied and we will write z; < 29 if only (C4) is satisfied. Note that
(Z) 0 fj 21 z 29 = ‘Zl| < |2’2‘,
(17) z1 2 22 and 29 < 23 = 21 < 23,
(791) If a,b € R and a < b= az 3 bz for all z € C.

The following definition is recently introduced by Rao et al. [10].

Definition 2.1. ([10]) Let X be a nonempty set and let s > 1 be a given real
number. A function d : X x X — C is called complex valued b-metric if the
following conditions are satisfied:

(M1) 0 2d(z,y) and d(z,y) =0« x =y for all z,y € X

(M2) d(z,y) = d(y,x) for all z,y € X;

(M3) d(z,y) 2 sld(x, z) + d(z,y)] for all z,y,z € X.

Then the pair (X, d) is called a complex valued b-metric space.

Example 2.2. ([10]) Let X = [0, 1]. Define the mapping d : X x X — C by
d(x,y) = |z —y|> +i|z — y|?, for all z,y € X. Then (X, d) is a complex valued
b-metric space with s = 2.

All other definitions like convergent sequence, Cauchy sequence, complete
complex valued b-metric space we refer [10].
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Lemma 2.3. ([10]) Let (X, d) be a complex valued b-metric space and let {x,}
be a sequence in X. Then {x,} converges to x if and only if |d(xy,z)| — 0 as
n — 00.

Lemma 2.4. ([10]) Let (X,d) be a complex valued b-metric space and let
{zn} be a sequence in X. Then {x,} is a Cauchy sequence if and only if
|d(xn, Tptm)| — 0 as n — oo, where m € N.

Definition 2.5. Let (X,d) be complex valued b-metric space, T : X — X
and z € X. Then the function T is continuous at x if for any sequence {x,,}
in X with z,, —» =, Tx,, — Tz.

Definition 2.6. Let (X, ) be a partially ordered set and 7' : X — X. The
mapping 7" is said to be non-decreasing if for all x1,z5 € X, z1 3 o implies

~

Tx1 3 Txs and non-increasing if for all x1, z0 € X, 21 = @9 implies Txy 77 Txs.
Now we are ready to state and prove our main result.

3. MAIN RESULTS

Theorem 3.1. Let (X,3) be a partially ordered set and suppose that there
exist a complex valued b-metric d on X such that (X,d) is a complete complex
valued b-metric space. Let the mapping T : X — X be a continuous and
non-decreasing mapping. Suppose that there exist non-negative real numbers
a, By, 0, A with s(a + B+ ) + 5 + s(s+ 1)A < 1 such that for all x,y € X
with x 2y,

d
d(Tx,Ty) 2 oad(z,y)+p

(x,Tx)d(z, Ty) + d(y, Ty)d(y, Tx)]
d(z,Ty) + d(y, Tx)

+vd(x, Tx) + 0d(y, Ty) + M| d(z, Ty) + d(y, T:r:)] (3.1)

if there exist xo € X with xog X Txg, then T has a fized point.

Proof. Let xg = Txg. Then it is obvious that xg is a fixed point of T'. Suppose
that xo < Txo. Then we construct the sequence {z,,} in X such that

Tpi1 =Tz, for every n >0. (3.2)
Since T is a non-decreasing mapping, by induction we get,

2o <Trg=a1 3Ter1 =20 ZTaxeo =233 ... 3Taxp_1=2, 3Tz, =2p41. (3.3)

~

If there exist some n > 1 such that z,1 = x,, then from (3.2), 41 = Tx, = Ty,
that is x,, is a fixed point of 7" and the proof is finished.



480 A. K. Dubey, U. Mishra and W. H. Lim

Now, we assume that z,1 # x, for all n > 1. Since x,, < z,11, alln > 1, by (3.1)
we have,

d(Xni1,Tnr2) = d(Tzn, TTpi1)
ad(Tn, Tni1)
'8 {d(:cn, Txy)d(zn, Toni1) + d(@nr1, TTni1)d(@ny1, Txn)]
d(xpn, Txpy1) + d(@ppr, Tay)
+yd(xn, Txn) + 0d(Xpnt1, TTny1)
FAd(Tn, Tpg1) + d(Tpg1, Tn)]
= ad(Tn,Tpi1)
+8 [d(xm Tpy1)d(Tn, Tny2) + d(@Tns1, Tng2)d(Tngt, xn+1)]
d(n, Tng2) + d(Tpi1, Tngr)
+vd(Tpy Tpp1) + 0d(Tpp1, Tnio)
FA[d(zn, Tri2) + d(Tpy1, Togr)]
3 Ofd(l’na xn+1) + ﬁd(xm fEn-&-l) + 'Yd(mna xn+1) + 5d(xn+1, xn+2)
+8Ad(Tp, Tnt1) + d(@pt1, Tnt2)]

A

which implies that,

d(xn+17xn+2) j (w

1-0—sA )d(x”’f””“)

= pd(2n; Tnia) (3-4)

where p = (%), since s(av + B+ ) + 3 + s(s + 1)A < 1, it follows that
0<p< % By induction, we have

d(@n+1,Tn2) 3 pd(@n, Tni1) 3 .U2d($n—1a ) 3o 3 (o, 1)

form>n
d(@n, Tm) 3 8[d(@n, Try1) + d(Tng1, Tm)]
2 sd(Zn, Tpy1) + SQ[d(anrlv Tpyo) + d(Tpyo, )
3 sd(@p, Tpg1) + 82 d(@ng1, Tag2) + Sd(Tngo, Tnys)
Foe + "X im—1, Tim)
3 (s S S ), 31)
3 osp L (sp) + (sp) A+ e (sp)™ " Hd(wo, a1)
spu™
= d )
S — (0, 21)

Since 0 < pu < %, we conclude that (IS_HSM) — 0 as n — oo, which implies that {z,}

is a Cauchy sequence. From the completeness of X, there exists a point z € X such
that

Ty — 2 aS N — 0. (3.5)
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The continuity of 7" implies that Tz = lim,,_, o Tz, = lim,,_, o, T, +1 = 2z that is z is
a fixed point of T. O

If continuity is dropped for underlying mapping then we get the following
result:

Theorem 3.2. Let (X,3) be a partially ordered set and suppose that there
exist a complex valued b-metric d on X such that (X,d) is a complete complex
valued b-metric space. Let the mapping T : X — X be a non-decreasing
mapping. Assume that if {x,} is a non-decreasing sequence in X such that
Tn — x, then x, 3 x, for all n € N. Suppose that (3.1) hold for all x,y € X

~

with x = y. If there exist xg € X with xo 3 Txo, then T has a fized point.

Proof. We take the similar approach as Theorem 3.1 and prove that {z,} is
non-decreasing sequence such that x,, — z € X. Then z,, 3 z, for all n € N.
From inequality (3.1), we have

d(xps1,T2) = d(Tx,,T2)
d(zn, Try)d(x,, T2) +d(z, Tz)d(z, Txy
S ad(@n,2) + 5[ ( ;(in,Tz) )+ d(z(, Txn; ( )]
+yd(xp, Ty) 4+ 0d(2,Tz) + Nd(xn, Tz) + d(z, Txy,)]
d(xpn, Tnt1)d(Tn, Tz) + d(z,T2)d(z, Tni1
= ad(zn,2) + 6] : d)(a;(n, T2) i d(z(, a?n+1)) ( )}
+yd(zp, Tpi1) +0d(z, Tz) + Ad(2n, Tz) + d(2, 2n41)]
Taking the limit as n — oo and using (3.5), we have
d(z,2)d(z,Tz) 4+ d(z,Tz)d(z, z)}
d(z,Tz) 4+ d(z, 2)
+vd(z,2) + 6d(z,Tz) + Ad(2,Tz) + d(z, 2)]
3 0d(2,Tz) + Ad(z,Tz) = (6 + N)d(2,Tz2).

Since (6 + A\) < 1, it is contradiction unless d(z,Tz) = 0. Therefore Tz = 2
and hence z is fixed point of T O

d(z,Tz) = ad(z,z)+ B[

If we set 5 =+ =0 = 0 in inequality (3.1) of Theorem 3.1 then we get
following Corollary.

Corollary 3.3. Let (X,3) be a partially ordered set and suppost that there
exist a complex valued b-metric d on X such that (X,d) is a complete complex
valued b-metric space. Let the mapping T : X — X be a continuous and non-
decreasing mapping. Suppose there exist non-negative real numbers o and A
with a4 25\ < % such that, for all x,y € X with x 2 vy,

d(Tz,Ty) 2 ad(z,y) + ANd(z, Ty) + d(y, Tz)).
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If there exist g € X with x¢g =X Txo, then T has a fized point.

Example 3.4. Let X = {0, %,2} and partial order 3 is defined as x 3 y if
and only if z > y. Let the complex valued b-metric d be given by d(z,y) =

|z —y[?(1+1i) forall 7,y € X. Let s =2 and T : X — X be defined as below:
1
T(0)=0 and T(E) ~0.

Take x = %,y =0,7(0) =0 and T(%) = 0 in Corollary 3.3, then we have

1 2 , 1 2 9 .
d(Tz,Ty) =0 = a‘if()‘ (1+z)+>\H§—O‘ + 10— 0] (1 +4)
1414
= A .
(0t 2
This implies that o+ A > 0. If we takea:/\:%,then all the conditions of

Corollary 3.3 are satisfied and of course 0 is the fixed point of T

In order to verify the Theorem 3.1, take the same values as above in Theorem
3.1, we have

AT, Ty =0 3 a(r) 4518 1y () 4 60) + A(HH).

The above inequality is satisfied for « = 8 = § = % and v = A = 0 with
s(a+ B +7v)+ 0+ s(s+ 1)\ < 1, then all the conditions of Theorem 3.1 are
satisfied and of course 0 is the fixed point of T.

4. CONCLUSION

In this paper, we establish some fixed point theorems for generalized con-
tractions involving rational expressions in the setting of complex valued b-
metric spaces. We give one example in support of our results. Our results
extend and generalize some well known existing results.

Acknowledgments: The authors are thankful to the learned referee for
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