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Abstract. In this paper, we present some fixed point theorems for generalized contractions

involving rational expressions in the framework of complex valued b-metric spaces. Our

results generalize some existing results.

1. Introduction

In 2011, Azam et al. [2] introduced the concept of complex valued metric
space and proved some fixed point results for mappings satisfying a rational
inequality. This concept is useful in different branches of mathematics, in-
cluding applied mathematics, number theory, algebraic geometry etc. Large
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number of papers have been published containing fixed point results for a sin-
gle and a pair of self-mappings with different rational contraction conditions
in complex valued metric space (see [9, 11, 13, 14]). After the establishment of
complex valued metric spaces, Rao et al. [10] introduced the complex valued
b-metric spaces and then several authors have contributed in this directions
(see [1, 3, 4, 5, 6, 7, 8] and [12]).

In this manuscript,we prove some fixed point theorems having rational type
contraction conditions in the notion of partially ordered complex valued b-
metric space.

2. Basic facts and definitions

Let C be the set of complex numbers and z1, z2 ∈ C. Define a partial order-
on C as follows: z1 - z2 if and only if Re(z1) ≤ Re(z2), Im(z1) ≤ Im(z2). It
follows that - exist if one of the following conditions are satisfied:

(C1) Re(z1) = Re(z2) and Im(z1) = Im(z2);
(C2) Re(z1) < Re(z2) and Im(z1) = Im(z2);
(C3) Re(z1) = Re(z2) and Im(z1) < Im(z2);
(C4) Re(z1) < Re(z2) and Im(z1) < Im(z2).

In particular, we will write z1 � z2 if z1 6= z2 and one of (C2), (C3) and (C4)
is satisfied and we will write z1 ≺ z2 if only (C4) is satisfied. Note that

(i) 0 - z1 � z2 ⇒ |z1| < |z2|,
(ii) z1 - z2 and z2 ≺ z3 ⇒ z1 ≺ z3,

(iii) If a, b ∈ R and a ≤ b⇒ az - bz for all z ∈ C.

The following definition is recently introduced by Rao et al. [10].

Definition 2.1. ([10]) Let X be a nonempty set and let s ≥ 1 be a given real
number. A function d : X ×X → C is called complex valued b-metric if the
following conditions are satisfied:

(M1) 0 - d(x, y) and d(x, y) = 0⇔ x = y for all x, y ∈ X;
(M2) d(x, y) = d(y, x) for all x, y ∈ X;
(M3) d(x, y) - s[d(x, z) + d(z, y)] for all x, y, z ∈ X.

Then the pair (X, d) is called a complex valued b-metric space.

Example 2.2. ([10]) Let X = [0, 1]. Define the mapping d : X ×X → C by
d(x, y) = |x− y|2 + i|x− y|2, for all x, y ∈ X. Then (X, d) is a complex valued
b-metric space with s = 2.

All other definitions like convergent sequence, Cauchy sequence, complete
complex valued b-metric space we refer [10].
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Lemma 2.3. ([10]) Let (X, d) be a complex valued b-metric space and let {xn}
be a sequence in X. Then {xn} converges to x if and only if |d(xn, x)| → 0 as
n→∞.

Lemma 2.4. ([10]) Let (X, d) be a complex valued b-metric space and let
{xn} be a sequence in X. Then {xn} is a Cauchy sequence if and only if
|d(xn, xn+m)| → 0 as n→∞, where m ∈ N.

Definition 2.5. Let (X, d) be complex valued b-metric space, T : X → X
and x ∈ X. Then the function T is continuous at x if for any sequence {xn}
in X with xn → x, Txn → Tx.

Definition 2.6. Let (X,-) be a partially ordered set and T : X → X. The
mapping T is said to be non-decreasing if for all x1, x2 ∈ X,x1 - x2 implies
Tx1 - Tx2 and non-increasing if for all x1, x2 ∈ X,x1 - x2 implies Tx1 % Tx2.

Now we are ready to state and prove our main result.

3. Main results

Theorem 3.1. Let (X,-) be a partially ordered set and suppose that there
exist a complex valued b-metric d on X such that (X, d) is a complete complex
valued b-metric space. Let the mapping T : X → X be a continuous and
non-decreasing mapping. Suppose that there exist non-negative real numbers
α, β, γ, δ, λ with s(α + β + γ) + δ + s(s + 1)λ < 1 such that for all x, y ∈ X
with x - y,

d(Tx, Ty) - αd(x, y) + β
[d(x, Tx)d(x, Ty) + d(y, Ty)d(y, Tx)

d(x, Ty) + d(y, Tx)

]
+γd(x, Tx) + δd(y, Ty) + λ

[
d(x, Ty) + d(y, Tx)

]
(3.1)

if there exist x0 ∈ X with x0 - Tx0, then T has a fixed point.

Proof. Let x0 = Tx0. Then it is obvious that x0 is a fixed point of T . Suppose
that x0 ≺ Tx0. Then we construct the sequence {xn} in X such that

xn+1 = Txn for every n ≥ 0. (3.2)

Since T is a non-decreasing mapping, by induction we get,

x0 ≺ Tx0 = x1 - Tx1 = x2 - Tx2 = x3 - ... - Txn−1 = xn - Txn = xn+1. (3.3)

If there exist some n ≥ 1 such that xn+1 = xn, then from (3.2), xn+1 = Txn = xn,
that is xn is a fixed point of T and the proof is finished.
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Now, we assume that xn+1 6= xn for all n ≥ 1. Since xn ≺ xn+1, all n ≥ 1, by (3.1)
we have,

d(xn+1, xn+2) = d(Txn, Txn+1)

- αd(xn, xn+1)

+β
[d(xn, Txn)d(xn, Txn+1) + d(xn+1, Txn+1)d(xn+1, Txn)

d(xn, Txn+1) + d(xn+1, Txn)

]
+γd(xn, Txn) + δd(xn+1, Txn+1)

+λ[d(xn, Txn+1) + d(xn+1, Txn)]

= αd(xn, xn+1)

+β
[d(xn, xn+1)d(xn, xn+2) + d(xn+1, xn+2)d(xn+1, xn+1)

d(xn, xn+2) + d(xn+1, xn+1)

]
+γd(xn, xn+1) + δd(xn+1, xn+2)

+λ[d(xn, xn+2) + d(xn+1, xn+1)]

- αd(xn, xn+1) + βd(xn, xn+1) + γd(xn, xn+1) + δd(xn+1, xn+2)

+sλ[d(xn, xn+1) + d(xn+1, xn+2)]

which implies that,

d(xn+1, xn+2) -
(α+ β + γ + sλ

1− δ − sλ

)
d(xn, xn+1)

= µd(xn, xn+1) (3.4)

where µ =
(
α+β+γ+sλ
1−δ−sλ

)
, since s(α + β + γ) + δ + s(s + 1)λ < 1, it follows that

0 < µ < 1
s . By induction, we have

d(xn+1, xn+2) - µd(xn, xn+1) - µ2d(xn−1, xn) - ... - µn+1d(x0, x1)

for m > n

d(xn, xm) - s[d(xn, xn+1) + d(xn+1, xm)]

- sd(xn, xn+1) + s2[d(xn+1, xn+2) + d(xn+2, xm)]

- sd(xn, xn+1) + s2d(xn+1, xn+2) + s3d(xn+2, xn+3)

+....+ sm−nd(xm−1, xm)

- (sµn + s2µn+1 + ...+ sm−nµm−1)d(x0, x1)

- sµn[1 + (sµ) + (sµ)2 + ...+ (sµ)m−n−1]d(x0, x1)

-
sµn

1− sµ
d(x0, x1).

Since 0 ≤ µ < 1
s , we conclude that

(
sµn

1−sµ

)
→ 0 as n → ∞, which implies that {xn}

is a Cauchy sequence. From the completeness of X, there exists a point z ∈ X such
that

xn → z as n→∞. (3.5)
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The continuity of T implies that Tz = limn→∞ Txn = limn→∞ xn+1 = z that is z is
a fixed point of T . �

If continuity is dropped for underlying mapping then we get the following
result:

Theorem 3.2. Let (X,-) be a partially ordered set and suppose that there
exist a complex valued b-metric d on X such that (X, d) is a complete complex
valued b-metric space. Let the mapping T : X → X be a non-decreasing
mapping. Assume that if {xn} is a non-decreasing sequence in X such that
xn → x, then xn - x, for all n ∈ N. Suppose that (3.1) hold for all x, y ∈ X
with x - y. If there exist x0 ∈ X with x0 - Tx0, then T has a fixed point.

Proof. We take the similar approach as Theorem 3.1 and prove that {xn} is
non-decreasing sequence such that xn → z ∈ X. Then xn - z, for all n ∈ N.
From inequality (3.1), we have

d(xn+1, T z) = d(Txn, T z)

- αd(xn, z) + β
[d(xn, Txn)d(xn, T z) + d(z, Tz)d(z, Txn)

d(xn, T z) + d(z, Txn)

]
+γd(xn, Txn) + δd(z, Tz) + λ[d(xn, T z) + d(z, Txn)]

= αd(xn, z) + β
[d(xn, xn+1)d(xn, T z) + d(z, Tz)d(z, xn+1)

d(xn, T z) + d(z, xn+1)

]
+γd(xn, xn+1) + δd(z, Tz) + λ[d(xn, T z) + d(z, xn+1)].

Taking the limit as n→∞ and using (3.5), we have

d(z, Tz) - αd(z, z) + β
[d(z, z)d(z, Tz) + d(z, Tz)d(z, z)

d(z, Tz) + d(z, z)

]
+γd(z, z) + δd(z, Tz) + λ[d(z, Tz) + d(z, z)]

- δd(z, Tz) + λd(z, Tz) = (δ + λ)d(z, Tz).

Since (δ + λ) < 1, it is contradiction unless d(z, Tz) = 0. Therefore Tz = z
and hence z is fixed point of T . �

If we set β = γ = δ = 0 in inequality (3.1) of Theorem 3.1 then we get
following Corollary.

Corollary 3.3. Let (X,-) be a partially ordered set and suppost that there
exist a complex valued b-metric d on X such that (X, d) is a complete complex
valued b-metric space. Let the mapping T : X → X be a continuous and non-
decreasing mapping. Suppose there exist non-negative real numbers α and λ
with α+ 2sλ < 1

s such that, for all x, y ∈ X with x - y,

d(Tx, Ty) - αd(x, y) + λ[d(x, Ty) + d(y, Tx)].
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If there exist x0 ∈ X with x0 - Tx0, then T has a fixed point.

Example 3.4. Let X = {0, 12 , 2} and partial order - is defined as x - y if
and only if x ≥ y. Let the complex valued b-metric d be given by d(x, y) =
|x− y|2(1 + i) for all x, y ∈ X. Let s = 2 and T : X → X be defined as below:

T (0) = 0 and T
(1

2

)
= 0.

Take x = 1
2 , y = 0, T (0) = 0 and T

(
1
2

)
= 0 in Corollary 3.3, then we have

d(Tx, Ty) = 0 - α
∣∣∣1
2
− 0
∣∣∣2(1 + i) + λ

[∣∣∣1
2
− 0
∣∣∣2 + |0− 0|2

]
(1 + i)

= (α+ λ)
1 + i

4
.

This implies that α+ λ ≥ 0. If we take α = λ = 1
16 , then all the conditions of

Corollary 3.3 are satisfied and of course 0 is the fixed point of T .

In order to verify the Theorem 3.1, take the same values as above in Theorem
3.1, we have

d(Tx, Ty) = 0 - α
(1 + i

4

)
+ β

(1 + i

4

)
+ γ
(1 + i

4

)
+ δ(0) + λ

(1 + i

4

)
.

The above inequality is satisfied for α = β = δ = 1
6 and γ = λ = 0 with

s(α + β + γ) + δ + s(s + 1)λ < 1, then all the conditions of Theorem 3.1 are
satisfied and of course 0 is the fixed point of T .

4. Conclusion

In this paper, we establish some fixed point theorems for generalized con-
tractions involving rational expressions in the setting of complex valued b-
metric spaces. We give one example in support of our results. Our results
extend and generalize some well known existing results.
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