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Abstract. In this paper, we study the existence and iteration of positive solutions for
a nonlinear multi-point boundary value problem with a p-Laplacian operator. By using
the monotone iterative technique, we obtain not only the existence of positive solutions for
the problem, but also establish iterative schemes for approximating the solutions,which is

different from the previous ones.

1. INTRODUCTION

In this paper we are interested in the existence of positive solutions for the
following nonlinear multi-point boundary value problem with a p-Laplacian
operator:

Pp(u (1)) +q(t)f(t, u(t),u () =0. t € (0,1) (1.1)
m—2

m—2
p(u(0)) = Y aidp(u'(&) = 0, Gp(u(1)) + Y Bidp(u (&) =0,  (1.2)
i=1 =1
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where ¢,(s) is a p-Laplacian operator, that is, ¢,(s) = [s[P72s,p > 1;& €
(0, Dwith 0 < & <& <& < -+ < &n-2 <1 and ay, 5, f satisfy:

(Hl)ai,ﬂie[ )0<2110[1<1 0<Zzl i < 1;
(H2) Assume that f € C([0, 1] x [0, +00), [0, +00)), ¢(t) is nonnegative con-
tinuous function defined on(0,1) and ¢(¢) # 0 on any subinterval of

(0,1). In addition, fo t)dt < .

In recent years, because of the wide mathematical and physical background
[1,9], the existence of positive solutions for nonlinear boundary value problems
with a p-Laplacian operator has received wide attention, and there exist a very
large number of papers devoted to the existence of solutions of the p-Laplacian
operator with two, three, and four-point boundary conditions, for example,

u(0) =0, u(1) =0,

u(0) = Bo(u' (0)) = 0, /(1) =0,

)~ B (0)) =0, u(1) ~ Bi(u (1)) = 0,

uw (0) =0, u(l) + Bi(u (1)) =0,

/

and

adp(u(0)) — /8¢p(u:<0)) =0, yp(u(l)) + 5¢p(u:(1)) =0,

ppp(u(0)) —wop(u (§)) =0, pdp(u(l)) + 7¢p(u (1)) = 0.

For further knowledge, see [10,6]. the methods and techniques employed in
these papers involve the use of Leray-Shauder degree theory [7], the upper and
lower solution method [2], the fixed point theorem in a cone [6],the monotone
iterative technique [8,3], and the variational method [11]. However, there
are few papers dealing with the existence of positive solutions for multi-point
boundary value problem.

Motivated by the method of [8], this paper is concerned with the existence

and iteration of positive solutions for the boundary value problem with p-
Laplacian (1.1)-(1.2).

2. SOME DEFINITIONS

In this section we provide some background material from the theory cones
in Banach space.

If P € E is a cone, we denote the order induced by P on F by <. That is
r<yifand only if y —x € P.

Definition 2.1. Given a cone P in a real Banach spaces E, a functional
¥ : P — R is said to be increasing on P, if ¢(x) < ¢(y), for all x,y € P with
xz <.

Definition 2.2. The map « is said to be concave on [0,1], if

altu+ (1 —t)v) > ta(u) + (1 —t)a(v)
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for all u,v € [0,1] and ¢ € [0, 1].

3. EXISTENCE AND ITERATION OF POSITIVE SOLUTIONS TO (1,1)-(1.2)

Let E = C'[0,1]. Then E is a Banach space with the norm

!
Jull = meve g (0, g o)1}

We note that, from the nonnegativity of ¢ and f, a solution of (1,1) and (1.2)
is nonnegative and concave on [0,1]. And define
P ={u€ FE;u(t) > 0,u(t) is concave function,t € [0, 1]},

then P is a cone.
For notational convenience, we denote

1 m—2 m—2
A=¢," </O q(r)dr) max { (@:%Z ) + 1) , (¢;1<Z Bi) + 1) } :
) 1=1

=1
We will prove the following existence result.
Theorem 3.1  Assume that (Hy), (Hz2) hold, and there exists o > 0, such
that
(S1) f(t,x1,51) < f(t 22,2) for any0 <t < 1,0 <@y < w9 < a,0 <y <
ly2| < a;

(82) maxo<i<1 f(t,a,a) < dp(5);
(S3) f(t,0,0) #0 for 0 <t <1.

Then the boundary value problem (1.1)-(1.2) has two positive, concave solu-
tions w* and v*, such that

0<w" <a, 0<|w")|<a

and
lim w, = lim T"wy = w*, lim (w,) = lim (T"w) = (w*),
where
min { (6,1 (27% i) 1), (6 (S8 + 1) }
wo(t) =a ; - ; - , 0<t <1,
max { (651 (275 en) +1), (677 (206 +1) }
and
0<v*<a, 0<|()]<a
and
lim v, = lim T"v = v*, lim (vp) = lim (T"vg) = (v*),

n—oo n—oo n—oo n—oo
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where vg =0 0 <t <1,and

. /t o1 </” q(r)f(r,u(r),u/(r))dr) ds,t € [0,0],

row={ b G)
(b;l (Z 52/ q(r)f(r,u(r),ul(r))dr>
=1 g

( +/t1 o (qu<r)f(r,u(r),u’(r))dr> ds,t € [0, 1],

where o € [0, 1] is the unique solution of the equation

+/Ot o </jq(r)f(r,u(r),ul(r))dr)ds>
G
— ¢;1 (; /62/1- q(r)f(r,u(r),u/(r))dr)

w [ o ([ a1t 0aryas).

The iterative schemes in above Theorem 3.1 are wy = Twg, we = Twy = T?wy,
Wpy1 = Tw, = TMwo,n = 1,2,---, and v; = Tvg, vy = Tv; = T?vy, 41 =
Tv, = TMvy,n = 1,2,---. They start off with a known piecewise linear
function and zero function, respectively.

Proof. We define an operator T': P — P by (3.1), then from the definition of
T, we deduce that for each u € P, there is Tu € c’ [0, 1] which is nonnegative
and satisfies (1.2). Because

. ot < /t qir)f(r,u(r),ul(r))dr>, te 0,0, -
ot ([ a st o) telon)

we can see that (Tw) (t) is continuous and nonincreasing on [0,1],that is,
(Tw)(t) is concave on [0, 1], so we have Tu € P. We also obtain that (Tu)(0)
is the maximum value of T on [0, 1], since (T'w) (o) = 0.
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In what follows, we will prove that T': P — P is a completely continuous
operator. The continuity of 7" is obvious because of the continuity of f and ¢.
Now, we prove T is compact. Let Q € p be a bounded set. Then, there exists
R, such that Q € {z € P||z|| < R}. For any = € 2, we have

’

1
0< /0 a(s)f (5, u(s), o (5))ds

<
S o ey 00 2000)

= K.

Then, we have

m—2 m—2
[Tu| < ¢, (k) max {qb;l ST +1,0,0 ) Bi+ 1} ,
i=1 =1

(Tw)'| < ¢, (K),
and
(¢p(Tu)) | < .

The Arzela-Ascoli theorem guarantees that T2 is relatively compact, which
means 1" is compact. Then T : P — P is a completely continuous, and each
fixed point of T in P is a solution of (1.1) (1.2).

We denote

P, = {u € Pl|lu]| <a},
and
Pa = {u € P|||ul| < a}.

Then, in what follows, we first prove that 7" : p, — p,. If u € p,, then |ju|| < a,
we have

al’ld

/ ’
< < <
(0] < e o (0] < ull < o

So by (51), (S2) we have
0< f(t,u(t),u'(t) < f(t a,a) < max f(t.a,0) < &, (%)  for0<t<l.

In fact,
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0<t<1

= max {(Tu)(a), (Tw) (0), —(Tu)’(1)} .
nd (3.2) we have

Il = mave { e (7)), g, 4 (0

Then,

A(g‘
S @
\/'_;
/\\_/
S 5

3
S

Il
<
—
8
J\q
=
=
S~—
g
—~
=
I
—~
-
IS
©
S~—
N~—
Q
3
N——

«
Il
—

Il
<
—
7\
M3
>
q\
o
=
=
SN—
=
=
I
—~
=
N
o
S~—
N—
QU
3
~

.
I
—

=6 ([ atsatdonar) < %ot ([ awar) <a

Thus,we obtain that

|Tul| < a.
We have shown that 7" : p, — D,,.
Let
m—2 m—2
min{ (¢ Z a;) Z Gi)+1—1t)}
wo(t) =a Z:ni 5 izylth , 0<t<1
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Let wy = Twg, wy = Tw; = T?wy. Then denote Wnt1 = Tw, = TMwy,n =

1,2.... Since T : p, — Dp,,we have w, € Tp, C p,,n = 1,2.... Since T is
completely continuous, {wy}22 is a sequentially compact set. Smce

w1 (t) = Two(t)

+/tl¢;1 (/Sq(r)f(r wo(r),wg(r))dr> ds, telo1],

<m1n{j¢p1<2al/ dr>+t ¢! </01q(r)dr>,
55 (Z@/ dr>+(1—t)A¢1</01q(r)dr>}
f;Z@f<Af@mm>rmn{< }:af+0 (@ﬂgfﬁr+y—0}
i=1

min{(¢, " Z%-Ft (¢, " Zﬂz+1_t)}

a

max{qb Za1+1 d) Zﬁz‘i‘l

=1
=wo(t), 0<t<1,

and

[wr] = [(Two) (¢
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a
m—2 m—2

max{(QS;l(Z a;)+1), (¢51(Z Bi) +1)}

= i=1

= wy(t)], 0<t<1.

Then we obtain

wi(t) < wolt), [wy(t)] < fwp(t)], 0<t < 1.

So, we have

wg(t) = Twl(t) S ng(t) = wl(t), 0 S t S 1,
and
()] = [(Twn) (5)] < [(Two) ()] = [wy ()], 0< ¢ < 1.

Hence by induction, we have

a1 () € walt), [whpy (O] < fon ()], 0<E< 1, n=1,2...
Thus, there exists w* € p, such that w,, — w*. Applying the continuity of T’
and wp+1 = Twy,, we get Tw* = w*.

Let vo(t) =0, 0 < ¢ < 1. Then wvy(t) € p,.Let v1 = Tvg,v2 = Tvy = T?vy.
Then we denote vp11 = Tv, =T1"vg, n=1,2.... Since T : p, — P,,we have
vy € TP, CP,, m =1,2.... Since T is completely continuous, we see that
{vn}22 is a sequentially compact set.

Since v; =Tvy =10 € p,, we have

Ul(t) = Tvo(t) = (TO)(t) >0,0<t<L1,

and
o1 (B)] = [(Two) (1)] = [(TO)' (1) > 0, 0 <t <1.
So
va(t) =Tvi(t) > Tw(t) = v1(t), 0 <t <1,
and

[oa(8)] = |(To1) (8)] = [(Two) (8)] = vy (B)], 0 <t < 1.

By an induction argument similar to the above we obtain

Unt1(t) > vn(t), [vnyi(8)] > |op ()], 0<E<1, n=1,2....
Thus, there exists v* € p, such that v,, — v*. Applying the continuity of T’
and vy, = Toy, we get Tv* = v*.

If f(t,0,0) # 0,0 < ¢t < 1, then the zero function is not the solution of
(1.1)(1.2). Hence we have shown that w* and v* are two positive, concave
solutions of the problem (1.1)(1.2). The proof is completed. O
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