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Abstract. The aim of this paper is to obtained some extensions and generalizations of

well known result on theory of distribution of zeros and related results by relaxing the

hypothesis of Eneström-Kakeya theorem for a class of Lacunary type of polynomials p(z) :=

a0 +
∑n
ν=µ aνz

ν , 1 ≤ µ ≤ n.

1. Introduction

Problems in different areas of science reduce the questions about zeros of
complex polynomials like signal processing, communication theory, control
theory and mathematical biology and many more. Recently, several significant
and seemingly unrelated results relevant to theoretical computer science have
benefited from taking the route to find the zeros of a complex polynomials.

If p(z) =
∑n

ν=0 aνz
ν is a polynomial of degree n, then concerning the theory

of distribution of zeros of polynomials, Eneström-Kakeya [3, 4, 7] proved the
following result.
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Theorem 1.1. (Eneström-Kakeya Theorem) If p(z) =
∑n

ν=0 aνz
ν is a nth

degree polynomial such that

a0 ≥ a1 ≥ a2 ≥ · · · ≥ an−1 ≥ an > 0,

then p(z) has no zeros in |z| < 1.

By applying above result on the polynomial znp(1/z), the following gener-
alization of Theorem 1.1 has been described.

Theorem 1.2. If p(z) =
∑n

ν=0 aνz
ν is a nth degree polynomial such that

an ≥ an−1 ≥ · · · ≥ a1 ≥ a0 ≥ 0,

then the zeros of p(z) lies in |z| ≤ 1.

By relaxing the hypothesis of Theorem 1.2, Aziz and Zargar [1] proved the
following result by assuming the alternating coefficients of the polynomial p(z)
satisfy (1.1).

Theorem 1.3. All n zeros of polynomial p(z) =
∑n

ν=0 aνz
ν is a nth such that

either, an ≥ an−2 ≥ · · · ≥ a3 ≥ a1 > 0 and an−1 ≥ an−3 ≥ · · · ≥ a2 ≥ a0 > 0
if n is odd, or if n is even an ≥ an−2 ≥ · · · ≥ a2 ≥ a0 > 0 and an−1 ≥ an−3 ≥
· · · ≥ a3 ≥ a1 > 0, lies in the region∣∣∣∣z +

an−1
an

∣∣∣∣ ≤ 1 +
an−1
an

.

In this consequence, some other extensions and generalizations of Theorem
1.2 mentioned in the literature ([1]- [10]).

Govil and Rahman [2] generalized Theorem 1.2 for the polynomial with
complex coefficients by considering the moduli of the coefficients to be mono-
tonically increasing. Basically they proved the following:

Theorem 1.4. All the zeros of a nth degree polynomial p(z) =
∑n

ν=0 aνz
ν

with complex coefficients such that for some real β,

| arg aν − β| ≤ α ≤ π/2, 0 ≤ ν ≤ n
and

|an| ≥ |an−1| ≥ |an−2| ≥ · · · ≥ |a1| ≥ |a0|,
lies in the disc

|z| ≤ (cosα+ sinα) + 2
sinα

|an|

n−1∑
ν=0

|aν |.

Shah and Liman [8] also generalized the Theorem 1.4 due to Govil and
Rahman [2] by proving the following results:
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Theorem 1.5. All the zeros of a nth degree polynomial

p(z) =

n∑
ν=0

aνz
ν

with complex coefficient such that for some real β,

| arg aν − β| ≤ α ≤ π/2

and for k ≥ 1

k|an| ≥ |an−1| ≥ |an−2| ≥ · · · ≥ |a1| ≥ |a0|, (1.1)

lies in the region

|z + k − 1| ≤ 1

|an|

{
(k|an| − |a0|)(cosα+ sinα) + |a0|+ 2 sinα

n−1∑
ν=0

|aν |

}
.

2. Lemma

Lemma 2.1. ([2]) If | arg aj − β| ≤ α ≤ π
2 and for some t > 0, |taj | ≤ |aj−1|,

then

|taj − aj−1| ≤ {(|taj | − |aj−1|) cosα+ (|taj |+ |aj−1|) sinα}. (2.1)

3. Main results

In this paper, we extend Theorem 1.3 for class of polynomials Pn, which is
defined as

Pn :=

{
p(z); p(z) = a0 +

n∑
ν=µ

aνz
ν , a0 6= 0, 1 ≤ µ ≤ n

}
, (3.1)

and obtain some other extensions of the classical results concerning the En-
eström-Kakeya theorem.

Theorem 3.1. Let p ∈ Pn be a nth degree polynomial with complex coefficients.
If Re aj = αj , Im aj = βj , 0 ≤ j ≤ n such that for some t ≥ 1, λ, δ and 1 ≤ k ≤
n, either, tn−k+2αn ≥ tn−kαn−2 ≥ · · · ≥ t2αk+2 ≥ αk ≤ αk−2 ≤ · · · ≤ αµ − λ
and tn−k+1αn−1 ≥ tn−k−1αn−3 ≥ · · · ≥ tαk+1 ≥ αk−1 ≤ αk−3 ≤ · · · ≤
αµ+1 − λ, if n and µ is odd, or tn−k+2αn ≥ tn−kαn−2 ≥ · · · ≥ t2αk+2 ≥ αk ≤
αk−2 ≤ · · · ≤ αµ − λ and tn−k+1αn−1 ≥ tn−k−1αn−3 ≥ · · · ≥ tαk+1 ≥ αk−1 ≤
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αk−3 ≤ · · · ≤ αµ+1 − λ, if n and µ is even and βn ≤ βn−1 ≤ · · · ≤ δ + βk ≥
βk−1 ≥ · · · ≥ βµ, then the n zeros of p(z) lies in the disc

∣∣∣∣z +
an−1
an

∣∣∣∣ <
1

|an|

αn + αn−1 + (t− 1)
n∑

j=k+1

(|αj |+ αj) + 2(|λ| − λ)

−2(αk + αk−1) + (αµ + |αµ|) + αµ+1 + |α0|+ 3δ + |δ|
+4βk − βµ+2 − (βµ − |βµ|)− βn−1 − βn + |β0|] .

Proof. Consider the polynomial

f(z) = (1− z2)p(z)

= (1− z2)

a0 +

n∑
j=µ

aνz
ν


= −anzn+2 − an−1zn+1 +

n∑
j=µ+2

(aj − aj−2)zj

+ aµ+1z
µ+1 + aµz

µ + (1− z2)a0

= −(anz + an−1)z
n+1 +

n∑
j=µ+2

{(αj − αj−2)zj + i(βj − βj−2)zj}

+ aµ+1z
µ+1 + aµz

µ + (1− z2)a0

= −(anz + an−1)z
n+1 +

n∑
j=k+1

(tαj − αj−2)zj − (t− 1)
n∑

j=k+1

αjz
j

+
k∑

j=µ+4

(αj − αj−2)zj + (αµ+3 − αµ+1 + λ)zµ+3

− λzµ+3 + (αµ+2 − αµ + λ)zµ+2

− λzµ+2 + i

n∑
j=k+2

(βj − βj−2)zj + i(βk+1 − (δ + βk))z
k+1

+ ((δ + βk)− βk−1)zk+1

+ i(δ + βk − βk−1)zk − iδzk + i
k−1∑
j=µ+2

(βj − βj−2)zj

+ aµ+1z
µ+1 + aµz

µ + (1− z2)a0.
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This implies that,

f(z)| ≥ |anz + an−1||z|n+1 − |z|n
 n∑
j=k+1

|tαj − αj−2|
|z|n−j

+ |t− 1|
n∑

j=k+1

|αj |
|z|n−j

+

k∑
j=µ+4

|αj − αj−2|
|z|n−j

+
|αµ+3 − (αµ+1 − λ)|

|z|n−µ−3

+
|λ|

|z|n−µ−3
+
|αµ+2 − (αµ − λ)|

|z|n−µ−2
+

|λ|
|z|n−µ−2

+
n∑

j=k+2

|βj − βj−2|
|z|n−j

+
βk+1 − (βk + δ)|
|z|n−k−1

+
|(βk + δ)− βk−1|
|z|n−k−1

+
|δ + βk − βk−2|
|z|n−k

+
|δ|
|z|n−k

+
k−1∑
j=µ+2

|βj − βj−2|
|z|n−j

+
|αµ+1|+ |βµ+1|
|z|n−µ−1

+
|αµ|+ |βµ|
|z|n−µ

+
|α0|+ |β0|
|z|n

+
|α0|+ |β0|
|z|n−2

]
.

Let |z| > 1, so that 1
|z|j < 1, j = µ, µ+ 1, . . . , n. Then

|f(z)| ≥ |anz + an−1||z|n+1 − |z|n
 n∑
j=k+1

|tαj − αj−2|+ |t− 1|
n∑

j=k+1

|αj |

+
k∑

j=µ+4

|αj − αj−2|+ |(αµ+1 − λ)− αµ+3|+ |(αµ − λ)− αµ+2|

+2|λ|+
n∑

j=k+2

|βj − βj−2|+ |βk+1 − (δ + βk)|+ |(δ + βk)− βk−1|

+|δ + βk − βk−2|+ |δ|+
k−1∑
j=µ+2

|βj − βj−2|+ |αµ+1|

+|βµ+1|+ |αµ|+ |βµ|+ |α0|+ |β0|]

≥ |anz + an−1||z|n+1 − |z|n
αn + αn−1 + (t− 1)

n∑
j=k+1

(|αj |+ αj)

+2(|λ| − λ)− 2(αk + αk−1) + (αµ + |αµ|) + αµ+1 + |α0|
+3δ + |δ|+ 4βk − βµ+2 − (βµ − |βµ|)− βn−1 − βn + |β0|] ,
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if

|anz + an−1| > αn + αn−1 + (t− 1)
n∑

j=k+1

(|αj |+ αj)

+2(|λ| − λ)− 2(αk + αk−1) + (αµ + |αµ|) + αµ+1 + |α0|
+3δ + |δ|+ 4βk − βµ+2 − (βµ − |βµ|)− βn−1 − βn + |β0|.

So f(z) does not vanish for∣∣∣∣z +
an−1
an

∣∣∣∣ >
1

|an|
[αn + αn−1 + (t− 1)

n∑
j=k+1

(|αj |+ αj)

+2(|λ| − λ)− 2(αk + αk−1) + (αµ + |αµ|) + αµ+1 + |α0|
+3δ + |δ|+ 4βk − βµ+2 − (βµ − |βµ|)− βn−1 − βn + |β0|].

Therefore those zeros of f(z) whose modulus is greater than 1 lies in∣∣∣∣z +
an−1
an

∣∣∣∣ <
1

|an|

αn + αn−1 + (t− 1)
n∑

j=k+1

(|αj |+ αj)

+2(|λ| − λ)− 2(αk + αk−1) + (αµ + |αµ|) + αµ+1 + |α0|
+3δ + |δ|+ 4βk − βµ+2 − (βµ − |βµ|)− βn−1 − βn + |β0|] .

But those zeros of f(z) whose modulus is less than or equal to 1 already satisfy
above inequality. Hence all the zeros of f(z) and those of p(z) lies in∣∣∣∣z +

an−1
an

∣∣∣∣ ≤ 1

|an|

αn + αn−1 + (t− 1)

n∑
j=k+1

(|αj |+ αj) + 2(|λ| − λ)

−2(αk + αk−1) + (αµ + |αµ|) + αµ+1 + |α0|
+3δ + |δ|+ 4βk − βµ+2 − (βµ − |βµ|)− βn−1 − βn + |β0|] .

This completes the proof. �

For taking t = 1 and λ = 0, we have the following result.

Corollary 3.2. Let p ∈ Pn be a nth degree polynomial with complex coeffi-
cients. If Re aj = αj , Im aj = βj , 0 ≤ j ≤ n such that for some t ≥ 1, λ, δ
and 1 ≤ k ≤ n, either, αn ≥ αn−2 ≥ · · · ≥ αk+2 ≥ αk ≤ αk−2 ≤ · · · ≤ αµ
and αn−1 ≥ αn−3 ≥ · · · ≥ αk+1 ≥ αk−1 ≤ αk−3 ≤ · · · ≤ αµ+1, if n and
µ is odd, or αn ≥ αn−2 ≥ · · · ≥ αk+2 ≥ αk ≤ αk−2 ≤ · · · ≤ αµ and
αn−1 ≥ αn−3 ≥ · · · ≥ αk+1 ≥ αk−1 ≤ αk−3 ≤ · · · ≤ αµ+1, if n and µ is
even and βn ≤ βn−1 ≤ · · · ≤ δ + βk ≥ βk−1 ≥ · · · ≥ βµ, then the n zeros of
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p(z) lies in the disc∣∣∣∣z +
an−1
an

∣∣∣∣ <
1

|an|
[αn + αn−1 − 2(αk + αk−1) + (αµ + |αµ|) + αµ+1 + |α0|

+3δ + |δ|+ 4βk − βµ+2 − (βµ − |βµ|)− βn−1 − βn + |β0|] .

Remark 3.3. We also have some direct extension of Theorem 1.3 for the
class of polynomials Pn by taking all imaginary part is zero, i.e. βj = 0, for all
j=0, µ, µ + 1, · · · , n and some other extended generalization of Theorem 3.1
by taking δ = 1, λ = 0 and t = 1 respectively.

Remark 3.4. On taking βi = 0, 0 ≤ i ≤ n, k = 0 and assuming αi = ai >
0, 0 ≤ i ≤ n in Corollary 3.2, Theorem 1.3 has been obtained.

Next, we extend and generalized the Theorem 1.5 for the class of polyno-
mials Pn. Basically we prove the following.

Theorem 3.5. Let p ∈ Pn be a nth degree polynomial with complex coefficients
such that for some real β,

| arg aj − β| ≤ α ≤
π

2
, 1 ≤ j ≤ n,

and for some real δ and 0 ≤ k ≤ n, either

|an| ≥ |an−2| ≥ |an−4| ≥ · · · ≥ δ|ak| ≤ |ak−2| ≤ · · · ≤ |aµ| and

|an−1| ≥ |an−3| ≥ |an−5| ≥ · · · ≥ δ|ak+1| ≤ |ak−1| ≤ · · · ≤ · · · ≤ |aµ+1|

if n and µ is even, or

|an| ≥ |an−2| ≥ |an−4| ≥ · · · ≥ δ|ak| ≤ |ak−2| ≤ · · · ≤ · · · ≤ |aµ| and

|an−1| ≥ |an−3| ≥ |an−5| ≥ · · · ≥ δ|ak+1| ≤ |ak−1| ≤ · · · ≤ · · · ≤ |aµ+1|

if n and µ is odd, then all zeros of p(z) lies in the disc∣∣∣∣z +
an−1
an

∣∣∣∣ ≤ 1

|an|
{(|an|+ |an−1| − (|δ| − 1)|ak| − (|δ| − 1)|ak+1|

−|ak−2| − |ak−1|+ |aµ+1|+ |aµ|) cosα

+|δ − 1|(|ak|+ |ak+1|) + |aµ+1|+ |aµ|

+(|an|+ |an−1|+ 2

n−2∑
j=µ

|aj | − |a1| − |a0|

+(|δ| − 1)(|ak+1|+ |ak|) −|aµ+1 − |aµ||) sinα}.
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Proof. Consider the polynomial

f(z) = (1− z2)p(z)

= (1− z2)

a0 +

n∑
j=µ

aνz
ν


= −anzn+2 − an−1zn+1 +

n∑
j=µ+2

(aj − aj−2)zj

+aµ+1z
µ+1 + aµz

µ + (1− z2)a0

= −anzn+2 − an−1zn+1 +
k−1∑
j=µ+2

(aj − aj−2)zj

+(ak − ak−2)zk + (ak+1 − ak−1)zk+1

+
n∑

j=k+2

(aj − aj−2)zj + aµ+1z
µ+1 + aµz

µ + (1− z2)a0

= −anzn+2 − an−1zn+1 +
k−1∑
j=µ+2

(aj − aj−2)zj

+(δak − ak−2)zk + (1− δ)akzk

+(δak+1 − ak−1)zk+1 + (1− δ)zk+1

+
n∑

j=k+2

(aj − aj−2)zj + aµ+1z
µ+1 + aµz

µ + (1− z2)a0,

that is,

|f(z)| ≥ |z|n
|z||anz + an−1| −


k−1∑
j=µ+2

|aj − aj−2|
|z|n−j

+
|δak − ak−2|
|z|n−k

+
|1− δ||ak|
|z|n−k

+
|δak+1 − ak−1|
|z|n−k−1

+
|1− δ||ak+1|
|z|n−k−1

+
n∑

j=k+2

|aj − aj−2|
|z|n−j

+
|aµ+1|
|z|n−µ−1

+
|aµ|
|z|n−µ

+
|a0|
|z|n−2

+
|a0|
|z|n


 .
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For |z| > 1,

|f(z)| > |z|n
|z||anz + an−1| −


k−1∑
j=µ+2

|aj − aj−2|+ |δak − ak−2|

+|1− δ||ak|+ |δak+1 − ak−1|+ |1− δ||ak+1|

+

n∑
j=k+2

|aj − aj−2|+ |aµ+1|+ |aµ|+ 2|a0|


 .

Now, using the Lemma 2.1, we get

|f(z)| ≥ |z|n [|z||anz + an−1| − {((|δ|+ 1)|ak|+ (|δ|+ 1)|ak+1|
−|an| − |an−1|+ |aµ+1|+ |aµ|) cosα

+|δ − 1|(|ak|+ |ak+1|) + |aµ+1|+ |aµ|+ 2|a0|

+(|an|+ |an−1|+ 2
n−2∑
j=µ+2

|aj |+ |aµ+1|+ |aµ|

+(|δ| − 1)(|ak+1|+ |ak|)) sinα}]
> 0,

if

|z +
an−1
an
| > 1

|an|
{((|δ|+ 1)|ak|+ (|δ|+ 1)|ak+1|

− |an| − |an−1|+ |aµ+1|+ |aµ|) cosα

+ |δ − 1|(|ak|+ |ak+1|) + |aµ+1|+ |aµ|+ 2|a0|+ (|an|+ |an−1|

+ 2

n−2∑
j=µ+2

|aj |+ |aµ+1|+ |aµ|+ (|δ| − 1)(|ak+1|+ |ak|)) sinα},

then all the zeros of f(z), i.e., p(z) lies in the disc

|z +
an−1
an
≤ 1

|an|
{((|δ|+ 1)|ak|+ (|δ|+ 1)|ak+1| − |an| − |an−1|+ |aµ+1|

+ |aµ|) cosα+ |δ − 1|(|ak|+ |ak+1|) + |aµ+1|+ |aµ|+ 2|a0|

+ (|an|+ |an−1|+ 2
n−2∑
j=µ+2

|aj |+ |aµ+1|+ |aµ|

+ (|δ| − 1)(|ak+1|+ |ak|)) sinα}.

This completes the proof of Theorem 3.5. �
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