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Abstract. The aim of this paper is to obtained some extensions and generalizations of
well known result on theory of distribution of zeros and related results by relaxing the
hypothesis of Enestrom-Kakeya theorem for a class of Lacunary type of polynomials p(z) :=
ao + Z::H a,z”,1 < p<n.

1. INTRODUCTION

Problems in different areas of science reduce the questions about zeros of
complex polynomials like signal processing, communication theory, control
theory and mathematical biology and many more. Recently, several significant
and seemingly unrelated results relevant to theoretical computer science have
benefited from taking the route to find the zeros of a complex polynomials.

If p(z) = >_, ayz” is a polynomial of degree n, then concerning the theory
of distribution of zeros of polynomials, Enestrom-Kakeya [3, 4, 7] proved the
following result.
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Theorem 1.1. (Enestrém-Kakeya Theorem) If p(z) = Y.0_,a,z" is a n'"
degree polynomial such that

ap > ap >az > - > ap—1 > ap > 0,

then p(z) has no zeros in |z| < 1.

By applying above result on the polynomial z"p(1/%z), the following gener-
alization of Theorem 1.1 has been described.

Theorem 1.2. If p(z) = > 1_,a,z" is a n'™ degree polynomial such that
an 2 Ap—1 = -+ 2 a1 = ag = 0,
then the zeros of p(z) lies in |z| < 1.

By relaxing the hypothesis of Theorem 1.2, Aziz and Zargar [1] proved the
following result by assuming the alternating coefficients of the polynomial p(z)
satisfy (1.1).

Theorem 1.3. Alln zeros of polynomial p(z) = >, _a,2” is a n'" such that
either, ap > ap_o > --->ag3>a1 >0and an_1 > apn_3>-+->as > ag >0
if n is odd, or if n is even an > Gp_o > -+ > as > ag >0 and ap—1 > an_3 >
-« >a3 > a1 >0, lies in the region

an—1

<1+ )
anp,

Gp—1

‘z—l—

G,

In this consequence, some other extensions and generalizations of Theorem
1.2 mentioned in the literature ([1]- [10]).

Govil and Rahman [2] generalized Theorem 1.2 for the polynomial with
complex coefficients by considering the moduli of the coefficients to be mono-
tonically increasing. Basically they proved the following;:

Theorem 1.4. All the zeros of a n'* degree polynomial p(z) = S anz’
with complex coefficients such that for some real 3,

larga, — | <a<7w/2, 0<v<n
and
lan| > |an—1] > |an—2| > -+ > |a1| > |ao,

lies in the disc

. n—1
|z| < (cosa+sina) + ZTET Z lay|.
ny=0

Shah and Liman [8] also generalized the Theorem 1.4 due to Govil and
Rahman [2] by proving the following results:
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Theorem 1.5. All the zeros of a n'" degree polynomial

n
p(z) = Z a,z”
v=0
with complex coefficient such that for some real 5,
larga, — Bl < a < 7/2

and for k>1

klan| = [an—1] = |an—2| = -+ = [a1| = |aol, (1.1)
lies in the region

1 n—1
lz4+k—1 < — {(kmn\ — |ag|)(cos a + sin @) + |ag| + 2sina Y |a,,\} .

’an | v=0

2. LEMMA

Lemma 2.1. ([2]) If |arga; — ] < a < § and for some t > 0, [ta;| < |aj_1],
then

lta; — aj—1| < {(|ta;| — la;j-1]) cos o + (ta;| + a;-1]) sinar}. (2.1)

3. MAIN RESULTS

In this paper, we extend Theorem 1.3 for class of polynomials P,,, which is
defined as

Py = {p(z);p(z) =ao + zn:allzyaa() 7é 0,1<p< n} ’ (31)

V=

and obtain some other extensions of the classical results concerning the En-
estrom-Kakeya theorem.

Theorem 3.1. Letp € P, be ant degree polynomial with complex coefficients.
IfReaj = aj,Ima; = 8;,0 < j < n such that for somet > 1,X,0 and1 < k <
n, either, t" " 2q, > " Fa,_ o> >Hap >ap <ap2 < <oy — A
and t"Floy 1 > "R lay g > 0 >ty > g1 < oy < e
aut1 — A, if noand pois odd, or R 20, >t Ra, o > o > Pagie > o
po < <y —Aand "R o, >Rl g > >t > g

ININIA
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Qg <ot < — A, if nand p is even and B < Bt <o <0+ By >
Br—1 > -+ > By, then the n zeros of p(z) lies in the disc

n

an+ap1+ (t—1) Z (‘O‘j‘ + O‘j) + 2(‘)“ - )
j=k+1

—2(o + ag—1) + (ap + ay|) + apsr + ao| + 36 + 9]
+4Bk - B,quQ - (Bu - |ﬁu|) - anl - Bn + |/80|] .

1

|an|

Ap—1
z+ L

Proof. Consider the polynomial

f(z) = (1= 2")p(2)

= —a,2"? —qa, 12" + g —a;j_2)%’
Jj=p+2

+ a1 a2t 4 (1 - 2Hag

—(anz +an-1)2" + Y {0 — ajo2)2 +i(B; — Bj-2)2'}

J=pt2
+a 12 F a2t 4 (1 - 2Hag
—(anz + an_1)2" ™ + Z (taj — aj_2)z! — (t—1) Zajzj
Jj=k+1 j=k+1
+ Z — @j2)2 + (Qpurs — appr + A

J=p+4
— AP 4 (Oéu+2 — ay + A2

— A2 Z — Bj—2)2 +i(Brr1 — (6 4 Br)) 2"
j=k+2

+ ((6 4 Br) — Br—1)2"

k—1

+i(0+ By — 1) =i +i Y (85— Bj2)?

J=u+2
+ay 12" a2t 4 (1 - 2%)ao.
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This implies that,

ta;, — « 0]
FO 2 Janz - anllz o | 30 Bzl Z 'J'

2|77

j=k+1 j= k+1
—ajoa| oz — (app1 — A)|
- 3 P el
|A| o2 — (= A)| |\l
\2\"_“_3 |z|n—r—2 |z|n—r—2
—Bi—2|l . Bry1— Be+9)|  |(Br +6) — Br—1]
+j§k;2 ’n J + ‘Z‘n—k—l + ‘Z‘n—k—l
k-1
\5+5k—ﬁk 2| 1] |B; — Bj—2|
n—k + n—k + Z n—j
|2| 2| A |2|
J=p+2
lopi1] + [Butal | laul +18ul | laol + 1580l | |l + 5ol
+ + + +
|z|n—Hl | 2| |2|™ |22 |

Let |z| > 1, so that ‘Z%<1,j:,u,u+1,...,n. Then

n n
@ = Janz +anaal |2 = 2" | Dty —ajal + 1] Y oyl
Jj=k+1 Jj=k+1

k
+ Z laj — o] + [(aps1 — A) — apgs| + [(ap — A) — apyo
Jj=n+4

+2[A[ + Z 18j — Bj—2| + |Br+1 — (0 + Br)| + (6 + Br) — Br—1]

j=kt2
k1
O+ B — Beal + 161+ D 18j = Bj—al + |t
J=pt2

+Bu1] + law| + 184l + ol + |Bol]
> apz + an—|z["T = 2" | an + @y + (T 1) Z (loj| + )
j=k+1
+2(JA = A) = 2(ag + ag—1) + (ap + |opul) + aprr + ool
+30 + |0] + 48 — But2 — (Bu — |Bul) = Bu—1 — Bn + |5ol] ,
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if
lanz + an-1| > antan1+(E—1) > (sl + o)
j=k+1
F2(]A1 = A) = 2(ak + ag—1) + (au + |ap]) + apr + |aol
+35 + ’5‘ + 45]@ - 6#4—2 - (Bu - ’ﬁu‘) - 5n—1 - 5n + ’/80’

So f(z) does not vanish for

n

[an + a1 + (£ —1) Z (loj| + )
j=k+1

F2(IA = A) = 2(ag + agp—1) + (op + |opu]) + apsr + ||
+3d + |5’ + 46k - 5#—&-2 - (/Bu - wu’) - ﬁn—l - /Bn + |BOH

Therefore those zeros of f(z) whose modulus is greater than 1 lies in

an—1
z+ n

>

Qn

|an|

Qp + ap—1 + (t - 1) Z (‘O‘j‘ +aj)

Jj=k+1
+2(|Al = A) = 2(a + ag-1) + (o + |op]) + aps1 + |ao|
+35 + ’5‘ + 4ﬁk - B,u-i-? - (Bu - ’/BMD - ﬁn—l - Bn + ’/BOH .

But those zeros of f(z) whose modulus is less than or equal to 1 already satisfy
above inequality. Hence all the zeros of f(z) and those of p(z) lies in

[an]

- “2;1 < |a1n| ot o1+ (1) 3 (lagl+a5) + 207 - A)
j=k+1
—2(ag + ag-1) + (o + [au]) + ot + |agl
+30 + [0 + 48k — Bug2 — (Bu — 1Bul) — Bn—1 — Bn + |Bo]] -
This completes the proof. O

For taking t = 1 and A = 0, we have the following result.

Corollary 3.2. Let p € P, be a n'* degree polynomial with complex coeffi-
cients. If Rea; = aj,Ima; = B;,0 < j < n such that for some t > 1,4
and 1 < k < n, either, anp > ap2 > -+ > pqa > ap < a9 < - <y
and p—1 > 0p3 > o0 > opqr > 1 < o3 < o0 <oy, if noand
pois odd, or anp = po = ot 2 Qpio > o < g2 < -0 < ooy and
Qp1 2 Q-3 > =+ > Qe = Qg1 < 3 < -0 < apyr, if noand pois
even and B, < Bp—1 < - <0+ By > Br—1 > -+ > By, then the n zeros of

Q

>
<
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p(z) lies in the disc

an-—1
Qnp

z+

1
< W [ + an—1 —2(o + ag—1) + (0 + |ay|) + api1 + |ag
mn

+30 + [0] + 4Bk — Bur2 — (Bu — 1Bul) = Bun—1 — Bn +1Bol] -

Remark 3.3. We also have some direct extension of Theorem 1.3 for the
class of polynomials IP,, by taking all imaginary part is zero, i.e. 3; = 0, for all
j=0, g, u+ 1,--- ,n and some other extended generalization of Theorem 3.1
by taking § = 1, A = 0 and ¢ = 1 respectively.

Remark 3.4. On taking 5; = 0,0 < ¢ < n,k = 0 and assuming «; = a; >
0,0 < ¢ < n in Corollary 3.2, Theorem 1.3 has been obtained.

Next, we extend and generalized the Theorem 1.5 for the class of polyno-
mials P,,. Basically we prove the following.

Theorem 3.5. Let p € P, be an'™ degree polynomial with complex coefficients
such that for some real 3,

m
2 )

and for some real § and 0 < k < n, either

larga; — ] <a< o, 1<j<n,

|an| > |an72’ > |anf4| > 2> 5|ak| < |a/€—2| < < |a’#| and
lan—1| > |an—3| > |an—s| > -+ > dlags1| < Jag—1| < -+ <+ < Hapg]

if n and p is even, or

|an‘ > ’an—2| > |an—4‘ > 2 (5|ak| < ‘(lk_Q‘ << -ee < |au| and
lan—1] > |an—3| > |an—s| > -+ > 0lags1] < lap—1] < -+ <o <ays]

if n and p is odd, then all zeros of p(z) lies in the disc

an—1

1
S T (lan| + fan—1] = (18] = Dax| = (10] = 1)|ar41]

—lar—2| — lax—1] + lau+1] + ay|) cos o
+10 = 1(Jar| + lars1]) + lap+] + |yl

n—2
+(lanl + lan—1| +2  laj| — |ax| — |aol
J=u
+(8] = V)(aka] + lag]) —laps1 — lag|) sima).

n

-+
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Proof. Consider the polynomial

flz) = (1=2)p()
= (1-2% a0+ Za,,z”

= a2 g, 2" 4 Z —ay_9)
J=p+2
tay 12T+ a2t + (1 - zz)ao
= —an2"? —an1 2"+ E —aj_2)%
J=p+2
k k+1
+(a k:_ak 2)2" + (ag41 — ag-1)z
2
+ g a; — a;_o)z’ —{—a+1z“+ + a2t + (1 —2%)ag
j=k+2
= —apz +2_an 1Zn+1+ § : —aj_ 2 j
=p+2

+(5ak — ak_g)zk + (1 — 5)akzk
(5ak+1 — Qf— 1) k1 + (1 — (5)Zk+1

+ Z aj — a;j_2)2’ +a +1z“+ +a z“+(1—22)a0,
j=k+2
that is,
-l la; —aj—a|  |dag — ar_o
j — -2 k — Qk—2
SO = " {ellans + o] = § 3 Wt B
J=u+2
1—4lla da — ap— 1-9|la
+’ Ukk\Jr\ k1~ O il | kaiﬂ'
|2[™ |2[" |2["
n Z —aj2| | |au_+1_| N |au_| |ao_\ lao|
Zl” g IZ!” L N P e E

j=k+2
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For |z| > 1,
k—1
FEN > 12 [1zllonz +anal = { S Jaj — ajol + [ay — a2
Jj=pt2

+1 = dllar| + [dar1 — ak—1] + |1 — d||ag+1]
n
+ > laj —aja] + lags| + lau| + 2lacl
j=k+2
Now, using the Lemma 2.1, we get
1F = [2" [1zllanz + an—1] = {((I6] + Dlar| + (18] + 1)|ag41|

—lan| = lan—1| + lau+1] + |ay]) cos o
+|0 — 1 (|ag| + |ar+1]) + laps1] + |au] + 2|ao]

n—2
Hlanl + lan—1]+2 > lajl + lapr1| + |a,]
J=p+2
+(16] = 1) (lags1] + lag|)) sina}]
> 0,
if
Anp—1 1
|z + | > —{((|6] + 1)]ar| + (6] + 1)[az11]
an |an|

— lan| = lan—1| + lag+1] + au]) cos
+ 16 — 1|(Jar| + lag+1]) + laps1| + lau| + 2laol + (Jan| + |an—1]

n—2

+2 > lajl + || + laul + (16] = D(|ansa| + lax])) sina},
J=u+2

then all the zeros of f(z), i.e., p(z) lies in the disc

Ap—1 1
|2 4+ = < {((|8] + Dlax| + (6] + 1)|ag+1| = lan| — |an—1] + |a1]
an "~ ap]
+ lap]) cosa + |6 = 1|(Jak| + |ars1]) + [aps1| + [ap] + 2|aol
n—2
+ (Jan] + lan—1] +2 Y lag] + || + layl
J=pt2

+ (101 = D(lags1] + lax])) sina}.

This completes the proof of Theorem 3.5. O
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