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Abstract. In this article, we introduce additional stability results of quartic Lie x-derivations

by using direct method and alternative fixed point method.

1. INTRODUCTION

In 1940, Ulam [17] raised the question concerning the stability of group
homomorphisms. Let G be a group and let G be a metric group with the
metric d(-, ). Given € > 0, does there exist a § > 0 such that if a mapping
f: G — G satisfies the inequality

d(f(zy), f(z)f(y)) <é

for all z,y € G, then there exists a homomorphism F : G — G with
d(f(x),F(x)) < € for all x € G? The case of approximately additive map-
pings was solved by Hyers [6] under the assumption that X and Y are Banach
spaces. Hyers method used in [6], which is often called the direct method, has
been applied for studying the stability of various functional equations. Most
popular technique of proving the stability of functional equations except for
direct method is the fixed point method [2, 3, 13].
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In 1999, Rassias [14] has studied the Hyers—Ulam stability problem of the
quartic functional equation

f@+2y) + flz = 2y) + 6f(x) = 4f(z +y) +4f(z —y) + 24/ (y), (1.1)

of which the general solution is called the quartic mapping.

Let X and Y be vector spaces. Now, we introduce some basic concepts
concerning 4-additive symmetric mappings [8]. A mapping 44 : X* = Y
is called 4-additive if it is additive in each variable. A mapping A4 is said
to be symmetric if Agq(z1,72,23,74) = As(T501), To(2)s To(3), Toa)) for every
permutation {o(1),0(2),0(3),0(4)} of {1,2,3,4}. If Ay is 4-additive symmetric
mapping, then A*(x) := Ay(z, z, z, z) will denote the diagonal of the 4-additive
symmetric mapping A4. Then it follows A*(qz) = ¢*A*(z) for all x € X and
all ¢ € Q. In general, we refer that the generalized concepts of n-additive
symmetric mappings are found in [16] and [18]. In 2003, Chung and Sahoo
[4] obtained the general solution of the equation (1.1) by using the properties
of the form A(xz,z,z,r), where the function A : R* — R is symmetric and
additive in each variable. Recently, Kang and Koh [8] have established general
solution of the following functional equation

flma+b) = f(a—mb) + Zmlm® +1)f(a~b) + (m* ~1)(b) (12)

= %m(m2 + 1) f(a+b)+ (m* —1)f(a),

for all vectors a,b in a complex normed *-algebra, where m(m # 0,£1) is
a fixed integer, and then they have investigated the generalized Hyers—Ulam
stability of the equation associated with approximate quartic Lie x-derivations.
First of all, it is known from [8] that a mapping f : X — Y with f(0) =0is a
solution of the equation (1.2) if and only if f is of the form f(x) = A*(x) for
all z € X, and thus it is quartic.

In this paper, we introduce to investigate additional stability results and
refined stability theorems of the quartic functional equation (1.2) associated
with quartic Lie x-derivations by using direct method and alternative fixed
point method.

2. STABILITY FOR APPROXIMATE QUARTIC LIE *-DERIVATIONS

In this section, we will research the Hyers—Ulam stability of the quartic Lie
x-derivation by using directed method and a fixed point method. Let A be a
complex normed *-algebra and M a Banach A-bimodule with linear involution
. At the same time we denote || - || as norms on a normed *-algebra A and a
Banach A-bimodule M. A mapping f : A — M is called quartic homogeneous
if it satisfies f(ua) = pf(a) for alla € A and pu € C. A quartic homogeneous
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mapping f: A — M is called a quartic derivation if

flay) = f@)y* + 2 f(y)

for all z,y € A. A quartic homogeneous mapping f is called a quartic Lie
derivation if

F(lz,y)) = [f(@),9"] + [2*, ()]

for all z,y € A, where [z,y] := zy — yz. In addition, a quartic Lie derivation

f is called a quartic Lie x-derivation if it satisfies f(z*) = f(x)* for all x € A.
Recently, the related properties of various derivations in different algebraic

structures have been investigated by many authors [1, 9, 10, 11].
Throughout the paper, let ng be a positive integer and

2
T! = {exp(if) : 0 < 0 < —W}
no no

For a given mapping f : A — M we denote the following abbreviations

4
Aufla,b) = f(mpa+ pb) — f(pa — mub) + %m(mQ +1)f(a—10)

4
it (m* = 1 F(b) = Em(m® +1)f(a +b)
—pt(m* = 1)f(a),

QDf(a,b) = f(la,b]) —[f(a),b"] = [a*, f(D)]
for all a,b € A, MGTl , where m € Z(m # 0,+1) is fixed.

The following theorem is an alternative stability result of the quartic func-
tional equation (1.2) associated with quartic Lie *-derivations by using direct
method, which is similarly verified as in the proof of [8, Theorem 3.2].

Theorem 2.1. Suppose that there exist a mapping f : A — M with f(0) =
and two functions ¢y : A3 — [0,00), ¢ : A% — [0, 00) such that

1A f(a,0) + F(c") = Fe)] < 1(a,b,¢), (2.1)
1QDf(a,b) < ¢2(a,b), (2.2)
in which
> b1 (mia, mib,mi
®(a,b,c) = ; 1(m amTj mic) < 00, (2.3)
Jim P o

for all uy € TY, and all a,b,c € A. Furthermore, if for each fived a € A the

mn,

0
mapping v — f(ra) from R to M is continuous, then there exists a unique
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quartic Lie x-derivation L : A — M such that

|£a) ~ (@)l < —;®(a,0,0) (24)
for all a € A.

On the other hand, we introduce to investigate another stability result of
the quartic functional equation (1.2) associated with quartic Lie x-derivations
by using direct method, which is an additional main stability theorem.

Theorem 2.2. Suppose that there exist a mapping f : A — M and two
functions ¢1 : A3 — [0,00), ¢g: A2 — [0,00) such that

1A, (a,b) + f(c*) = ()"l < ¢i(a,b,c), (2.5)
1Q@Df(a,b)| < ¢2(a,b), (2.6)
wn which
(a,b,c) Zm4j¢1< g ) < 00, (2.7)
Jim () =0

for all p € TY, and all a,b,c € A. In addition, if for each fived a € A the
no
mapping v — f(ra) from R to M is continuous, then there erists a unique

quartic Lie x-derivation L : A — M such that
1
1£(a) = La)| < —7®1(a,0,0) (2.8)
for all a € A.

Proof. At first, we note f(0) = 0 by letting a, b, ¢ := 0 because of ¢1(0,0,0) =
0. After putting b = ¢ := 0 and g = 1 in the inequality (2.5), we see

1£(a) = m* FCI < 61(:-.0,0) (2.9)

for all @ € A. By induction, it follows that for any positive integers n the
following inequality

1£(@) =m" ()| < Zm‘%l —,0,0)  (2.10)

holds for all a € A, and hence one deduces
t
at g0 @ ak ¢ @ 1 45 @
[m f(ﬁ) —m f(m)” S Z m J(ﬁl(ﬁ,o,o) (2.11)

j=k+1
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for all integers t > k > 0 and all a € A, which tends to zero as k — oco. Hence,
{m*f (%)} is a Cauchy sequence in the complete space M, and so we can
define a mapping L : A — M as

L(a) = lim m'* f(%) (2.12)

for all @ € A. Then, we claim the mapping L is quartic. In fact, we figure out
that

. a b
8@ = Jim m A, fC )| (213)
b
< ak, @9 oy
- khﬁr{.lom ¢1(mk’mk’0) 0

for all a,b € A and p € TY, . On taking p = 1 in the inequality (2.13), one

no
should conclude that the mapping L is quartic. In addition, taking n — oo
in the inequality (2.10), we notices that the quartic mapping L satisfies the
approximation (2.8) near f.

Now, we prove L is quartic homogeneous. It follows from the inequality
(2.13) that A,L(a,0) = 0, which yields

L(pa) = p*L(a)
for all p € T, and a € A, and so, in turn, we lead to
70
L(va) = v'L(a)
for all v = T! and all @ € A. Under the assumption the mapping r — f(ra)
from R to M is continuous, one establishes

L(ra) = r*L(a) (2.14)
for all € R and all a € A by the same reasoning as in the paper [7, 5]. Thus,
for any w € C(w # 0) it follows that

L(wa) = L(Mia) - |w4(|‘:)4L(“’a)

|| jwl
= el () L) = L)
wl
for all @ € A, from which we conclude that L is quartic homogeneous.
To prove that L is a quartic Lie x-derivation, replacing a by % and b by
% in the inequality (2.6), one obtains

_ 8k a b
|QDL@.b)| = lim [m*QDf(—g, )|
. a b
< Jm oS ) =0
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for all a,b € A, which means that L is a quartic Lie derivation. At this time,
by replacing @ = b := 0 and ¢ := % in the inequality (2.5), we have

c* C c
”m4kf(m) - m4kf(ﬁ) | < m*¢1(0,0, W)’

which yields
L(c") = L(¢)*

for all ¢ € A. Therefore, L is a quartic Lie x-derivation satisfying the approx-
imation (2.8).

Finally, we will show that the quartic Lie *-derivation satisfying the in-
equality (2.8) is unique. Thus, we assume L' : A — M is another quartic Lie
x-derivation satisfying the approximation (2.8). Then

IL(@) = L@l = m™ (%) = L'(—)]

< m* (L) = S+ 1 G = L ()l

o

2 ; a

4k < 45

s mrt d.m ¢1(mj+k’070)
j=1

2 = 4j a

= m Z m ¢1(ﬁ70)0)5
j=k+1
which tends to zero as k — co. Hence the uniqueness of L was proved. O

Corollary 2.3. Let 0;(i = 1,2), r; be positive real numbers with r; > 4(j =
1,---,5). Suppose that a mapping f : A — M satisfies the followings

[1Auf(a,b) + f(c") = f(e)* < Oulllal™ +[[bI™* + lc]["),
1QDf(a,b)| < Ga(llal*™ + [|b]*")
for all p € Ti and all a,b,c € A. Then there exists a unique quartic Lie
x-derivation Ln(:) A — M such that

1f(a) - L(a) o

| < ml!aH“

for alla € A.

Proof. On taking ¢1(a, b, ¢) = 61(||a|"™ +]|b]|"2+]|c||"*) and ¢o(a,b) = O2(||al/*"*+
|6]/275) in Theorem 2.2 for all a,b,c € A, we obtain the desired results. O

Now, we recall the following theorem which is related to the alternative of
fixed point theory [12, 15].



Additional stability results for quartic Lie *-derivations 589

Theorem 2.4. (The alternative of fized point [12], [15]). Suppose that we
are given a complete generalized metric space (2,d) and a strictly contractive
mapping T : Q@ — Q with Lipschitz constant . Then for each given x € Q,
either

d(T"z, T" ') = 0o for all n >0

or there exists a natural number ng such that

(1) d(T"x, T 2) < oo for alln > ng ;

(2) the sequence (T™x) is convergent to a fized point y*of T ;

(3) y* is the unique fized point of T in the set A\ = {y € Qd(T™z,y) <
0o}

(4) d(y,y*) < 5d(y, Ty) for all y € A.

The following theorem is an alternative stability result of the quartic func-
tional equation (1.2) associated with quartic Lie *-derivations by using direct
method, which is similarly verified as in the proof of [8, Theorem 3.7].

Theorem 2.5. Suppose that there exist a mapping f: A — M with f(0) =0
and two functions ¢ : A3 — [0,00), ¢ : A% — [0, 00) such that

1A f(a,b) + f(c*) = fe)"]] ¢1(a, b, ),
||QDf(CL, b)” ¢2(a7 b)a
in which there are constants l;(i = 1,2) € (0,1) satisfying

(bl (ma, mb> mc) m4l1¢1 (av b> C)a
¢2(ma, mb) m®la¢(a, b)

for all p € TY, and all a,b,c € A. In addition, if for each fived a € A the

n,

<
<

<
<

0
mapping v — f(ra) from R to M is continuous, then there erists a unique
quartic Lie x-derivation L : A — M such that

1
[f(a) = L(a)|| < m%(aﬁ,o)
for alla € A.

Using the fixed point method, we investigate another stability result of the
quartic functional equation (1.2) associated with quartic Lie x-derivations.

Theorem 2.6. Suppose that there exist a mapping f : A — M and two
functions ¢1 : A3 — [0,00), ¢g: A2 — [0,00) such that

1Auf(a,b) + f(c") = ()]l < ¢ala,b,c), (2.15)
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in which there are constants l;(i = 1,2) € (0,1) satisfying
) < %qsl(av b7 C)a (217)

S22y < Zon(ah)

for all p € TY, and all a,b,c € A. In addition, if for each fived a € A the

n,

0
mapping v — f(ra) from R to M is continuous, then there exists a unique
quartic Lie x-derivation L : A — M such that

ly

[f(a) = L(a)|| < m

¢1(a,0,0) (2.18)

for all a € A.

Proof. Above all, we note f(0) = 0 because of ¢1(0,0,0) =0 by (2.17). Now,
consider the following function space

Q:={g9: A— M,g(0) =0},
which is equipped with the generalized metric d on €2 as follows:
d(g,h) :=1inf{\ € (0,00) : [|g(a) — h(a)| < Ap1(a,0,0) Ya € A}.

Then, it is not difficult to prove that (€2, d) is a complete generalized metric
space. Additionally, we consider a mapping T : 2 — Q defined as
a
T(g)(a) = m*g(—) (2.19)
m
for all a € A. Then, it follows that for any A with d(g,h) < A, where g, h € Q,

lg(a) = h(a)l| < Ad1(a,0,0),

from which we get

1T (g)(a) = T(h)(a)] ) = h(=]|

m*|g(

e e
m m
4 a/
m-A¢1(—,0,0)
m
1121 (a,0,0),

IN

IN

which implies d(T'g,Th) < [3\. Since A is arbitrary with d(g,h) < A, one
concludes that
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for all g, h € Q. This means that T is a strictly contractive self-mapping on {2
with Lipschitz constant /;. On taking 4 =1 and b = ¢ := 0 in the inequality
(2.15), one obtains
4 a ll
— —)| < 0,0) < — 0,0
Hf(a) mf(m)||_¢1( » Yy )_m4¢1(a7 ) )
for all @ € A, and so d(f,Tf) < % Now, applying Theorem 2.4 to the

function space (€2, d), we know that there exists a fixed point L of T in €2 such
that

a
m

L(a) = m4L(%), and L(a) = lim m?* f(%), (2.20)
AU L) € T d(TS) < s

for all a € A, from which we conclude that the mapping L satisfies the ap-
proximate inequality (2.18) near f, and it is unique up to d(f, L) < cc.

On the other hand, replacing a by %, b by % and ¢ = 0 in the inequality
(2.15), one has

b

a b a
m |2 f (—p — o)l < m¥on (—p, —,0) < 1 (a, ,0),

which tends to zero as k — oo, and so, we get A,L(a,b) =0 for all a,b € A
and all p € ']I'i. Thus, the mapping L is a quartic homogeneous by the same

n

0
argument as in the proof of Theorem 2.2.
To prove that L is a quartic Lie x-derivation, replacing a by # and b by
b

— in the inequality (2.16), one obtains

L Sk a b
IQDL@,B)| = lim [m* QDS )|

< lim 5¢a(a,b) =0
k—o00

for all a,b € A, which means that L is a quartic Lie derivation. At this time,
(8]

by replacing a = b := 0 and ¢ := % in the inequality (2.5), we have

* * _ . Ak c* Ak C
1) = L@ = Jim [l F(Sp) = m ()]
. c
< Jim m®61(0,0, 77)
<

Jim 17¢1(0,0,¢) =0

for all ¢ € A. Therefore, the mapping L is a quartic Lie x-derivation satisfying
the approximation (2.18). O
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Corollary 2.7. Let 6;(i = 1,2), r be positive real numbers with r > 4. Suppose
that a mapping f : A — M satisfies

1ALf(a,0) + f(c*) = fe)* < 6rlllall” + [B]I" + [[c]"),
lQDf(a, )| < O2(llal* + [I6]*7)
for all p € ']I‘i and all a,b,c € A. Then there exists a unique quartic Lie
x-derivation L ‘A — M satisfying

0 T
1f(a) = L(a)|| < i — il
for all a € A.
Proof. The proof follows from Theorem 2.6 by taking ¢1(a,b,c) = 01(||a||” +
1Bl + llell™) and ¢a(a,b) = ba(]lal|*" + [[b]|*") for all a,b,c € A. O

Remark 2.8. Under the same conditions (2.17) of Theorem 2.6, we observe
that

®q(a,b,c) = im4j¢1 (i, i., i)

mJ mJ mJ
j—l

Zlqblabc

l1

= 1_ll¢1(a,b,c) < 00

IN

and

: 8k a b ok
T\ < -
kILI{:Om ¢2(mk? mk) = kli{go l2¢2(a7 b) 0

for all a,b,c € A. Thus, applying Theorem 2.2 to Theorem 2.6, we also get
the desired stability result (2.18).
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