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1. INTRODUCTION

It is well known that systems of variational inequalities are important gener-
alizations of the classical variational inequality and have potential applications
in mechanic, physics, optimization and control, economics and engineering sci-
ences ([1-10]).

Utilizing the projection methods, Verma [10] investigated the existence of
solutions for a system of nonlinear variational inequalities in Hilbert spaces.
By means of the the resolvent operators, Nie et al. [5] discussed the approx-
imation solvability of a system of nonlinear variational inequalities involving
strongly monotone and pseudocontractive mappings. Using the resolvent op-
erators associated with (H,n)-monotone operators, Fang et al. [2] studied a
system of variational inclusions in Hilbert spaces, and obtained the existence
of solutions for the system of variational inclusions. Peng [6] and Peng and Zhu
[8] introduced systems of quasi-variational inequalities and generalized mixed
quasi-variational inclusions with (H,n)-monotone operators, respectively, and
proved the existence theorems of solutions and convergence results of iterative
algorithms for the systems of quasi-variational inequalities and generalized
mixed quasi-variational inclusions.

The purpose of this paper is to introduce and study a new system of gener-
alized nonlinear variational inclusions with (H,7)-monotone operators, which
includes the systems of variational inclusions in [2, 8] as special cases. By
using the resolvent operator techniques associated with the (H,n)-monotone
operators, we suggest an iterative algorithm for computing approximation so-
lutions of the system of generalized nonlinear variational inclusions, prove the
existence of solutions for the system of generalized nonlinear variational in-
clusions and discuss the convergence of the iterative sequence generated by
the algorithm. The result obtained in this paper improves some results in the
literature.

2. PRELIMINARIES

Let H be a real Hilbert space with norm and inner product denoted by
| - |l and (-, ), respectively. Let C'B(H) denote the families of all nonempty
closed bounded subsets of H and 15(, -) denote the Hausdorff metric on CB(H)
defined by

D(A1,By) = max{ Seu}l) d(a, Bl),:ellé) d(Al,b)}, VA1, By € CB(H),
a 1 1

where d(a, B1) = d(B1,a) = infyep, ||a — b
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Definition 2.1. ([4]) Let n: H x H — H, H : H — H be two mappings and
M : H — 2" be a set-valued mapping. M is said to be

(1) n-monotone if
(x —y,n(u,v)) >0, Yu,v€H,x€ Mu,y € Mo,

(2) (H,n)-monotone if M is n-monotone and (H + AM)(H) = H for all
A > 0.

Definition 2.2. Let H, g : H — H, n: H x H — H be three mappings. ¢ is
said to be

(1) m-monotone if
(gu — gv,n(u,v)) >0, Vu,v e H,;
(2) strictly n-monotone if g is n-monotone and
(gu —gv,n(u,v)) =0 = u=wy;
(3) strongly monotone if there exists a constant r > 0 such that
(gu — gv,u —v) > 7rllu—v||?, VYu,v € H;

(4) strongly monotone with respect to H if there exists a constant v > 0
such that

(gu — gv, Hu — Hv) > rlju — |, Yu,v € H;
(5) strongly n-monotone if there exists a constant r > 0 such that
(gu — gv,n(u,v)) > r|lu—v|?, Vu,v e H;
(6) Lipschitz continuous if there exists a constant s > 0 such that

lgu —gv|| < |lu—wvll, Vu,veH.

Definition 2.3. Let n: H x H — H be a mapping. 7 is said to be
(1) monotone if
n(u,v),u—v) >0, Yu,v e H;
(2) Lipschitz continuous if there exists a constant 7 > 0 such that

[n(u, )| < 7llu—wvll,  Yu,veH.

Definition 2.4. Let M : H — CB(#H) and N : H x H — H be mappings.

(1) M is said to be D-Lipschitz continuous if there exists a constant £ > 0
such that

D(Mu, Mv) <{||lu—vl||, Yu,v € H;
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(2) N issaid to be Lipschitz continuous in the first argument if there exists
a constant & > 0 such that

IN(u,z) = N(v, z)[| < &llu—vll, Vu,v,2€H;

(3) N is said to be mized Lipschitz continuous if there exist two constants
& >0 and ¢ > 0 such that

IN(u,0) = N(z,y)|| < Ellu -zl +Cllo—yll, Vu,0,2,y € H.

Similarly we can define the Lipschitz continuity of N in the second argu-
ment.

Definition 2.5. Let F' : X — H, and N : H x H — H be mappings. N is
said to be F-strongly monotone in the first argument if there exists a constant
B > 0 such that

(N(u,z) — N(v,z), Fu — Fv) > Bllu —v|? Vu,v,z € H.

Definition 2.6. ([4]) Let n : H x H — H be a mapping, H : H — H be
a strictly n-monotone mapping and M : H — 2% be an (H,n)-monotone
mapping. Then the resolvent operator RI]\Z’Z : H — H is defined by

Ry (x) = (H + pM) ™ (z), Vo €H.

Lemma 2.7. ([4]) Letn : H xH — H be a Lipschitz continuous mapping with
constant T > 0, H : H — H be a strongly n-monotone mapping with constant
v >0 and M : H — 2 be an (H,n)-monotone mapping. Then the resolvent

operator Rﬁ’z) : H — H is Lipschitz continuous with constant %, that 1is,

| R (@) — Ry ()] < gnx —yll, Vz,yeH.

3. A SYSTEM OF GENERALIZED MIXED QUASI-VARIATIONAL INCLUSIONS
AND ITERATIVE ALGORITHM

In this section, we will introduce a new system of generalized nonlinear
variational inclusions with (H,n)-monotone mappings and construct a new
iterative algorithm for solving the system of generalized nonlinear variational
inclusions in Hilbert spaces. In what follows, unless other specified, we always
assume that H; and Ho are two real Hilbert spaces, F, P : Hi x Ho —
Hl, G, Q : Hl X Hg — 7‘[2, fi,gi,Ti,HZ’ : /Hl — Hi, ni : /Hz X HZ — /Hl are
mappings for ¢ € {1,2} and A;,Cy : H1 — CB(H1), By, D1 : Ha — CB(Ha2)
are four set-valued mappings. Let M : Hi xH1 — 2M1and N : Hox Ho — 272
be two mappings, M (-,z) be an (Hj,n;)-monotone mapping, N(-,y) be an
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(Hz,n2)-monotone mapping for all x € H1, y € Ha. We consider the following
problem of finding (z,y,u,v,w,z) with (z,y) € Hi; x Hg, u € Ajz, v €
Biy, w € Ciz, z € D1y such that

0€ F(x,y) + P(u,v) + M((f1 — g1)x, m12),
0 € G(z,y) + Q(w,z) + N((f2 — 92)y, m2y).

The problem (3.1) is called a system of generalized nonlinear variational in-
clustons.

(3.1)

Special cases

(i) If M((f1 —g1)z,r12) = M(g12) and N((f2—g2)y,m2y) = N(goy) for any
x € Hy and y € Ho, then the problem (3.1) reduces to finding (x,y, u, v, w, z)
with (z,y) € H1 X Ho, u € Ajz, v € Byy, w € Cix, z € Dy such that

0€ F(z,y) + P(u,v) + M(g12),
0€Glz,y) + Qw, 2) + N(g29),
[

which was introduced and studied by Peng and Zhu [8].

(i) If P = Q =0, M((fi—g1)x,r1x) = M(x) and N((f2—g2)y,r2y) = N(y)
for any € H;, and y € Ho, then the problem (3.1) is equivalent to finding
(z,y) € H1 x Hz such that

(3.2)

(3.3)

which was introduced by Fang et al. [2].

Lemma 3.1. Let p; be a positive constant, n; : H; X H; — H; be a mapping
and H; : H; — H; be a strictly n;-monotone mapping for each i € {1,2}.
Let M : Hy x Hy — 270 be (Hy,m)-monotone and N : Ha x Ha — 272 be
(Ha,n2)-monotone. Then (z,y,u,v,w, z) with (x,y) € H1 X Ha, u € A1z, v €
By, w € Ciz, z € D1y is a solution of the problem (3.1) if and only if

(fi =gz = Ry (Hi(fi = g0)z — piF(x,y) — p1P(u,v)), (3.4)
(fa = g2y = B2 " (Ha(fs — g2y — paGil,) — paQ(uw, 2))
where
H - H ,
RMl(,:]rllz),pl = (Hl + le('vrlx)) 17 RM2(7-7,772'2y),p2 - (H2 + pgN(',T2y>) 1'
Proof. The fact directly follows from Definition 2.6. 0

Based on Lemma 3.1 and Nadler’s lemma, we suggest the following iterative
algorithm for the problem (3.1).
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Algorithm 3.2. For any given xg € H1 and yo € Ha, compute the sequences

{0 }n>0, {yntn>0, {un}n>0, {vn}n>0, {wn}tn>0 and {z,}n>0 by iterative sche-
mes

Tnt1 = Tn — (f1 — 91)Tn + RHI(m;w”),pl(Hl(fl — g1)Zn
- PIF(xmyn) - plP(umvn))a (3 5)
Ynt1 = Yn — (f2 — 92)yn + RHZE’”TZ% )po (H2(f2 = 92)yn
- P2G($myn) PQQ wna n) )
1
Up € A1Tpny  ||Unt1 — Un|| < (1 + )D A1%pi1, A1),
n—+1
Up, € B1Yn, HUnJrl - Un” < < n+ 1> Blyn+1aBlyn)a
(3.6)

wp, € C1ay, Hwn—i-l - wn” < <1 + ’I’L+1) (Clxn—i—lp C'13377,)

+1

for all n > 0, where p1 and pa are positive constants.

1\ ~
Zn € D1yn,  |lzns1 — znll < (1 + n)D(Dlyn+lyD1yn)

4. EXISTENCE OF SOLUTIONS OF THE PROBLEM (3.1) AND CONVERGENCE
OF ALGORITHM 3.2

In this section, we will prove the existence of solutions for the problem (3.1)
and the convergence of the iterative sequences generated by Algorithm 3.2.

Theorem 4.1. Let Hi and Ho be two real Hilbert spaces, A1,C1 : H1 —
CB(H1), B1,D1 : Ho — CB(Hz2) be ﬁ—Lipschitz continuous with constants
la,, By, ey, p,, respectively. Let n; : H; X H; — H; be Lipschitz continuous
with constant 1;, H; : H; — H; be strongly n;-monotone and Lipschitz continu-
ous with constants v; and h;, respectively, r; : H; — H; be Lipschitz continuous
with constant &;, fi,g; : Hi — H; be mappings such that f; — g; be Lipschitz
continuous and strongly monotone with constants l; and §;, respectively, for
i€ {1,2}. Let F : Hy x Hoy — H1 be Hi(f1 — g1)-strongly monotone in the
first argument with constant py, Lipschitz continuous in the first and second
arguments with constants lp, and lg,, respectively. Let P : Hi X Ha — Hy
be mized Lipschitz continuous with constants lp, and lp,, G : H1 X Ha — Ha
be Hy(fa — g2)-strongly monotone in the second argument with constant g,
Lipschitz continuous in the first and second arguments with constants lg, and
lg,, respectively, @ : Hi x Ha — Ha be mized Lipschitz continuous with con-
stants lg, and lg,. Let M : Hi x Hi — 2M1 and N : Ho x Hoy — 2H2 satisfy
that M(-,x) is an (Hy,n1)-monotone mapping for each x € Hi, N(-,y) is an
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(H2,m2)-monotone mapping for each y € Ha and there exist positive constants
&1 and & satisfying

Hy, H

HRMl(-7T11I),p1(Z) RMI(";ly (z H <&|rx —rwyll, Vey,z € Hi, (4.1)
H b H b

I N%Z«ng),m( ) — RN? Z?zy ()| < &llraz —royll, Vo,y,z € Ha.  (4.2)

Let
A=13 — (Ipla, +1p, +1ple)%

B= m—%(1—\/1—2al+l%—§161)(zplz,41+zp2+zp2131>;

C—h2l2——1 1—4/1 =201 +12-£6 ’.
— 1% 7_12 1 1 191 ) »

A= lGQ (ZQ1lC1 + lG1 + ZQ2ZD1) )

B'= s~ Zf(l —\1-202+15 5252) (lQ\lc, + g, +1lg.lp,);

2 2
C' =133~ 2 (1-\1-20+ B &20) .
2

If there exist constants p1 and py satisfying

(1= /1=201 413 —&b1)

0< <
p1 T1(lpla, +1p, +1plE,)

(4.3)
O<p 72(1—\/1—202+l —52(52)
(lQ1l01 +la, + ZQ2ZD1)
and one of
B B2 - AC
A B?>> A - = _ 4.4
>0, >AC, p— | < i (4.4)
A=0, 2Bp; >C; (4.5)
B B2 — AC
A B>> A - > 4.
<0, > AC, |p - 5| > 1 (4.6)
and one of
B'| \B?-AC
A/ > 0, B/2 > A/C/, P2 — E < TC, <47)
A =0, 2B'py>C'; (4.8)
B VB?— A'C
A <0, B?>AC, |p— !> —TC, (4.9)
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then the problem (3.1) admits a solution (z,y,u,v,w,z) with (z,y) € Hi X
Ha, u € A1z, v € Bry, w € Ciz, z € D1y and the sequences {xn }n>0, {Yn}n>0,
{un}tn>0, {Vn}tn>0, {wn}n>0, {#n}tn>0 generated by Algorithm 3.2 converge to
x,y,u,v,w, z, respectively.

Proof. Let ay, = Hi(f1 — g1)xn — p1F(zn,yn) — p1P(un,vy). By (3.5) and
Lemma 2.7, we have

Hxn—i-l - xn”
<o = 2n-1 — ((f1 = g1)zn — (f1 — g1)zn-1)|l
Hy, Hi, (4.10)
+ HRj\Jl(t’Tllw")?pl ((ln) a R]\j(‘?rllwn—l)vpl (an)H
Hy, Hy,
+ HRMl('?;wn—l):pl (an) = RMl('Z}lIn—l):Pl(an_l)H’ Vn > 1.

Since f1 — g1 is strongly monotone and Lipschitz continuous with constants o
and [y, respectively, we have

20 — 21— ((f1 = 91)@n — (f1 = g1)Tn-1)|?

= ||lzn — xn—IHQ — 2y — p-1, (f1 — 91)70 — (f1 — 91)Tn—1)

) (4.11)
+1(f1 = g1)zn — (f1 — g1)zn1ll
< (1 =201 + )|z — 2n1]?, VYn>1.
It follows from (4.1) and the Lipschitz continuity of r; that
H, Ha
HRMI('?%MLM (an) = RMl(",v]"{l«Tnfl)vPl (an) H (4.12)
< &llran —ran-all < &oillzn — znall, VR > 1
By Lemma 2.7, we deduce that
Hy, Hi,
HRMI(:];wnfl),m (an) = RMI(:];wnfl),pl (a“—l)H
(4.13)

71
< —llan —an—1||, VYn>1.
et

Since F' is Lipschitz continuous in the second argument and P is mixed Lips-
chitz continuous, it follows from (3.6) that

lan — an—1]|

< | Hi(f1 — g1)wn — Hi(f1 — 91)Tn-1 — p1(F(@n, Yn) — F(Tn—1,9))|l
+ p1[[F(Zn-1,Yn) — F(zn-1,yn-1)|
+ p1l|P(un, vn) — P(un—1, vp—1)|
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< |Hi(f1 — g1)rn — Hi(f1 — 91)Tn—1 — pr(F(@n, Yn) — F(2n—1,9n))||

1\ ~
+ pilpy |Yn — Yn—1l| + p1lp, (1 + n>D(A1OCm A1)

1\ ~
+ pilp, (1 + n>D(B1ynaBlyn1)a Vn > 1.

(4.14)
Note that Hy and f; — g1 areNLipschitz continuous with constants h; and [y,
respectively, A; and B; are D-Lipschitz continuous with constants l4, and
lp,, and F'is Hy(f1 — g1)-strongly monotone in the first argument. It follows
that

| H1(f1 — 91)zn — Hi(f1 — 91)Tn-1 — p1(F (0, yn) — F(@n—1,n))|*
=|H1(f1 — g1)7n — Hi(f1 — g1)Zn—1]?
- 2p1<H1(f1 - gl)xn - Hl(fl - gl)xnfla F(l‘nayn) - F(an,yn)) (4.15)
+ IO%HF(xmyn) - F(xnflayn)HQ
< (W31 = 2p1 + i) lzn — znal?, Yn > 1,
By (4.10)-(4.15), we know that
[Zn+1 — @nll < by max{||zn — 2p_1ll; [Yn — Yn-1ll}, VY >1, (4.16)

where

-
bp =/1—201 + 18+ &6+ 71 [\/h%l% — 2p1p1 + 313,

1 1
+ p1 <lp1lA1 <1 + > +lF2 +lp2l31 (1 + >):|
n n (4.17)
_ /1 _ 2 71 272 _ 272
—b=14/1—-201+ ll +&161 + " [\/hlll 2p1p1 + pllFl

+ p1(lpla, + 1, + poZBl)} as n — 00.

Similarly, we have

[Yn+1 = Yull < cnmax{||lzn — zn-1ll, lyn — Yn-1l}, Yn =1, (4.18)

cp =14/1—202+ l% + &202 + i [\/h%l% — 2pap2 + P%ZQGZ
V2
1 1
+ p2 (lQ2lD1 (1 + n) + lGl + lQllC1 <1 + n)>:|

where
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-
—c= \/1—202+l%+§2(52+$[\/h%l%—2P2M2+p%l2G2
2

+ pg(lQllc1 +lg, + lQQZDI)} as n — oo.

(4.19)

Put 6 = max{b, ¢} and 0,, = max{by, ¢, } for any n > 0. Obviously, (4.17) and
(4.19) ensure that lim,,_,o 0, = 6. It follows from (4.3) and one of (4.4)-(4.6)
and one of (4.7)-(4.9) that 0 < # < 1. Put w = #. In view of (4.16) and
(4.18) we infer that there exists ng > 1 satisfying

max{|[zn1 = Zul, |Yn+1 = vall}

4.20
< wmax{||zn — zp-1, |yn — Yn-1ll}, Yn > no, (4.20)

which implies that {z, }n>0 and {yn }n>0 are Cauchy sequences. In light of the
Lipschitz continuity of A; and (3.6), we know that

T (1 n )zAluan —all

n+1

which together with (4.20) gives that {uy,},>0 is a Cauchy sequence. Simi-
larly, we conclude that {vy, }n>0, {wn}n>0 and {2y }n>0 are Cauchy sequences.
Therefore, there exist x,u,w € Hi and y, v, z € Hso such that z,, — z, yn = v,
Up —> U, Uy —> U, Wy —> W, Zp —> 2 S N — OO,
Notice that
d(u, A1) < ||u — up| + d(up, A1)

<l = un|| + D(Arz, Ay )

< llu =l + L, ln —

— 0 asn — oo.

Since Ajx is closed, we get that u € Ajz. Similarly, we have v € By, w €
Ciz, z € D1y. By Algorithm 3.2 and the Lipschitz continuity of f1 — g1, fo—

Him Ha,m2
ge, Hi, Ho, F, G, P, Q, RM(~,7’1:C),p1’ RM(.7T2y)’p2, we conclude that

(fi—g)z= Rﬁ(’?ﬁlz),pl (Hi(f1 —g1)x — p1F(2,y) — p1P(u,v))
and
(f2—g2)y=RE™ S (Ha(fo = g2)y — p2Gl,y) — paQ(w, 2)).
It follows from Lemma 3.1 that (z,y,u,v,w,z) is a solution of the problem

(3.1). This completes the proof. O

Remark 4.2. Theorem 4.1 is a generalization of Theorem 4.1 in [8].
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