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Abstract. In this paper some results on HC.-condition are established in the harmonic
invex set and are used to establish the existence theorem of the solution of the general-
ized harmonic variational inequalities and its dual problem using generalized harmonically

monotone property of the operator.
1. INTRODUCTION

In 2014, Insan [5] has developed the structure of harmonically convex (HC)
set and HC function. Using HC functions, he developed the Hermite-Hadamard
type inequalities. Later Noor and Noor [7] have studied the harmonic varia-
tional inequality problems (HVIP) in the HC set related with a differentiable
HC (DHC) function. Recently Mishra et al. have developed the harmonically
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invex (HI) set and have studied the harmonic variational inequality problems
(HVIP) in it.

In section 2, the componentwise multiplication and division operations are
defined in a separable reflexive Banach space given with the Schauder basis
with the help of an operator S. In section 3, the generalized HVIP (GHVIP)
and the generalized dual HVIP (GDHVIP) are defined in ordered TVS with
the help of operator S. In section 4, the concept of HC,-condition is redefined
in separable reflexive Banach space. Some results of the bi-function 7 are
established in the HI set in the presence of HC\-condition and the existence
of the solution of the problems GHVIP and GDHVIP are also discussed in the
HI set in the presence of HC-condition.

2. COMPONENT-WISE OPERATIONS OF THE ELEMENTS OF SEPARABLE
REFLEXIVE BANACH SPACE

Suppose X is a topological vector space (TVS) in a separable reflexive
Banach space B with the Schauder basis BB given by

B= {ei ce; = (0,0,---,0,1,0,0,...),where i'® element is 1}

where the basis vectors e;,e; € B satisfies the Kronecker’s delta property for

general product, i.e.,
1, ifi=yj;
€i€j = 0ij :{ 0, ifi#j.

Let K be the scalar field, i.e., either the real field R or the complex field
C. A binary operation ® : B x B — X is called a component-wise vector
product via Kronecker’s delta is defined in X by the rule

) o eiéij, le:j,
cawe = {o, if i # j

a®b = abforall abekK.

Again an operator S is introduced to find the component-wise vector
product X of two elements of X as

x®y=5(x®y) Zz-fzyjez Xe; = szzyjez ij = szyzel

j=1l1=1 j=1li=1

For the nonzero elements set Xo = X \ {0} = {x € X 1 2; #0,i =1,2,--- },
the reciprocals of the elements set Xg is

[o¢]
[(Xo] ™! = {x_l €Xp:x b= inlel} )
i=1
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For simplicity the index notations S;; and Sf are defined as follows

o
oo . . .
e;, ifi=7;
Sljzzel®e]: z;l J
j=1 0, ifi#3j
and

o o
Jo_ P y
S = g ejej = g ij-
i=1 i=1

The component-wise binary operations in the topological vector space X
modeled in the reflexive separable Banach space B over a scalar field K = R
or C are @ and © which are same as tensor addition and tensor subtraction
respectively. Other component-wise binary operations defined on X over K
are defined as follows:

oo o
Definition 2.1. For 2 = ) xe; and y = > y;e; in X, and o € K the scalar

i=1 i=1
field, we have

o0
(i) the component-wise product X is given by x Ky = > zy; ; = y Kz,
i=1

[e.@]

(ii) component-wise division [J is defined by Ly = 2Ry~ = Sz, Les,
i=1

(iii) component-wise multiplicative identity element in X is

o0 o0
1x =(1,1,---) = > ej, because t K 1x = > x; ¢, =x = 1x Kz,
i=1 i=1

(iv) component-wise multiplicative inverse element of x in X is 2~

o0 o0
because t Do =z Ra~ !l = Yzt ey= Y = (1,1,--) = 1x.
=1 i=1

1

By the algebraic structure of basis set (B,S) = {e;};2; defined by the
operator S, the structures of the points in Xg = X \ {0} the strictly non-zero
point set of X, X! the reciprocal space of X, component-wise addition of
spaces X @ X, component-wise subtraction of spaces X © X, component-wise
multiplication of spaces X KX and component-wise division of spaces X [ X
are defined as follows

oo
(1) X@X:{ZGX:z:w@yz Z(l’i+yi)€i}a
i=1

(2) X@X:{zeX:z:x@y: Z(mi—yi)ei},
=1

oo
(3) X&X:{ZGX:z::U&y: inyiei},
i=1

(4) XDX@:{zeX:z:ny:inyi_lei}.
i=1
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3. MODELING OF GENERALIZED HVIP

Assume that X = (X, 7) is a TVS with topology 7 in a separable reflexive
(real or complex) Banach space B with the Schauder basis B C 7, K C X and
Y = (Y, P) is an ordered TVS (OTVS) equipped with closed convex pointed

oo

cone P with nonempty interior, i.e., int P # &. Here X = [[ X, is a product
i=1

o0 o0
space in the Banach space B, K = [[ K; and Y = [[Y;*. Here K; C X; =K

=1 =1
given with X7 = K the dual space of X; and Y;* = K the dual space of Y; for
each:=1,2,---.

3.1. Expression of GHVIP using S operator. Let T: K C X — L(X,Z)
be any map where Z is either a scalar field K or a vector field. The problem
is to find y € K such that

(T(y),z) >z0V ze€ X (3.1)
where the pairing (f, z) denotes the value of f € L(X,Z) at z € X. Above
problem is written by a summable series form using the operator S.

(1) Let Z = K the scalar field and T : K — X*. Let T; : K; — K where
K; C X;. By taking T = iTiei where the problem can be
written as (T'(y),z) = (T K yz):é) z>0,1ie.,

0<(T(y),z)=S(T®y) @zVyecK, z€ X.

(2) If Z =Y is the vector field in the Banach space and P is the closed

convex pointed cone in Y with nonempty interior. Since T : K —

o0

L(X,Y), taking T = > Tie; where T; : K; C X; — L(X,,Y;), the
i=1

problem (3.1)) can be written as

oo
(T(y),2z) =D (Tiyi),zi)ei = (T Hy) Kz
i=1
=S5([S(Twy]®z)
>p0VyekK, ze X.
For our study Z =Y C B. If £ € Y, then for the expression £ € P or
& >p 0, we mean £ 2 0, implying & > 0 for each i; £ € —P or £ <p 0 we mean
¢ <0, implying & < 0 for each i and £ € —P N P we mean £ = 0, implying
& = 0 for each i (component-wise) in Banach space Y.

For T : K — L(X,Y) and n : K x K — X, the generalized harmonic
variational inequality problems (GHVIP) are defined as follows:
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(a) The GHVIP is of finding

y € K : (T(y),zyln(z,y)] ') 20V zeK, (GHVIP)
(b) the generalized dual HVIP is of finding
yeK: <T(x),xy n(z, y)r1> >0V zeK. (GDHVIP)

Remark 3.1. The problem (GHVIP)) coincides with HVIP developed by Noor
and Noor [7] if Y =R and n(z,y) =y — =.

4. CONDITION HC, AND SOME RESULTS USING CONDITION HC,

Consider a set
Dh:{veX@:xyv_leX, yn=y+weKCX Vz,yec K, A€ [0,1]}

in X that forms the nonempty starlike subspace K(v) of X from the point
y € K in the direction v € X as

Kw)={zeK:z=y+ Av,ve€ Dy, A€ (0,1]}.

Assume that n(z,y) = {ni(z,y)} € HX = X where n; : K x K — X, is
continuous for each i. We recall the followmg definitions for our requirement.
Definition 4.1. The set K C X is
(a) n-inver [4] w.r.t. the mapping n: K x K — X if K(n) = K where
Kn)={zxe K :zx=y+ (z,y) Vz,yc K,\€[0,1]},

(b) harmonically n-invex (HI) [6] w.r.t. the mapping n : K x K — X if
Kp(n) = K where

Ky (n {:cymA € K;z,ye K,xy € K(n),0 <A< 1},
In other words, K is n-HI if
z) € K if and only ifa:ya:}l eKVz,ye K,0< A< 1.
Definition 4.2. Let X be a TVS and K # @ be a n-invex subset of Xg.

The bi-function 7 is said to satisfy harmonic condition HCy on K} (n) if the
following conditions hold:

(a) n(y,x) = —n(z,y) for all z,y € K, i.e., n is anti-symmetric on K,
(b) for all z,y € K, yx = xy [y + M(z,y)] " and 0 < A < 1, we have

vy [ (vas )]~ = 2y (L= N, )]
(c) for all z,y € K, y = zy [y + M(z,y)] " and A > 0, we have

[y, 2)]) = —zy Az, y)] 7,
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d) forall 2,y € K, x) = zy [z + My, z)] ! and A > 0, we have
( y y n(y

oy [ (22, 9)] 7" = —zy (y, )],
(e) for all z,y € K, x\ = zy [z + )\n(y,a:)]_l and A > 0, we have

zaz [ (2, 2)] " =2y [(1— Mn(y,z)] .

Remark 4.3. The harmonic conditions of 1 can be written as

il = L= ) i e = ay ly+ M y)]

Wiyl = { —zy [An(y, z)] 7", if 2y = @y [z + An(y, 2)] '
and

(o -t~ [y D) if 2y = 2y [y + Mp(z, y)]

sl (@)= { ay[(1— Mn(y,2)] ", if 2y = 2y [z + Ay, 2)]

Example 4.4. If n(x,y) = x — y, then for all z,y € K C X, n satisfies the
condition HC, on Kj(n).

Example 4.5. If p: K — K is a p-projective linear map [3] and p(z) =7 € K
for all z € K and 0 otherwise. The map n : Ran p x Ran p — X defined by
n(z,y) = T — y satisfies T\ = y+ M\ (Z,y) € X for all Z,5 € Ran p and
A € [0,1]. The harmonically invex set K}(n) is constructed by

Ky() = {ze K :1(F,7) € Xo,and 7 = 35 [7)] ' € K, V 7,7 € Ran p.}
Then 7 satisfies HC,-condition on Kp(n).

Proposition 4.6. Suppose that K C Xg wheren : K x K — Xg satisfies the
HC,-condition on Kp(n). Let x,y € K and X € (0,1). Then

(1) Forg=xzyly+ A\n(z,y)] ", we have
(@) ygIn (9] = =2y [(1 = Nz, )7,
(b) @y [n (z,9)] 7" = zy Pz, y)] 5
(2) fory = zy[x+ A(y,z)]"" and X € (0,1), we have
(@) 5[0 (v, 7))~ =2y Dy, )]
(b) @ [n(z,7)] " = =2y (1= Nnly,2)] "
Proof. Given n(y,z) = —n(z,y) for z,y € K and X € (0,1).
(1) Let § = ya = 2y [y + Mz, )]~
(a) Using condition (b) of HC, then we have
il . 9)) 7 =2y 0 (von)] 7 = —aay n (e w)] 7 = —ay (1= Mn(a,y)]
(b) Using condition (¢) of HC,, then we have

2y (2, 9] = oz (@, )] = —aaz [ (ya, 2)] ' =2y Pla,y)])
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-1
=xy=aylz+ An(y,z)]

(2) Let y

(a) Using condition (d) of HC), then we have
[ (y
)

D] =y a)] T = oy e y)] T = ay Dy, a)])

vy
(b) Using condition (e) of HC,, then we have
2y [ (2] = e [n(@,20)] 7 =~z (on,2)] 7 = —ay (1= Ay, 2)] 7"

which is the required result. Il

Proposition 4.7. Let n: K x K — X satisfies condition HC, on n-HI set
Kp(n), and x,y € K.

(a) If g = ayly + M(z,y)] " € Kn(n),

Ay [n(a, 7)) + (1= Ny [n(y, 7)) " = 0.
(b) If § = zy v + My, )] " € Kn(n), then

(1= N2y [n@ =) + Mg @, y)] " = 0.

Proof. Letting § = zy [y + )\n(ac,y)]fl € Kp(n) € K for A € (0,1) and using
Proposition we have

then

ag (2, )] = —ay Mz, y)] 7" and y7 [n(y, 7)) " = —2y [(1 - Nn(z,y)] "
for all z,y € Kj(n). Thus

M el m) ™) + (0= (sl 9
= (ay Dot ™) + (1= ) (ay[=(1 = ()™

=2y [77(55, y)]_l -1y [77(33, y)]_l =0
for all z,y € K. This proves (a).

Since 1(z,5) = —1(7, ), letting 7 = vy [z + Mi(y, 2)] " € Ka(n) for A €
(0,1) and using Proposition we have
2y (@, =)~ =2y [(1 = Mn(y,2)] ™" and yy [n(7, )] = — zy M(y,=)]
for all z,y € Kj(n). Thus
(1= N2y n(@, =)~ + Mg [n(@: )]
= (1= ) (ay [0 = My 2)] ) + A (= 2y Dy, )] )
= zy [n(y, )] — 2y [n(y, )] =0
for all 2,y € K which proves (b). Hence the proof is completed. O
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Proposition 4.8. Let n € X satisfies the HC-condition on n-HI set Kp(n)
and T : K — X*. If forz,y € K and X\ € (0,1), § = ayly+ Mz, y)] ' €
K} (n), then we have

() A(T@). a7 .5 ™) + 1 =) (T ya (5] )

)
(b) A <T(u),xg [n(x,y)r1> +(1=X) <T(u)7y? [n(y,?)]’1>
)

0,

0,
for any u € Kp(n),

Proof. Since all the conditions of Proposition [£.7] are satisfied, we have
Axg (2, 7)) + (1= Nygn(y, 9] =0
for all z,y € K, for any 7 = zy [y + Mn(x,y)] " € Kp(n) and t € [0,1]. Thus
MT@), e in, ) ) + (1= N (TG yp 9] )

(T@) A2y @)™ + (0= Nya @, v) ™)
= (T(y),0) =0

for all z,y € K, for any § = xy [y+t77(x,y)]_1 € Kp(n) and t € [0,1] since
T(z) € L(X,Y). This proves (a).
Similarly for any u € Kj(n), we have

A <T(U), Y [n(x,@)]‘1> +(1=N) <T(u)7 v [n(y,y)]‘1>

= (T(w), Aag (@, @) + (1 = Nyg (@) ")

= (T(u),0) = 0
for all z,y € K, for any 7 = zy [y + tn(x,y)]"' € Kp(n) and t € [0,1]. This
proves (b).

Finally taking 7 = 2y [y 4+ M(z, )] € Ku(n) for A € (0,1) and using
Proposition [4.6] we have

27 (G, x)) " = —ay Mz, )]
and

yi @ y)] " =2y [(1 = Nnla,y)] "



On GHVVI using HC\.-condition 647
Thus
MT @) 2y In@.2) ") + 0= (7). y5 n@.v)] ™)
MT(@), 27 (@) ) + (1= ) {(Tw), 7 (. 7))
AT (@), = a7 (e, y)] ™) + (1= 2 (T(w), w7 (1 = M) ™)
~(T(@),wy (@, y) )+ (TW), 2y (e )] )
~(T(@) = T(y), oy In(, )] ")

for all z,y € Ku(n), for any 7 = zy [y + M(z,y)] ' € Kp(n) and A € (0,1)
which proves (¢). The proof is completed. O

Definition 4.9. The mapping T': K — L(X,Y) is said to be
(i) harmonically n-monotone on K if

(T@) 2y, )" ) + (TW)yy Iiy.2)] ) 20V a,y € K,

(ii) generalized harmonically 7-monotone on K if

(T(x) = T(y), 2y ()] ') 20¥ 2,y € K.

For strictly harmonically n-monotonicity case, equality hold in the
above equation for x = y only.

In the following theorem, the result is shown to approach the existence
theorems of dual harmonic variational inequality problems in the presence of
generalized harmonically n-monotone property of T'.

Theorem 4.10. Let K C Xg harmonically n-invex set Kp(n). Then 7§ €
Kp(n) solves both the harmonic problem (GHVIP)) and (GDHVIP|) on Kj(n),

if n satisfies HC'-conditions, T is generalized harmonically n-monotone on K
and for some X > 0,

(T@).oxaln@ ™) < Q=N (T@.27 )] )
(T (), 2 (7))

forallz € K, a2y =27 [5+ (2, 7)) ", 7=y [y + M(z,9)] " € Ku(n).

Proof. For each y € Kp(n), T is generalized harmonically 7-monotone on K,
ie.,

(T(@) = T(y),ay M,y ") 20
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for all z,y € K. By (c¢) of Theorem we have
MT(@),ag In@, ) ™) + (1= (T). vy (.1 )
= (T(x) = T(y),zy Ine,y)] ') 2 0
for all z,y € K and at § € Kj(n) C K. Hence
MT(@),a7 ()] ) + (1= ) (T). y7 Iy 3)] ) 2 0
for all z,y € K. By taking limit as A — 1 we obtain
(T(@).agn(,7)™") 2 0.

that is, ¥ € Kj(n) solves the harmonic problem (GDHVIP) on K} (7).
Replacing 2 by ) = 27 [J + M, 7)] " for some A € (0,1), we have

0 < (T@), o))
(=2 (T@). 27 (e 7] ) + A(T(@), 27 (7))
for all x € K. Taking limit as A\ — 0, we get

0= (T(), 250 7)")

for all z € K and y € Kp(n). Hence § € Kj(n) solves the harmonic problem
(GHVIP) on K}(n). This completes the proof. O
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