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Abstract. In this paper, we introduce and study a new class of nonlinear set-valued mixed
random variational inclusions involving random nonlinear (A, ,)-monotone Mappings in
Hilbert spaces. Based on the generalized random resolvent operator associated with random
nonlinear (A.,7,,)-monotone mappings, an existence theorem of solutions for this kind of
random nonlinear set-valued mixed variational inclusions is established and a new algorithm
of approximation solution is suggested and discussed. The results presented in this paper

generalize, improve, and unify some recent results in this field.

1. INTRODUCTION

Variational inclusions are an important and generalization of classical vari-
ational inequalities which have wide applications to many fields including, for
example, mechanics, physics, optimization, control, and engineering sciences
and in face, the problems for random variational inclusions(inequalities) are
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just so. Motivated and inspired by the recent research works in these fasci-
nating areas, the random variational inclusion (inequalities, equalities, quasi-
variational inclusions, quasi-complementarity) problems have been introduced
and studied by Ahmad and Bazdn [1], Chang [3], Chang and Huang [5], Gan-
guly and Wadhwa [9], Huang [10], Huang et al. [11], Khan et al. [14], Lan
[15], Noor and Elsanosi [17]. Very recently, the problems of random fuzzy
generalized variational inclusions involving random nonlinear mappings have
been studied by Li [16], and Zhang and Bi [25] in Hilbert spaces.

On the other hand, monotonicity techniques were extended and applied in
recent years because of their importance in the theory of variational inequali-
ties, complementarity problems, and variational inclusions.

In 2003, Huang and Fang [12] introduced a class of generalized monotone
mappings, maximal p-monotone mappings, and defined an associated resol-
vent operator. Using resolvent operator methods, which is a very important
method to find solutions of variational inequality and variational inclusion
problems, they developed some iterative algorithms to approximate the solu-
tion of a class of general variational inclusions involving maximal n-monotone
operators. Huang and Fang’s method extended the resolvent operator method
associated with an n-subdifferential operator due to Ding and Luo [6].

Recently, Fang and Huang [7], Fang-Huang-Thompon [8], Verma [23] intro-
duced H-monotone operator, (H,n)-monotone operator, and (A, n)-monotone
operator, which are generalization of the classical monotone operator. They
defined associated resolvent operator, established the Lipschitz continuity of
the resolvent operator, studied some classes of variational inclusions in Hilbert
spaces using those resolvent operators and constructed some algorithms for
approximating solutions of those variational inclusions.

The main purpose of this paper is to introduce and study a new class of
random nonlinear set-valued mixed variational inclusions involving random
nonlinear (A, 7,,)-monotone mappings in Hilbert spaces. Based on the gener-
alized random resolvent operator associated with random nonlinear (A, n,,)-
monotone mappings, an existence theorem of solutions for this kind of random
nonlinear set-valued mixed variational inclusions is established and a new al-
gorithm of approximation solution is suggested and discussed.

1.1. Set-valued random mapping.

Throughout this paper, we suppose that (Q,R, ) is a complete o-finite
measure space and X is a separable real Hilbert space endowed with a norm
|| - || and an inner product (-, -). We denote by I(X) the class of Borel o-fields
in X. Let 2% and CB(X) denote the family of all the nonempty subsets of
X and the family of all the nonempty bounded closed sets of X, respectively.
Let us recall the following definitions and some auxiliary results.
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Definition 1.1. A mapping = : Q — X is said to be measurable if, for any
Be (X)), {weQ:z(w)e B} e R

Definition 1.2. A mapping f : Q@ x X — X 1is called a random mapping
if, for any v € X, f(w,x) = y(w) is measurable. A random mapping f is
said to be continuous (resp., linear, bounded) if for any w € Q, the mapping
f(w,") : X — X is continuous (resp., linear, bounded).

Similarly, we can define a random mapping h: 2 x X x X — X. We shall
write @ = a(w), y = y(), fo = f(w, 2(w)) and hy(z,y) = hw, 2(w), y(w)) for
all w € Q and z(w),y(w) € X.

It is well-known that a measurable mapping is necessarily a random map-
ping.

Definition 1.3. A set-valued mapping @ : Q — 2% is said to be measurable
if, for any B € 3(X), Q7 Y(B)={w e Q: Q)N B # 0} € R.

Definition 1.4. A mapping u : Q@ — X is called a measurable selection of
a set-valued measurable mapping Q : Q — 2% if, for any w € Q, u(w) is
measurable and u(w) € Q(w).

Definition 1.5. A set-valued mapping Q : Q2 x X — 2% is called a set-valued
random mapping if, for any x € X, Q(-,x) is measurable(denoted by Q.,, or

Q)

1.2. Random resolvent operator of (4,,7,)-monotone mapping.

Definition 1.6. The random mapping 1, : Q& x X x X — X is said to be
Tw-Lipschitz continuous if there exists a real-valued random variable 1, > 0
such that

17, (z(w), y(W)|| < Tollz(w) —y(W)],
for all x(w),y(w) € X and for all w € Q.

Definition 1.7. Let X be a separable real Hilbert Space, n, : A x X x X — X
and Ay, H, : Q x X be random single-valued mappings. Then a multi-valued
random mapping M, : Q x 2% is said to be:

(i) H-continuous if, for any w € Q, M, (-) is continuous in H(-,-) that is,
there exists a real-valued random variable o, > 0 such that

H(My(21(w)), Mo(2(w))) < aullz1(w) = z2(w)]),

Va1 (w), zo(w) € X,w € Q where H(-,-) is the Hausdorff metric on
CB(X) defined as follows: for any A,B € CB(X),

H(A, B) = max{sup inf d(z,y),sup inf d(z,y)};
rcAYEDB yeB €A
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(ii) monotone if, for any w € €,
(u1(w) — up(w), 71 (w) — z2(w)) >0,
for all x1(w), xa(w) € X, u1(w) € My(z1(w)),u2(w) € My (z2(w));
(iii) nw-monotone if, for any w € €,
(1 (w) — uz(w), nw(z1(w), 22(w))) = 0,
for all x1(w), z2(w) € X,u1(w) € My(x1(w)), us(w) € My(x2(w));
(iv) strictly n,-monotone if, for any w € €,
(u1(w) — ug(w), nu(@1(w), z2(w))) = 0,

for all x1(w), z2(w) € X, ui(w) € My(z1(w)), ug(w) € M, (z2(w)), and
the equality holds if and only if v1(w) = z2(w) for all w € §;
(v) ry—strongly n,-monotone if there exists a real-valued random variable

ry > 0 such that
(u1(w) = u2 (W), (1 (W), 2(w))) > ryllar () — z2(W)|?,

for all x1(w), xa(w) € X,u1(w) € My(z1(w)),u2(w) € My(z2(w));
(vi) n-firmly nonexpansive if

lur (W) = up(@)|* < (u1(w) — u2(w), nw(21(W), 22(w))),

for all x1(w), z2(w) € X, u1(w) € My(z1(w)), u2(w) € My (z2(w));
(vii) (my, nw)-relazed monotone if there exists a real-valued random variable

my, > 0 such that, for any w € QQ,
(ur (W) = uz(W), 1o (21(w), 22(W))) = =1 [|z1 (W) — 22(w)|,

for all 1 (w), x2(w) € X, ui(w) € My(21(w)), uz2(w) € My (z2(w));
(viii) mazximal monotone if, for any w € Q, and any random variable p, > 0,
the M,, is monotone and

(I+ prw)(X) =X,

where I denotes the identity mapping on X;
(ix) mazximal n,-monotone if, for any w € §, and any random variable
pw > 0, the M, is n,-monotone and

(I+prw)(X) = X,

where I denotes the identity mapping on X;
(x) Ay-monotone if, for any w € Q and any random variable p, > 0, the
M, is my-relaxed monotone and

(Aw + prw)(X) =X;
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(xi) H,-monotone if, for any w € Q and any random variable p,, > 0, the
M, is monotone and

(Hw + prw)(X) =X;

(xii) (Hy,nw)-monotone if, for any w € Q and any random variable p, > 0,
the M., is n,-monotone and

(Ho () + poMo())(X) = X;

(xiii) (Aw,nw)-monotone if, for any w € Q and any random variable p, > 0,
the M, is (my,, Nw)-relazed monotone and

(Ay + poMy)(X) = X.

Definition 1.8. Let X be a separable real Hilbert Space, Ay, : Q2 x X — X and
F,: QOx X xX — X be single-valued random mappings, and P, : Qx X — 2%
be a multi-valued random mapping.
(i) A single-valued random mapping F,, is said to be (py, Vy)-Lipschitz
continuous, if there exist two random variables jiy, vy : @ — (0, +00)
such that

[Fu(21(w), y1(w)) — Fu(z2(w), y2(w)) | Spollz1(w) — z2(w)]]
+ vollyr(w) — y2(w)ll,
Vai(w), yi(w) € X,i=1,2;
(ii) A single-valued random mapping F,, is said to be ¢, -P,,-strongly mono-
tone with respect to A, in the first argument of F,(-,-), if there exist
a random variables 1, : Q@ — (0, +00) such that

(Fo(r1, ) = Fu(z2,°), Aw(y1) — Aw(y2)) > Yullr1 — x2||2,
Vri(w) € X,y € Py(1 =1,2),w €
Definition 1.9. Let X be a separable real Hilbert Space, 0, : QX X x X — X

be a random single-valued mapping, A, : Qx X — X be a strictly n,-monotone
single-valued mapping and M, : Qx X — 2% be a (A, Nw)-monotone mapping.
The random resolvent operator R?:’]\% :Q x X — X is defined by

Aw7 w —
Ry () = (Aw + pu) ™ (),

forallwe Q, y=yw)eX, and{weQ:0< p, € B} € k.

Lemma 1.10. ([4]) Let X be a separable real Hilbert Space, Gy, : @ x X —
CB(X) be a H -continuous random set-valued mapping. then for any measur-
able mapping x : Q — X, the set-valued mapping G, (z(w)) : @ x X — CB(X)
15 measurable.
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Lemma 1.11. ([4]) Let G, P, : Q x X — CB(X) be two measurable set-
valued mappings, € > 0 be a constant and x : Q — X be a measurable selection
of P,. Then there exists a measurable selection y : Q — X of G, such that
for any w € €,

lz(w) = y(@)Il < (1 + ) H(Gu(), Pu())-
Lemma 1.12. ([20]) Let X be a separable real Hilbert Space, 1, : 2x X x X —
X be 1,-Lipschtiz continuous random mapping, A, : 2 x X — X be an ry,-
strongly n,-monotone random mapping, and M,(y) : Q@ x X — 2%(Vy €
X) be an (A, n,)-monotone random mapping. Then the generalized random

resolvent operator R;‘:”]\%) : X — X is 7,/ (1w — Mypw)-Lipschitz continuous,
that is,
Aw Aw T
IR0 () = Ry ()] < m”l’ -yl

for all z,y € X,w € Q, where py,r,,my : @ — (0,400) are real-valued

measurable, and 0 < p, < ;.

2. RANDOM VARIATIONAL INCLUSION PROBLEM AND ALGORITHM FOR
RANDOM THE APPROXIMATION SOLUTION OF THE PROBLEM

2.1. Random variational inclusion problem.

Let Ay, fo : QXX > X, ny: Ox X xX > Xand F, : Qx X x X — X be
single-valued random mappings, and G, P,, be a multi-valued random map-
pings. Let M, : Q x X — X2% is a set-valued random mapping such that for
each w € Q, and z € X M,(z,-) : X x X — 2% is (A,,n,)-monotone ran-
dom mapping and range(P,,) (dom(M,(z,-)) # 0. We introduce and study
the following problem for a new class of nonlinear set-valued mixed random
variational inclusions Involving Random (A, 7, )-monotone mappings.

For a given element g, : € — X and any real-valued random variable
k, > 0, finding measurable mappings = = z(w),z = z(w),y = y(w) : @ —
X,z € Gy(x), and y € P, (x) such that

9w € Fuo(w, fu(2)) + kuMu(y, 2), (2.1)
which is a called nonlinear set-valued mixed random variational inclusions in-
volving random nonlinear (A, 1,,)-monotone mappings(short down: nonlinear
random SVMVIL) in Hilbert spaces. And a solution of the problem (2.1) is
called a random solution.

For a suitable choice of Ay, 1., F., fu, My, P, and the space X, a number
of known classes of variational inclusions and variational inequalities can be
obtained as special cases of the general set-valued mixed quasi-variational
inclusions (2.1).
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Special cases:

(i)

(iii)

If ky, = 1,Gu(z) = {z}, and M,(-,-) = 0¢(-) is the subdifferential
of a lower semi-continuous and 7-subdifferentiable function ¢ : X —
RU{+oc}. Let for any v € X, 1u(v, gw) = v —gu(u, ), Fu(v, fu(2)) =
fu(x) — pu(v), and taking g, = v € X (Vw € ), then problem (3.1)
becomes the following problem: Find measurable mappings u,z,y :
Q) — X, such that for each w € Q,v € X, hold

z(w) € Gu(u), y(w) € Fu(u),
and

{(fo(@) = po(y); v —o (u, 7)) = ¢(gu(u, ) — H(v), (2.2)

for all w € €2, and each measurable mappings u(w), v(w) € X, which is
random generalized nonlinear variational inclusions for random map-
pings in Hilbert space. The form of the problem (2.2) was studied by
Zhang and Bi [25] when all the fuzzy mappings are taken as general
determine mappings in the problem.

If in the problem (2.2), P, = p,(x), fu(2) = 2z, My(-,) = 0p(w,-) :
Q x X — X is subdifferentiable, and ¢(w, -) is the indicator function
of a nonempty closed convex set K in K defined in the form:

qb(y):{o iy R,

s otherwise,
then the problem (2.3) becomes the problem of finding measurable
mappings z,u : @ — X such that v € T,,(z) and

(fo(@) + u(w) = gu, y — pu(@)) =0, (2.3)

forallw e Q,y € K.

If go = 0,k = 1, fu(2) = 2,P,(x) = I, M,(-,-) = My(-), which is
identity mapping in the X, then the problem (2.1) is described as:
determine an element = € X, z € ), such that

0 € Fu(x, zy(x)) + My(x) (2.4)

which the form of the problem (2.4) have been studied by Verma[23]
when the random variables (functions, mappings) all are taken as gen-
eral variables (functions, mappings) in the problem.

If gw) =0,k =1, fu(2) = 2,Ap = Hy,, Py(x) = I, M, (-, ) = M,(-),
which is identity mapping in the X, then the problem (2.1) is described
as: determine an element x € X, z € @), such that

0 € F,(z,zu(x)) + M, (x). (2.5)
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(v) If My(-,-) = My(-), fu(z) = z, then the problem (2.1) becomes the
problem (2.1) in Li[16] which the form of the problem (2.1) have been
studied by Fang Huang and Thompson [8] when the random variables
(functions, mappings) all are taken as general variables (functions,
mappings) in the problem.

Furthermore, a number of known classes of variational inclusions and vari-
ational inequalities in Chang [3], Huang [10], Noor and Elsanosi [17] have
been studied as special cases of the problem (2.1) when the random variables
(functions, mappings) all are taken as general variables (functions, mappings)
in the problem. These types of variational inclusions can enable us to study
many important nonlinear problems arising in mechanics, physics, optimiza-
tion and control, nonlinear programming, economics, finance, regional, struc-
tural, transportation, elasticity, and applied sciences in a general and unified
framework.

2.2. Algorithm for random the approximation solution of the Ran-
dom variational inclusion problem.
New, we transfer the problem (2.1) into a fixed point problem.

Lemma 2.1. Measurable (x,z,y) : Q@ — X is random solution of nonlinear
set-valued mized random variational inclusions the problem (2.1) if and only
if for each w € Q, holds the following relation

y = RO [Au(y) + pugeo — puFul(@, ful(2))], (2.6)

where z € G,y € P, p,k: Q — (0,400) are two real-valued random vari-
ables, and R;‘:IQZTMM = (A, + pwk:wa)_l 1s a random resolvent operator in a
Hilbert Space X.

Proof. The proof directly follows from the definition of R?:IQZTMW and so it is
omitted. g

Based on Lemma 2.1 and Nadler [18], we can develop a new algorithm
of approximation solution for solving the nonlinear set-valued mixed random
variational inclusions (2.1) with random nonlinear (A, 7, )-monotone map-
pings as follows:

Algorithm 2.2. Let G, P, : Q@ x X — CB(X) be set-valued random map-
pings, Aw, fuo : X X — X, n,, F, : Q@ x X x X — X single-valued random
mappings and M, : Q x X x X — 2% a set-valued random mapping such that,
for each fired w € Q and any measurable mapping x : 2 x X — X, M, (x,-) :
Ox X — 2% is a (A,, n.)-monotone mapping and range(P,,) ( domM, (-, z) #
(V2 € Gy).

Step 1. Initialize:
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For any given zo : Q@ — X, the multi-mappings Gy (zo(-)), Po(xo(-)) :
Q' x X — CB(X) are both measurable by Lemma 1.10, and so there exist
measurable selections zo € G, (xo(-)) and yo € P(-,zo(-)) ([13]). Set

$1((4)) = (1*W)$0+w[$0*y0+R?:];ZTMw (Aw(yo)Jer!]w*Pwa(an fw(ZO)))]+€07

where ki, pu, Aw, My, F, are the same as in Lemma 4.1, 1 > w > 0 is a
constant, and ey = ep(w) :  — X is a measurable function which takes into
account a possible inexact computation of the proximal point. Then, it is easy
to know that x1 : Q@ — X is a measurable mapping. Since zo € Gy (zo(-))
and yo € P,(xo(-)), by Lemma 1.11, there exist measurable selections z; €
Gu(z1(+)) and y1 € Py(x1(+)) such that, for all w € Q,

A~

20— 211l < (14 1 (Gulao()), Culmr()),
lvo — wall < (4 DAPulao()), Pulaa().

Step 2. Iterative:
By induction, we can get three measurable sequences {xn},{zn}, and {yn}
from Q to x inductively satisfying

Tpy1 = (1 — @)z + @[Tn — Yo

AL/J: W
+RpwkZ7Mw (A""(y”) + Pwfw — prw(ajna fw(zn)))] + en,

lon — 201l < (14 1) B (Gu(n), Gus(ns1)), 21)

L ”yn - ynJrlH < (1 + %H)IA{(Pw(xn)ypw(l‘nJrl))a

forn =0,1,2,---, where e, = ep(w) € Xn > 0) is a random error to take
into account a possible inexact computation of the proximal point.

Step 3. Condition for stopping algorithm:
If i1, 20y, and yn41 satisfy (2.7) sufficiently accurate, stop; otherwise,
set n:=n-+ 1 and return to Step 2.

Remark 2.3. If we choose suitable eta, A, F,G, P, f and M, then the Algo-
rithm 2.2 reduce to a number of known algorithms for solving some classes of
variational inequalities and variational inclusions (see, for example, [5], [9]—

[11], [16], [25]).

Now, if we prove the existence of solutions of problem (2.1) and the con-
vergence of iterative sequences {zn}, {yn}, {zn} generated by the Algorithm
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2.2, then the (xy, 25, yn) will be a random approximation solution of problem
(2.1).

3. EXISTENCE AND CONVERGENCE THEOREM OF SOLUTION OF THE
RANDOM VARIATIONAL INCLUSION PROBLEM

In this section, we shall prove the existence of solution for problem (2.1) and
the convergence of the iterative sequences generated by the Algorithm 2.2.

3.1. Existence and convergence theorem.

Theorem 3.1. Let X be a real separable Hilbert space, 1, : 2 x X x X — X
be a T,-Lipschtiz continuous mapping, A, : Q@ x X — X be a r,-strongly
Nw-monotone mapping and o, -Lipschitz continuous. Let G, P, : Q x X —
CB(X) be ﬁ—Lipschitz continuous set-valued random mappings with random
variables (y,, Xw, respectively, and f,, : Qx X — X be &,-Lipschitz continuous.
Let P, be a (B,-strongly monotone random mapping, F, : 2 x X x X — X be
Lipschitz continuous with random variables (p,, V), and F,, be 1,-P,,-strongly
monotone with respect to A,, in the first argument of F,(-,-), and let g, : Q@ —
X be a real random variable. Let M, : Q x X x X — 2% be a set-valued
random mapping such that for each measurable y € X, M, (y,") : X — 2% is
a (Ay,nw)-monotone mapping, and range(P,)(domM,(y) # 0. If for any
T,Y,2 € Xa

Aw Mo AwNw
|RAme ()= R <yl (31)
and

’ ’lj)wflmﬂu (kwmwlw+7w£wyw<w) ‘
p— 7-2,u, —(komulo+Twéwrulw)

< {[ww wrw(kwmw +Tw£wVwa)]2 [T2M2 (kwmw +Tw€wVwa) ][TZO‘E)XE; l2 2]}2
7212 — (kwmolo+Twlwlulu)? (32)

TEJIUQ > (kwmwlw + TwﬁwVwa)Q,

lw=1*\/1*2ﬂw+xi*5¢u@<1,

and

Tim [len(w)]| =0, Z llen(w) — en_1(W)|| < 00, YweQ, (3.3)
then the random iterative sequences {xn}, {yn} and {z,} : Q@ — X generated
by Algorithm 4.2 converge strongly to random variables z*, y*, and z* : Q —
X, respectively, (x*,y*,z*) is a random solution of the problem (3.1), and
(Tny Yns 2n) 1S a random approximation solution of the problem (3.1).
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Proof. From Algorithm 2.2, Lemma 2.1 and (2.8)—(2.10), for any w € €2, and
0 < w < 1, we have

[Zn+1 — Znl
< (1= @)lln — ntll + llen — entll+ @ln — nt — (g — v 1)
ALAM W
+wHRpwkZ,Mw(ymzn)(Aw(yn) + powfv — PuFi(xn, fulzn)))

A
*RpwkZ,Mw(yn_hzn_l)(Aw(ynfl) + Pwdw — PuFu(Tn—1, fu(zn-1)))ll

< (I —@)|zn — 21l + llen — en1]|
+w{”$n — Tn-1 — (yn - ynfl)” + 5w||2n - Zn—l”

T
_ Aw n) Aw n—
- kwpwmw[\l (Yn) (Yn—1)

—Pu(Fo(Tn, fulzn)) = Fu(Tn-1, fu(zn))|l
+o(W) | Fo(@n-1, fu(zn)) — Fu(@n—1, fulzn-1))[]}- (3.4)

Since P, is H -Lipschitz continuous with x, and (,-strongly monotone in the
second argument of P, (-), by Algorithm 2.1, we obtain

|Zn — Tp—1 — Yn — yn—1H2
= [|zn — xn—1H2 —2(Un — Yn—1,Tn — Tp—1) + [|Yn — yn—l”2
< [lzn — xn—lHQ +(1+ nil)Qﬁz(PW(xn% Py(zn-1)) = 28ulln — l’n—1||2
<1 =26, + (1 +n )2 |20 — zaa | (3.5)

Since F, is H-Lipschitz continuous with (p,, v1,), and 1,-P.-strongly mono-
tone with respect to A, in the first argument of F,(-,-), we have

[ Aw(Yn) — Aw(Yn—1) = pu(Fu(@n, fulzn)) — Fu(zn-1, fw(Zn)))||2

< [[Au(yn) — Aw(yn71)||2 + PiHFw(xm fu(zn)) = Fo(n-1, fw(zn))||2
=2pu((Fuo(fo(®n)s 2n) — Fulfw(Tn-1); 2n))s Aw(yn) — Aw(yn-1))

< O‘iHyn - yn—1H2 + Piﬂi”xn - xn—1”2 = 2puul|Tn — xn+1H2

< [+ 072G + poul — 2000u] |0 — 20| (3.6)

Further, by assumptions, we have

[ Fw(Tn—1, fu(zn)) — Fol®n-1, fulzn-1))l
< Vpbulo(l+n"Hzn — 20| (3.7)

and

2 — zn—1]] < Cu(1+ n_1)||xn — Tp_1]|- (3.8)
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From (3.6)—(3.8), it follows that

[#n41 —anll < (1= @+ @hy)l|en — zn-all + [len — en—1|

= Onllrn — znall + llen — en—1], (3.9)
where 0, = 1 — w + wh,, and
1
hn = [1=26,+ 1 +n"")x2)2 +0uC(1+n")
T, _ 1
(S (L + 1)\ + plpd — 2putbn)?

Tw — KwpPuMe
+puutuCo(l+n7)].
Let 0 =1 — w + wh and
ho= [1-26,+ )2
F0Co + ———2

D=

[(O‘?uxa + Pi#i - 2pw¢w) + pwwawa]'

Tw — ku PuwTly,

We have that h,, — h and 6,, — 0 as n — oo. It follows from condition (3.2)
and 0 < @w < 1 that 0 < # < 1 and hence there exists Ny > 0 and 6, € (6,1)
such that 6, < 0, for all n > Ny. Therefore, by (3.9), we have

||xn+1 - xn” < Q*Hxn - fEnle + ||en - 6n71||,\V/’I’L > Np.
Without loss of generality, we assume
Hxn—‘rl - xn” < G*Hxn - xn—l” + ||6n - en—lH)vn > 1,

Hence, for any m > n > 0, we have

m—1 m—1 . m—1 4 o
lom = z) < 3 e — aill < 3 Ollan — ol + 3 D65 lles = esall
=n i=n i=n j=1

It follows from conditions (3.2)—(3.3) that ||z, — 2| — 0, as n — oo, and so
{z,,} is a Cauchy sequence in X. Let z,, — z* as n — oo. By the Lipschitz
continuity of G, (-) and P, (-), we obtain

lznt1 — 2zl < (14 n_l)ﬁ(Gw@nJrl), Gu(n)) < Cu(1+ n_l)”xn+1 — Znl|,
||yn+1 - ynH < (1 + n_l)H(Pw(xn+l)a Pw(l'n)) < Xw(l + n_l)Hl'nJrl - $n||

It follows that {z,} and {y,} are both Cauchy sequences in X. We assume
that z, — 2* and y, — y*, respectively. Noticing that z,, € G, (z,), we have

d(z" Gu(2™) < 2" =zl + d(zn, Gu(27))
< IZ7 = 2l + H(Go(2n), Go(27))
< 27 = znll 4 Collen — 27 — 0(n — o).

Hence d(z*,G,(z*)) = 0 and so z* € G, (z*). Similarly, we can prove that
y* € P,(z%)).
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By the Lipschitz continuity of Gy, (-) and P,(-), Lemma 2.1, the condition
(4.1) and lim |ep(w)| = 0, we have

(w) = (1-wr"(w)+mr"(w) -y (w)
TR (Au(y (@) + poge — puFul* (@), ful25(@)))].

By Lemma 2.1, we know that (z*, z*,y*) is a solution of problem (2.1). This
completes the proof. O

From Theorem 3.1, we have the following theorem.

3.2. Algorithm for random the approximation solution of the prob-
lem (2.5).

From Algorithm 2.2, we can get algorithm for solving problems (2.5) as
follows:

Algorithm 3.2. Let G, P, : Q@ x X — CB(X) be the multi-valued random
mappings , H, : A x X — X, n,,F, : QO x X xX — X and f, = 1, be
single-valued random mappings, and let My, : Q x X — 2% be a multi-valued
random mapping such that for each fixed w € €, and for any a measurable
mapping z : A x X — X, My(2) : @ x X — 2% be an (H,,n,)-monotone
mapping and range(P,,) (domM,(-) # 0.

Step 1. Initialize:
For any given x¢ : Q — X, the multi-mappings G, (zo(+)), Pu(zo(:)) : Q x
X — CB(X) all are measurable by Lemma (1.10). Set

r1(w) = (1 —@)zo+w[ro—yo+ Ri“’,;f‘jMw (Hw(Y0) + pwdw — puFi(o, 20))] + €0,

where ky, puw, Aw, My, F, are the same as in Lemma 2.1, 1 > w > 0 is a
constant, and ey = ep(w) : Q@ — X is a measurable function which is an random
error to take into account a possible inexact computation of the proximal point.
Since zo € Gy (0(+)),y0 € Po(xo(+)), by Lemma 1.11, there exist measurable
selections z1 € Gy (x1(+)) and y1 € P,(x1(+)) such that, for all w € Q,

H(Gu(2o()), Gul@1())),

VH (P (0(), Pu(1(-))),

==

~—

[20 = 21l < (1 +

el

lyo —wnll < (1 +

Step 2. Iterative:
By induction, we can define a measurable sequences x,, z,, and y, : 8 — X
inductively satisfying

tnt = (1= @)an + @len = g + BRI (Ho(yn)

+Pwdw = Puli(Tn, 2n))] + en (3.10)
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form =0,1,2,---, where e, = ep(w) € X(n > 0) is an random error to take
into account a possible inexact computation of the proximal point.

Step 3. Iterative procedure:
Choose zn, € Gy (), yn € Po,(xy) such that

1 ~
|20 — zn1ll < (1 + m)H(GoJ(xn)v Gu(Tni1)), (3.11)
1 N
[Yn — ynrll < (1 + m)H(Pw(xn% Py(zn41)) (3.12)
form=0,1,2,---.

Step 4. Condition for stopping algorithm: Ifx, 1, 2,11, and yn11 satisfy
(8.10)-(3.12) sufficiently accurate, stop; otherwise, set n :=n+ 1 and return
to Step 2.

Remark 3.3. If we choose suitablen, H, F, G, P, f and M, then the Algorithm
3.2 reduce to a number of known algorithms for solving some classes of varia-
tional inequalities and variational inclusions (see, for ezample, [14], [17], [16],

[25] ).

3.3. Existence and convergence theorem of the problem (2.5).
From Theorem 3.1, we have the following theorem.

Theorem 3.4. Let g, N, Flo, My, f., X be the same as in Theorem 3.1, A, =
H,, and G, P, : Q@ x X — CB(X) be D-Lipschitz continuous with random
variables (,, Xw, TEspectively, and let P, be B,-strongly monotone random in
the second argument of P,(+). Let F,, : Qx X x X — X be Lipschitz continuous
with random variables (py, v,), and F,, be ¥(w))-P,-strongly monotone with
respect to A, in the first argument of F,(-,-). If conditions (3.1)-(3.2) of
Theorem 3.1 hold, then the random variable iterative sequences {zn}, {zn}
and {yn} : Q@ — X generated by Algorithm 3.2 converge strongly to random
variables =*, z* and y* : Q — X, respectively, (x*,z*,y*) is a solution of
the problem (2.5), and (Tpn,Yn,2n) i a random approzimation solution of the
problem(2.5).

Remark 3.5. For a suitable choice of the mappings Ay, 9w, Nw, Fuos fu, My,
Gy, P, and X,,, we can obtain several known results of [5], [9]-[11], and [17]
as special cases of Theorems 3.1 and 3.4.
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