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Abstract. It is our purpose to continue the study of approximation of fixed point of multi-
valued nonlinear mappings in a modular function space which is initiated by Khan and Abbas
[14]. Some convergence results were established for three multi-valued p-quasi-nonexpansive
mappings using a three step iterative scheme.

1. INTRODUCTION

In 2014, Khan and Abbas [14] initiated the study of approximating fixed
points of multi-valued nonlinear mappings in modular function spaces. The
purpose of this paper is to continue this recent trend in the study of fixed point
theory of multi-valued nonlinear mappings in modular function spaces. For
over a century now, the study of fixed point theory of multi-valued nonlinear
mappings has attracted the interest of many well-known mathematicians and
mathematical scientists (see [1], [4], [6], [9], [11], [22], [24], [25]).

The theory of modular spaces had been initiated in 1950 by Nakano [23] in
connection with the theory of ordered spaces which was further generalized by
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Musielak and Orlicz [21]. Modular function spaces are natural generalizations
of both function and sequence variants of several important, from applica-
tion perspective, spaces like Musielak-Orlicz, Orlicz, Lorentz, Orlicz-Lorentz,
Kothe, Lebesgue, Calderon-Lozanovskii spaces and several others. Interest in
quasi-nonexpansive mappings in modular function spaces stems mainly in the
richness of structure of modular function spaces, that besides, being Banach
spaces (or F-spaces in a more general settings), are equipped with modular
equivalents of norm or metric notions and also equipped with almost every-
where convergence and convergence in submeasure. It is known that modu-
lar type conditions are much more natural as modular type assumptions can
be more easily verified than their metric or norm counterparts, particulary
in applications to integral operators, approximation and fixed point results.
Moreover, there are certain fixed point results that can be proved only using
the apparatus of modular function spaces. Hence, fixed point theory results in
modular function spaces, in this perspective, should be considered as comple-
mentary to the fixed point theory in normed and metric spaces (see [8], [12],
17], [19)).

Fixed point point theory in modular function spaces has attracted the inter-
est of many mathematicians. Several authors have proved the very interesting
fixed point results in the framework of modular function spaces, (see [3], [5],
[10], [12], [13], [20]). Abbas et al. [2] proved the existence and uniqueness
of common fixed point of certain nonlinear mappings satisfying some contrac-
tive conditions in partially ordered modular function spaces. Oztiirk, Abbas
and Girgin [28] established some interesting fixed point results of nonlinear
mappings satisfying integral type contractive conditions in the framework of
modular spaces endowed with a graph. Recently, Khan and Abbas initiated
the study of approximating fixed points of multi-valued nonlinear mappings
in the framework of modular function spaces [14]. Abbas and Ali [15] used
a three step iterative scheme to approximate the fixed point of multi-valued
p-quasi-nonexpansive mappings in modular function spaces. Rafiq [29] intro-
duced the modified Noor iterative scheme, which was extensively studied by
several authors, (see, e.g. Fukhar-ud-din and Khan [7], Xue and Fan [33],
Okeke and Akewe [26], Okeke and Olaleru [27]).

In this paper, we introduce a modular version of the Noor iterative scheme
and approximate the common fixed point of three p-quasi-nonexpansive map-
pings in the framework of modular function spaces.

2. PRELIMINARIES

Let 2 be a nonempty set and ¥ be a nontrivial o-algebra of subsets of €.
Let P be a é-ring of subsets of Q such that EN A € P for any £ € P and
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A € X, Let us assume that there exists an increasing sequence of sets K,, € P
such that Q = |J K,, (for instance, P can be the class of sets of finite measure
in a o-finite measure space). By 14, we denote the characteristic function of
the set A in . By €, we denote the linear space of all simple functions with
supports from P. By M., we denote the space of all extended measurable
functions, i.e., any function f : Q — [—00, o0] such that there exists a sequence
{gn} C e, |gn| < |f] and gn(w) — f(w) for each w € Q.

Definition 2.1. Let p : My, — [0, 00] be a nontrivial, convex and even func-
tion. We say that p is a regular convex function pseudomodular if
(1) p(0) = 0;
(2) p is monotone, i.e., |f(w)| < |g(w)| for any w € 2 implies p(f) < p(g),
where f,g € Moo;
(3) p is orthogonally subadditive, i.e., p(flaug) < p(fla) + p(f1lp) for
any A, B € ¥ such that ANB # 0, f € My;
(4) p has Fatou property, i.e., |fn(w)| T |f(w)| for all w € Q implies p(fy) T
p(f), where f € Mo
(5) pis order continuous in ¢, i.e., g, € € and |g,(w)| | 0 implies p(gy,) | 0.

A set A € ¥ is said to be p-null if p(gl4) = 0 for every g € . A property
p(w) is said to be hold p-almost everywhere (p-a.e.) if the set {w € Q : p(w)
does not hold} is p-null. As usual, we identify any pair of measurable sets
whose symmetric difference is p-null as well as any pair of measurable functions
differing only on a p-null set. With this in mind we define

MQ,EPp)={f € My : |f(w)| < 0 p-a.e.},

where f € M(Q,%,P,p) is actually an equivalence class of functions equal
p-a.e. rather than an individual function. If there is no confusion, we shall

write M instead of M(Q, X, P, p).

The following definitions were given in [14].

Definition 2.2. ([14]) Let p be a regular function pseudomodular. We say
that p is a regular convex function modular if p(f) = 0 implies f = 0 p-a.e.

It is known that p satisfies the following properties (see [18]):
(1) p(0) =0 if and only if f =0 p-a.e.
(2) p(af) = p(f) for every scalar o with |a| =1 and f € M.
(3) plaf +B89) < p(f) +p(g)if a+B=1,a,8>0and f,g € M.
The function p is called a convex modular if, in addition, the following property
is satisfied:

(3") plaf + Bg) < ap(f) + Bp(g), fora+B=1,a,8>0and f,g e M.
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Definition 2.3. ([14]) The convex function modular p defines the modular
function space L, as

L,={feM;p(Af) = 0as A—0}.
Generally, the modular p is not subadditive and therefore does not behave

as a norm or a distance. However, the modular space L, can be equipped with
an F-norm defined by

Hﬂbzhﬁ{a>0:p(£)§a}.

In the case p is convex modular,

nﬂuznﬁ{a>o:p(£)51}

defines a norm on the modular space L,, and it is called the Luxemburg norm.
The following uniform convexity type properties of p can be found in [5].

Definition 2.4. ([5]) Let p be a nonzero regular convex function modular
defined on 2. For ¢t € (0,1), r > 0, € > 0, define

D(ri,e) ={(f,9): f,9 € Lp,p(f) <r,p(g) <7,p(f —g) > er}.
Let

) 1 .
8t (r,€) = inf {1 - ;p(tf +(1—-1t)g):(f,9) € D(Tl,e)} , if D(ry,€) # 0,
1
and d1(r,e) = 1, if D(r1,€) = (). As a conventional notation, d; = d7.

Definition 2.5. A nonzero regular convex function modular p is said to satisfy
(UC1) if for every 7 > 0, € > 0, d1(r,e) > 0. Note that for every r > 0,
Dy (r,e) # () for € > 0 small enough. p is said to satisfy (UUC1) if for every
s >0, € > 0, there exists 71(s,€) > 0 depending only upon s and € such that
01(r,€) > mi(s,e) > 0 for any r > s.

Definition 2.6. Let L, be a modular space. The sequence {f,} C L, is said
to be:

(1) p-convergent to f € L, if p(f, — f) = 0 as n — oo;
(2) p-Cauchy, if p(fr, — fm) — 0 as n and m — oc.

Kilmer et al. [16] defined p-distance from f € L, to aset D C L, as follows:
dist,(f, D) =inf {p(f — h): h € D}.
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Definition 2.7. A subset D C L, is said to be:

(1) p-closed if the p-limit of a p-convergent sequence of D always belongs
to D;

(2) p-a.e. closed if the p-a.e. limit of a p-a.e. convergent sequence of D
always belongs to D;

(3) p-compact if every sequence in D has a p-convergent subsequence in
D;

(4) p-a.e. compact if every sequence in D has a p-a.e. convergent subse-
quence in D;

(5) p-bounded if
diam, (D) =sup{p(f —g): f,9 € D} < c0.

A set D C L, is called p-proximinal if for each f € L, there exists an
element g € D such that p(f — g) = dist,(f, D). We shall denote the family
of nonempty p-bounded p-proximinal subsets of D by P,(D), the family of
nonempty p-closed p-bounded subsets of D by C,(D) and the family of p-
compact subsets of D by K,(D). Let H,(.,.) be the p-Hausdorff distance on
C,(L,), that is,

H,(A, B) = max < sup dist,(f, B),supdist,(g, 4) p, A, B C C,(L,).
fEA geB

A multi-valued map T': D — C,(L,) is said to be:
(a) p-nonexpansive (see, e.g. Khan and Abbas [14]) if

Hy(Tf,Tg) < p(f—9), f,9€D. (2.1)
(b) p-quasi-nonexpansive mapping if
H,(Tf,p) <p(f—p)forall feDandpecFy(T). (2.2)

for all f € D and p € F,(T'), where F,(T) is the set of all fixed points
of T, that is, p € T'p.

A sequence {t,} C (0, 1) is called bounded away from 0 if there exists a > 0
such that ¢, > a for every n € N. Similarly, {t,} C (0,1) is called bounded
away from 1 if there exists b < 1 such that ¢, < b for every n € N.

The following lemma will be needed in this study.

Lemma 2.8. ([3]) Let p be a function modular, {f,} and{gn} be two sequences
in X,. Then

lim p(gn) =0 = limsupp(fn +gn) = 1imsupp(fn)
n—00

n—o0 n—00
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and
Jim p(gn) =0 = liminf p(fn + gn) = liminf p(f,).

Lemma 2.9. ([5]) Let p satisfy (UUC1) and let {t.} C (0,1) be bounded away
from 0 and 1. If there exists R > 0 such that

limsup p(f,) < R, limsupp(gn) < R

n—00 n—r00
and
T p(tafo+ (1= tn)gn) = R,

then limy, o0 p(frn — gn) = 0.

The above lemma is an analogue of a famous Lemma due to Schu [31] in
Banach spaces.

A function f € L, is called a fixed point of T': L, — P,(D) if f € T'f. The
set of all fixed points of 7' will be denoted by F,(T).

Khan and Abbas [14] proved the following lemma.

Lemma 2.10. ([14]) Let T : D — P,(D) be a multi-valued mapping and
PI(f)={g€Tf:p(f—g) = dist,(f,Tf)}.

Then the following statements are equivalent.
(1) fe F,(T), thatis, f € Tf.
(2) PpT(f) ={f}, that is, f = g for each g € PpT(f).
(3) fe F(PpT(f)), that is, f € PpT(f). Further F,(T) = F(PpT(f)) where
F(PpT(f)) is the set of fized points of Pz(f)

Definition 2.11. A multi-valued mapping 7' : D — C,(D) is said to satisfy
condition (I) if there exists a nondecreasing function [ : [0,00) — [0, 00) with
1(0) =0, I(r) > 0 for all r € (0,00) such that

diStP(fa Tf) Z l(diStp(f7 FP<T))>
for all f € D.

It is a multi-valued version of condition (I) of Senter and Dotson [32] in the
framework of modular function spaces.

The following examples were presented by Razani et al. [30].

Example 2.12. Let (X, ||.||) be a normed space. Then | - || is a modular on
X. But the converse is not true.
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Definition 2.13. Let (X, ||.||) be a normed space. For any k > 1, || - [|F is a
modular on X.

3. MAIN RESULTS

We begin this section by introducing a three step iteration for approximating
the common fixed point of three multi-valued p-quasi-nonexpansive mappings
in modular function spaces.

Let T; : D — C,(L,), i = 1,2, 3 be three multi-valued p-quasi-nonexpansive
mapping, we hereby introduce the following three-step iterative scheme.

fn+1 = (1 - an)fn + apup
gn = (1 = Bn) fn + Bnwn (3.1)
hy, = (1 - 'Yn)fn + YnUn

where {an}02 o, {Bn}02, and {y,}52, are real sequences in [0,1] satisfying
certain conditions, u, € Pgl (gn), wy, € PFP (hn), vp € PpT3 (fn),

PIE(f)={g€Tif : p(f —g) =dist,(f, Tif)}, i=1,2,3. (32

The three-step iterative scheme (3.1) could be seen as the modular version of
the modified Noor iterative scheme introduced by Rafiq [29] and extensively
studied by several authors (see, e.g. [26], [27], [33]).

The following lemma which could be seen as an extension of Lemma 2 of
Khan and Abbas [14] will be needed for the proof of main theorems.

Lemma 3.1. Let T; : D — P,(D) be three multi-valued mappings and
Py () ={g € Tif : p(f — 9) = dist, (£, T:f)}, i=1,2,3.  (3.3)

Then the following statements are equivalent:
(1) f € Mizy Fp(Th), that is, f e Ny Tof,
(2) Niiy PE(f) = {f}, that is, f = g for each g € N;_; PLi(f).
(3) f € ﬂ?:1 F(P;;Fl(f)), that is, f € ﬂ:;:l PpTl(f) And also, we have
Ny Fp(Ty) = iy F(PT(f)) where F(PTi(f)) is the set of fized
points ofP;fi(f), 1=1,2,3.

Proof. We adopt the similar method of the proof of Khan and Abbas [14].
(1) = (2). Let f € N, F,(T;). Then f € (,_, T;f, this means that
dist,(f,Tif) = 0. Hence, for any g € PpTi(f), i=1,2,3,p(f—g) = dist,(f, Tif)
= 0 implies that p(f — ¢g) = 0. This means that f = g. Hence, PpTi(f) ={f}
i=1,2,3.

(2) = (3). It is easy to prove this implication.
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(3) = (1).Recall f € ., F(PTi(f)) and by definition of PZi(f) as in (3.3),
we obtain dist,(f,Tif) = p(f — f) = 0. Thus, f € (;_, T;f by p-closedness of
Tif, (i=1,2,3). O

Next, we establish the following results. We shall adopt the method of proof
of Abbas and Ali [15].

Theorem 3.2. Let p satisfy (UUC1) and D a nonempty p— closed, p—bounded
and convex subset of L,. Let T; : D — P,(D), (i = 1,2,3) be three multi-valued
mappings such that PpTi, (i = 1,2,3) are p—quasi-nonexpansive mappings.
Suppose that

3
() Fo(T3) = Fo(T1) N Fp(To) N F,(Ts) # 0.
=1

Let {fn} C D be defined by three step iterative process (3.1), where w, €
Pgl(gn), wy, € PPTQ(hn), vy € P;f3(fn), 0 < anyBnyyn < 1. Then, for all
p € F,(Th) N E,(T2) N F,y(T3), there exists the limit
lim p(fn —p)
n—oo
such that
lim disty(fn, PY(fn)) =0, (i=1,2,3).

Proof. From Lemma 3.1, we know that for p € F,(Th) N F,(T2) N F,(T3),
PLi(p) = {p} and N, F,(Ty) = N, F(PL), i = 1,2,3. Since
p(frt1 —p) = pl(1 — o) fr + anupn — pl
= p[(1 = an)(fn — p) + an(un — p)].
By the convexity of p, we have
p(frt1 —p) < (1 —an)p(fn —p) + anp(un — p)
< (1= an)p(fa —p) + anHp(B (g0). By (0)) (3.5
< (1= an)p(fn —p) + anp(gn — p)-

(3.4)

Next, since
p(gn — 1) = p[(1 = Bn) fn + Bnwn — pl,
from the convexity of p, we obtain
p(gn —p) = pl(1 = Bn) fn + Brwn — 1]
< (1= Bn)p(fn — p) + Bup(wn — p)
<A =Bu)p(fn—p)+ ﬁan(PpTQ(hn) - PpT2 (p))
< (L= Bn)p(fn —p) + Bup(hn — p).

(3.6)
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And also, since
p(hn = p) = pl(1 =) fn + mvn — 1,
from the convexity of p, we obtain
phn = p) < (L =yn)p(fn = P) + mp(vn — p)
< (1=)p(fa = p) + WmH, (P (fo) — P, (p))

(3.7)
< (1 - ’Yn)p(fn - p) + 'Vnp(fn _p)
= p(fn — D)
Using (3.6) and (3.7), we have
p(gn _p) S (1 - ﬁn)p(fn - p) + ﬁnp(fn _p)
= p(fa —p)- (3:8)
Therefore,
p(fa+1 = p) < (1 = an)p(fn — p) + anp(fn — p) (3.9)

= p(fn = p).

It has shown that lim,, o p(f, —p) exist for each p € F,(T1)NF,(T2) N E,(T3).
Suppose that

Jlim p(fn —p) = L. (3.10)

Then we have to show that lim,, o dist,(fn, P;;Fi(fn)) =0,7=1,2,3.
First, we show that lim,, o dist,(fn, PpT3 (fn)) =0.
Since dist,(fn, PE3(fn)) < p(fn — vpn), it suffices to show that

71151010 p(fn —vn) = 0. (3.11)
Since
p(on —p) < Hy(PL(f), P12 (p)) < p(fn — p); (3.12)
it implies that
lim sup p(v, — p) < limsup p(fr — p). (3.13)
n—00 n—00
Hence, from (3.10), we obtain
lim sup p(vy, —p) < L. (3.14)
n—o0
From (3.7), we have
lim sup p(h, — p) < limsup p(fn — p). (3.15)
n—o0 n—0o0
Hence, we have
lim sup p(hy, — p) < L. (3.16)

n—0o0
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Similarly, using (3.8) and (3.10), we have
limsup p(gn —p) < L.

n—oo

From the inequality

p(wn —p) < Hy(P12(hn), P2(p)) < p(hn — ) < p(fn — D),
it implies that
limsup p(w,, — p) < limsup p(fn — p).

n—oo n—o0

Hence, we have

lim sup p(w, —p) < L.

n—oo
Similarly, we can get

lim sup p(u, — p) < L.

n—o0

But
lim p(fr1 —p) = lim p[(1 — an)fn + anun — p
n—oo

n—oo
= lim p[(1 — an)(fa = P) + an(un — p)]
= L.
Using (3.20), (3.21), (3.22) and Lemma 2.9, we obtain

nh_)rgo p(uy, —wy) = 0.

From the inequality

p(vn —p) < Hy(P*(fn), PS*(p)) < p(fn — p),
this yields,
p(vn — p) < limsup p(fn — p)-

n—oo
Hence, we have

lim sup p(v, — p) < L.

n—oo
Using (3.20), (3.21), (3.26) and Lemma 2.9, we obtain

TL]I_}H;O p(vp, —wy) = 0.

From the inequality

p(un —p) < Hy(P*(gn), P)1(p)) < plgn —p) < L,
we have,

lim sup p(u, —p) < L.

n—o0

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Using (3.25), (3.28) and Lemma 2.9, we have

Jim p(fn —vn) = 0. (3.30)

Therefore, we have
lim disty(fn, Py (fa)) =0, (i=1,2,3). (3.31)
This completes the proof. O

Next, we establish a convergence result for the approximation of the com-
mon fixed points of three multi-valued p-quasi-nonexpansive mappings in mod-
ular function spaces, using the three-step iterative scheme defined in (3.1).

Theorem 3.3. Let p satisfy (UUC1) and D be a nonempty p-compact, p-
bounded and convex subset of L,. Let T; : D — P,(D), (i = 1,2,3) be

three multi-valued mappings such that PpTi, (1 = 1,2,3) are three p-quasi-
nonexrpansive mappings with

3
ﬂ Fy(Ti) = Fp(Th) N Fp(To) N Fp(Ts) # 0.
i=1

Let {fn} be a sequence defined in Theorem 3.2. Then {f,} is p-convergent to
a common fized point of T;, i = 1,2, 3.

Proof. Using the p—compactness of D, there exists a subsequence {f,, } of
{fn} such that lim, ,oo(fn, —¢q) = 0 for some ¢ € D. To establish that ¢
is a common fixed point of T;, (i = 1,2,3). Let g be an arbitrary point in
Pl (q) N Pf2(q) N Py3(q) and f € P (fo,) N P> (foy) NP3 (fn,)- Following
the proof of Theorem 2 of Abbas and Ali [15], we obtain p(¢ — g) = 0. Using
Theorem 3.2, we have

3 3
g€\ F(P) =) Fp(T). (3.32)
=1 =1

This implies that {f,} is p—convergent to the common fixed point of T3, T,
and Tg. ]

Theorem 3.4. Let p satisfy (UUC1) and D be a nonempty p-closed, p—bounded
and convex subset of L,. Let T; : D — P,(D), (i = 1,2,3) be three multi-valued
mappings with

3

() Fo(T3) = Fp(T1) N Ep(To) N Ep(T3) # 0
=1
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satisfying condition (I) such that Pgi, (1 =1,2,3) are p—quasi-nonexpansive
mappings. Let {fn} be a sequence defined in Theorem 3.2. Then {fn} is
p—convergent to a common fized point of Th, To and T5.

Proof. Using Theorem 3.2, lim,,_,~ p(fn — p) exists for all p € ﬂ?:1 F(PPTZ') =
ﬂ?:l F,(T;). If limy, o0 p(fn — p) = 0, there is nothing to prove. Assume that
limy, 00 p(fn, — p) = L > 0. Using Theorem 3.2, we have

p(fat1 —p) < p(fa —p)- (3.33)
Hence
disty(fnr1, Fp(T3)) < disty(fn, Fp(T3)), (i=1,2,3). (3.34)
So, this implies that lim,, .« dist,(fn, F,(T})) exists.
Next, we show that lim, o dist,(fn, F,(T;)) = 0, (i = 1,2,3). By using
condition (/) and Theorem 3.2, we obtain

nli_)n;ol(distp(fn,Fp(E))) < nh_)rrolo disty(fn, T fn) = 0. (3.35)

This means that
ILm l(dist,(fn, Fp(T;)) = 0. (3.36)

Using the fact that [ is nondecreasing function and [(0) = 0, it follows that
nlggo disty(fn, Fp(T3)) =0,i=1,2,3.

Following the proof of Theorem 3 of Abbas and Ali [15], we see that {f,} is
a p—Cauchy sequence in a p—closed subset D of L,. Hence, it converges in
D. Let lim,, .o fr, = q, we see that g € ﬂ?lep(Ti) follows from Theorem 3.2.
This completes the proof. O

Acknowledgments: This work was supported by the Basic Science Research
Program through the National Research Foundation(NRF) Grant funded by
Ministry of Education of the republic of Korea (2018R1D1A1B07045427).

REFERENCES

[1] M. Abbas and B. E. Rhoades, Fized point theorems for two new classes of multivalued
mappings, Appl. Math. Letters, 22 (2009), 1364-1368.

[2] M. Abbas, S. Ali and P. Kumam, Common fized points in partially ordered modular
function spaces, J. Inequ. Appl., 2014(7) (2014).

[3] T.D. Benavides, M.A. Khamsi and S. Samadi, Asymptotically reqular mappings in mod-
ular function spaces, Sci. Math. Japo., 53 (2001), 295-304.

[4] L.E.J. Brouwer, Uber Abbildung von Mannigfaltigkeiten, Math. Ann., 71 (4) (1912), 598-
598.

[6] B.A.B. Dehaish and W.M. Kozlowski, Fized point iteration for asymptotic point-
wise nonexrpansive mappings in modular function spaces, Fixed Point Theory Appl.,
2012(118) (2012).



[6]

[10]
11]
12]
13)
[14]

[15]

Common fixed point in modular function spaces 663

D. Downing and W.A. Kirk, Fized point theorems for set-valued mappings in metric
and Banach spaces, Math. Japo., 22(1) (1977), 99-112.

H. Fukhar-ud-din and A.R. Khan, Weak and strongly convergence of Noor iterations for
two asymptotically quasi-nonexpansive mappings, Nonlinear Funct. Anal. Appl., 13(3)
(2008), 515-528.

Y.P. Fang, N.J. Huang and J.K. Kim, A system of multi-valued generalized order comple-
mentarity problems in ordered metric spaces, J. Anal. its Appl., 22(4) (2003), 779-788.
J. Geanakoplos, Nash and Walras equilibrium via Brouwer, Economic Theory, 21(2-3)
(2003), 585-603.

F. Golkarmanesh and S. Saeidi, Asymptotic pointwise contractive type in modular func-
tion spaces, Fixed Point Theory and Appl., 2013(101) (2013).

S. Kakutani, A generalization of Brouwer’s fized point theorem, Duke Math. J., 8(3)
(1941), 457-459.

M.A. Khamsi and W.M. Kozlowski, On asymptotic pointwise contractions in modular
function spaces, Nonlinear Anal. TMA., 73 (2010), 2957-2967.

M.A. Khamsi, A. Latif and H. Al-Sulami, KKM and KY fan theorems in modular
function spaces, Fixed Point Theory Appl., 2011(7) (2011).

S.H. Khan and M. Abbas, Approximating fixed points of multivalued p-nonexpansive
mappings in modular function spaces, Fixed Point Theory Appl., 2014(34) (2014).
S.H. Khan, M. Abbas and S. Ali, Fized point approzimation of multivalued p-quasi-
nonexpansive mappings in modular function spaces, J. Nonlinear Sci. Appl., 10 (2017),
3168-3127.

S.J. Kilmer, W.M. Kozlowski and G. Lewicki, Sigma order continuity and best approz-
imation in L,-spaces, Comment. Math. Univ. Carol., 3 (1991), 2241-2250.

J.K. Kim, S.A. Chun and Y.M. Nam, Convergence theorems of iterative sequences for
generalized p-quasicontractive mappings in p-convexr metric spaces, J. of Comput. Anal.
Appl., 10(2) (2008), 147-162.

W.M. Kozlowski, Modular function spaces, Dekker, New York (1988).

W.M. Kozlowski, Advancements in fized point theory in modular function spaces, Arab
J. Math., 1(4) (2012), 477-494.

M.A. Kutbi and A. Latif, Fized points of multivalued mappings in modular function
spaces, Fixed Point Theory Appl., Article ID 786357, 12 pages, 2009.

J. Musielak and W. Orlicz, On modular spaces, Stud. Math., 18 (1959), 591-597.

S.B. Nadler Jr., Multi-valued contraction mappings, Pacific J. Math., 30 (1969). 475-488.
H. Nakano, Modular semi-ordered spaces, Maruzen, Tokyo, 1950.

J.F. Nash, Non-cooperative games, Ann. of Math., Second Series, 54 (1951), 286-295.
J.F. Nash, Jr., Fquilibrium points in n-person games, Proceedings of the National Acad-
emy of Sciences of the United States of America, 36(1) (1950), 48-49.

G.A. Okeke and H. Akewe, Fized point theorems for monlinear equations in Banach
spaces, Advances in fixed point theory, 3(1) (2013), 195-212.

G.A. Okeke and J.O. Olaleru, Modified Noor iterations with errors for generalized
strongly ®-pseudocontractive maps in Banach spaces, Thai J. Math., 16(2) (2018), 359-
369.

M. Oztiirk, M. Abbas and E. Girgin, Fized points of mappings satisfying contractive
condition of integral type in modular spaces endowed with a graph, Fixed Point Theory
Appl., 2014(220) (2014).

A. Rafiq, Modified Noor iterations for monlinear equations in Banach spaces, Appl.
Math. Comput., 182 (2006), 589-595.



664 G. A. Okeke and J. K. Kim

[30] A. Razani, V. Rakocevié and Z. Goodarzi, Non-self mappings in modular spaces and
common fized point theorems, Cent. Eur. J. Math., 8(2) (2010), 357-366.

[31] J. Schu, Weak and strong convergence to fized points of asymptotically nonezpansive
mappings, Bull. Aust. Math. Soc., 43 (1991), 153-159.

[32] H.F. Senter and W.G. Dotson, Approzimating fized points of nonezpansive mappings,
Proc. Amer. Math. Soc., 44(2) (1974), 375-380.

[33] Z. Xue and R. Fan, Some comments on Noor’s iterations in Banach spaces, Appl. Math.
Comput., 206(1) (2008), 12-15.



