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Abstract. In this paper, we obtain the error approximation of a function in weighted
W(Ly,&(t)),r > 1 class by Hausdorfl-Matrix (AT) product means of its Fourier series. Our
main theorems generalize the results of Nigam ([18], [19]), Nigam and Sharma [20], Singh
and Srivastava [28] and Lal [14]. Thus, these results become the particular cases of our

theorems. Some important corollaries are also deduced from our main theorems.

1. INTRODUCTION

The studies of error estimation of a function f in Lipa class using different
single means have been made by the researchers ([1], [3], [4]-[10], [13], [15]-
[17], [21]-]27]) in past few decades. Nigam ([18], [19]), Nigam and Sharma [20],
Singh and Srivastava [28], Albayrak et al. [2] and Lal [14] have studied error
estimation of a function f in weighted W (L,,£(t)),r > 1 class and its subclass
Lipa using different product means in recent past.

In this paper, we obtain the error estimation of a function in weighted
W(L,,&(t)),r > 1 class by Hausdorff-Matrix (AT) product means of its Fourier
series.

OReceived January 1, 2019. Revised May 31, 2019.

92010 Mathematics Subject Classification: 42A10.

9Keywords: Degree of approximation, weighted W (L., £(t)),r > 1 class of function, Haus-
dorff (A) means, Matrix (7') means, Hausdorfl-Matrix (AT') product means, Fourier series.

9Corresponding author: H. K. Nigam(hknigam@cusb.ac.in) .



676 H. K. Nigam and Md. Hadish

Let f be a 2m-periodic function and Lebesgue integrable on [—m,x]. The
Fourier series of f at a point = is defined by

f(z) = %—FZ(ancosnx—i—bnsinm:) (1.1)

n=0

with n'? partial sums s, (f; ).
In 1921, Hausdorff [12] proved the following theorem:

Theorem 1.1. Given the sequence ()5, defines

APpuy, = Zp: < b > (1) pnyi-

1=0

Then, the matrix with elements

( m ) A"y forn <m

n (1.2)

)\mn -
0 forn > m.

s reqular if and only if p, is the moment sequence

1
i = /0 2 dx(x), (1.3)

where x, known as mass function, is a real, bounded variation function defined
on the interval [0,1] satisfying the conditions:

x(0+) = x(0) =0 and x(1) = 1. (1.4)

A sequence p, that satisfies the condition (1.3) is known as a moment
sequence, while a sequence that satisfies both the conditions (1.3) and (1.4),
is known as a Hausdorff moment sequence. The matrix in (1.2) that satisfies
both (1.3) and (1.4) is known as a Hausdorff (A) matrix (method).

The Hausdorff means of Fourier series are defined by

Am(f;x) :Z)\mnsn(f;x),m:0,1,2,3,.... (1.5)
n=0

The Fourier series (1.1) is said to be summable to s by Hausdorff (A) method
if

Am(f;x) — s as m — oo.
An infinite series T' = [¢p);m,n = 0, 1, ..... is called a regular matrix (method)

if it transforms any convergent sequence into convergent sequence with the
same limit.
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In 1911, Toeplitz [30] presented the following equivalence conditions for
regularity.

Theorem 1.2. The matriz T = [cmy] is regular if and only if
(i) limyy—00 Cmn = 0,Vn > 0;
(i) limpy oo Dot g Cmn = 1;

(ii}) 3M > 0, 3% [emn| < M, Vm > 0.
The matrix (7') method of Fourier series is given by
m
Ton(f;2) = Comsn(f;2),m =0,1,2,3, ..
n=0

The Fourier series (1.1) is said to be summable to s by Matrix (7") method if
To(f;z) — s as m — oo.

By superimposing Hausdorff (A) method on Matrix (7") method, Hausdorff-
Matrix (AT") method is obtained, which is defined as

n k
KN (fi2) =) Ak Y chwsu(fi).
k=0 v=0

If KM (f;2) — s as m — oo, then the Fourier series (1.1) is said to be sum-
mable to s by Hausdorff-Matrix (A7) method.

Remark 1.3. It is worthwhile to mention here that Hausdorff matrices repre-
sent a wider class of summability matrices. Cesaro (C, 1) and the Euler matrix
(E,d);d > 0 are Hausdorff matrices and their products are also Hausdorff ma-
trices. Therefore, Hausdorff-Matrix (AT") product means, which is considered
in the present paper, is more powerful than the individual operators such as
Hausdorff (A), Matrix ('), (C, 1), (F,d) means.

Remark 1.4. Particular cases of Hausdorff-Matrix (A7) method:

Hausdorff-Matrix (AT") means reduces to

(i) A (H, #ﬂ) or A H means if ¢, = ——— log(m + 1).

m—n+1
(ii) A(C,1) or A C! means if cpy, = #H

(ili) A (N,pm)or AN, means if ¢y = P5=", where Py, = 3% g py # 0.
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(iv) A(N,p,q)or ANy 4 means if ¢y, = L”R"q", where Ry, = Y 0" Prdm—n-
(v) A (N,pm) or A N, means if ¢, = Pm

(vi) A(E,d)or A Eq means if ¢, = W 77711 am-n.

(vii) Cesaro- Matrlx((C' m)T) or Cp,T means if the mass function x(z) =

fo — )" ldt.
(viii) Holder- Matrlx((H, m)T) or H,,T means if the mass function x(z) =
T m—1
Jo (ml—l) (log ) dt.
(ix) Euler-Matrix ((E,d)T) or E4T means if the mass function
0, ifzel0,b 1
= 5 h b = T d > O
X@W =31 ippep Vet

Remark 1.5. In view of above Remark 1.4, Hausdorff-Matrix (A7) means
also reduces to (i) Cip Ny, (i7) CrnNp.g, (iii) CinNp, (iv) HpnNp, (v) HpNp g,
(vi) Hy Ny, (vii) EqNp,, (viii) EqNp g, (iz) EgNy (2) CpEq, (x1) EqCp, means
for m,d > 0.

Remark 1.6. Since Cesaro means, Euler means and their product means are
again Hausdorff means then our main theorems also hold for Cesdro means,
Euler means and their product C,, Ey and E4C,;, means for m,d > 0.

Remark 1.7. Our main theorems also hold for all the cases mentioned in
Remarks 1.5 (case (i) to (ix)) and sub-cases mentioned in Remark 1.5 (case

(i) to (ix)).
Loo— norm of a function f : R — R is defined by
[flls = sup {[f(x)]:2 € R}.

z€[0,27]
L,— norm of a function f € L,[0,2n] is defined by

9 1
1l = (o= [ 1f@rde | L r=1
ol x)|'dze | ,r>1.
0

The degree of approximation of a function f : R — R by a trigonometric
polynomial ¢,, of degree n under sup norm ||| is given by [31] and is defined
as

[tn = fllog = sup{ [tn (z) — f (z)| : z € R}
and the degree of approximation E,(f) of a function f € L, is given by

En(f) = min [|tn — £l (1.6)
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This method of approximation is called trigonometric Fourier approximation
(TFA).
A function f € Lipa if

fl+t)—f(x)=0(|t%) for 0 <a<1.

/.ﬂw+ﬂf@Wm7 —O(1") ,0<a<1, and, r>1.

Given a positive increasing function & (t), then f € W (L,,& (t)) if

T

Q/vm+w @) sin’ S dr | =0@Em), 520, r>1

We use the following notation:

o(t) = ¢(z,t) = fla + 1) + f(x —t) — 2f(x)
2. LEMMAS
Lemma 2.1. Fort e [o, #1] K ()] = O(n + 1).
Proof. For t € [0, nﬂ} sinnt < nt, sin(t/2) > t/m,

U5 () {se i)

(2.1)

’Kn(t) = o_

First, we solve the following;:

k . 1
sm ) t ‘sm (V + 7) t!
S oy el

2% Jsin(t/2)
k
(u—i— )t
= 2 i)
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k k
:g {Z Cky + 227/ Ck,zl}

v=0 v=0

:g {14+ 2(cpq +2¢k2 + 3cpq + ....kep i) }

Sg {14 2(kcp + kepo + keps + ke r)}

Sg {14 2k(cka +cpo+crg+ .Cop)}

Sg {1+ 2k(cko + ek + cho + -chr) — 2kcr o}
_f {1+ 2k(1 - cro)

<Z(1+2k)
:O(k +1). (2.2)

[\3

Using (2.2) in (2.1), we have

Kalt)] = H /0 3 ( )u (l—u)""“(/Hl)dv(u)}”
- |/{ / o) (u )}H (2.3
where g(u kzij ( > "k +1).
Now solving,
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And also, we have

- n ko n 0 n 1 n 2
Sk )err oo )irea ()23 )

)

We know that :p[<?>+2<g)p+ ....... +n(
aror=[(1)+ (e ()] o

)

From (2.5) in (2.7), we get

2 ( Z ) kp*=pn(l+p)" . (2.8)

Using (2.8) in (2.4), we get
g(u) =(1 —w)" [pn(1+p)"~" + (1 +p)"]

(e (29) () ()

=un + 1. (2.9)
From (2.3) and (2.9), we get

Kn(8)] :% H/Ol(un—f- 1)@}]

=0(n+1).

Lemma 2.2. Fort e [n%rl,ﬂ} ;K (t) =0 (%) :

Proof. For t € [%_’_1,7['} ,sin(t/2) > t/m and sup |y (u)] = N,
0<k<1

S ()i

1
K,1)|=—
Falt)] = 5-
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First, we solve the following:

sm ’sm v+ ) !
sin t/2 Z ®r  sin(t/2)]
S% ZOC’W Im ei(u+§)t
7| , t
S; Z Ckp Im et etz
v=0
T T—1 ’ T k '
<— Z cy Im ™| + = Z cp Im e™? (2.11)
t v=0 t V=T
Now considering first term of (2.11):
T T—1 ‘ . T—1 ‘
a ch,y Im et| < o ch,y lezyt}
v=0 v=0
T T—1
<- > okl (2.12)
v=0

Now considering the second term of (2.11) and using Abel’s Lemma, we get

k k
s ivl s imt
n E Ckp Im e S; E Chw Ogln%}g(u ’elm ‘
V=1 v=r1
o k
S; VEZT Ck- (2.13)

Combining (2.11), (2.12) and (2.13), we get

n ky+ Ck,v
tZ Z

v=0

“o(1). (210

:1

sm )l
Z ®r T sin(t/2) t/2

—_



Trigonometric approximation of function 683

From (2.10) and (2.14), we get

| K, (t)] =0 lzlwt {/01 ki:o ( Z )uk(l - u)”kdu}]
o[ [ wral)
(1)

3. MAIN RESULTS

Theorem 3.1. Error estimation of a function f ( 27- periodic) in W (L., & (t)),
r > 1, class by Hausdorff-Matriz (NT' ) means of its Fourier series is given by

1
KAT(f) — -0 1)8+7
K210 = @), =0 [+ 0™ e (s
provided a positive increasing function & (t) satisfies the following conditions:

£()

Tis non-increasing, (3.1)

(e al o h) s

1
n+1

/ (%) dty = O(n+1)7"1 e <n-1u> (3.3)

€

S =

and

] <t_6£|(i)(m>rdt =0{(m+1°}. (3.4)

n+1

where § is an arbitrary positive number such that 0 < § < ﬁ+%, 0<p<1 —%
and L + 1 =1. The conditions (3.2) and (3.4) hold uniformly in .
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Proof. In view of the fact that ¢(t) € W(L,,&(t)) and % is bounded, (3.2)

and (3.4) can be verified. Moreover, in view of mean value theorem, (3.3) is
obvious. Following [29], we have

™

sin (n+ 1
sn(fi2) — f(2) = 1/qﬁ(t) Mdt.

2 sin =
0 2

Hausdorff-Matrix (AT') transform of s, (f;x) is given by
fla) = t"(x)

/¢ [{k:()( )uk(l— )k dry () }{Zcmsm- 1)t}]dt
:/0 S K, ()t

n+1
- / / ) dt
n+1
=L+ 1 (say). (35)

Now considering,

1
n+1

1< [ 60O] 1Kn ()]
0
Using Lemma 2.1 and Holder’s inequality, we obtain

e sin”
L] = O(n +1) /'W)' (t/2).sini((i)/2)dt
B owlswte2\ | | T S
=0(n+1) 0/{ £ } lg%/{smﬂ t/2}dt
_ n+l oyt (1 an
_O{(n+1)3-( +1) §<n+1>}by(3.2) d (3.3)

=0 {(n +1)%¢ (nil>} since % + % =1. (3.6)
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Using Lemma 2.2, Holder’s inequality and 7 for 0 <t <, we obtain

sm(t/2)

[t sin®
Bi=o| [T €0

J £(t) t=0+1ginP(t/2)
ol () |

Using (3.1), (3.4), mean value theorem for integrals and in view of 0 < § <

b+ %, we get
(n+1)°%¢ (n—1|—1> (n+1) (/71r t—W—‘”Sdt) ]

n+1

=0

-]
[n+1ﬁ+rf( il)]sincel+1zl. (3.7)
(

Thus combining (3.5), (3.6) and (3.7), we get
1f(x) — )7 ()| = O [(n +1)% (n-lmﬂ +0 {(n F1)Ptie <1>] ,

n+1

I£(2) = T (@)||, = 0 [(n+1)ﬁ+ig (n}rlﬂ (3.8)
0

Theorem 3.2. Error estimation of a function f ( 27~ periodic) in W (L1, & (t))
class by Hausdorff-Matriz (NT' ) means of its Fourier series is given by

HKQT(f)—f(m)leo[(n_l_l)ﬁﬂg( 1 ﬂ

(n+1)
provided a positive increasing function & (t) satisfies the following conditions:
t
ft((s)z's non-decreasing, (3.9)

Tlowsnde (1
0/’5“) dt—0<n+1>, (3.10)
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-5
/ tgzbt)(mdt:(){(wrl)‘s} (3.11)
and
té_(;)rlis non-increasing, (3.12)

where § is an arbitrary positive number such that 0 < < f+1 and0 < [ < 1
The conditions (3.10) and (3.11) hold uniformly in x.

Proof. Following the proof of Theorem 3.1, for r = 1 i.e. s = oo and using
Lemma 2.1, we obtain

"o )sin (/2 &) ‘
I =0 1 d _—
1 (n+1) O/ 0] 1| ess O;l};ﬁ 0’ (/2)
=0 |ess sup gt(;)) by (3.10)
0<t< A7
1
ol <”+12 by (3.9)
1
()
— 0| (n+1)% <ni1)] (3.13)
and
e [sin(1/2) ()
h=o| [ ) sk, ]
=0 | (n+1)°ess sup 7j—§-(FtB)-H ) by (3.11)
0<t< sy
- O{(n +1)% (n — 1) } {(n + 1)1+5—5}by (3.12)

=0 {(n +1) e (TLL) } : (3.14)



Trigonometric approximation of function 687

Thus, combining (3.13) and (3.14), we get

If (@) =27, =0 {<n+ e (minﬂ |

4. COROLLARIES

Corollary 4.1. If =0 and &(t) = t%, then the degree of approzimation of a
function f € Lip(a,r),0 < o < 1, is given by

()]

Corollary 4.2. Ifr — oo in Corollary 1, then 0 < a < 1

b =61 =0 [ ]

If @) = "], =0

5. PARTICULAR CASES

Remark 5.1. (i) If amp = #H’ then in view of Remark 1.4 (case (ix))
for d = 1, Theorem 1 of [18] becomes a particular case of our main
theorems.

(ii) In view of Remark 1.4 (case (vii)) for m = 1, Theorem 1 of [28] be-
comes a particular case of our main theorems.

(iii) If amyp = de’”, then in view of Remark 1.4 (case (vii)) for

m = 1, the result of [19] becomes a particular case of our main theo-
rems.

(iv) If appn = p'l’;;”, where Py, = > " pn # 0, then in view of Remark 1.4
(case (vii)) for m = 1, Theorem 1 of [14] becomes a particular case of
our main theorems.

(v) If amy = B 5", where P, = Yoo Pn # 0, then in view of Remark
1.4 (case (ix)) for d = 1, Theorem 3 of [20] becomes a particular case
of our main theorems.
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