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Abstract. The aim of this paper is to establish explicit bounds on some more general
retarded integral inequalities which can be used as convenient tools in some applications.
The two independent variable generalizations of the main results and some applications are

also given.

1. INTRODUCTION

Integral inequalities which provide explicit bounds on unknown functions
have played a fundamental role in the development of the theory of differential
and integral equations. Over the years, various investigators have discovered
many useful integral inequalities in order to achieve diversity of desired goals,
see [1]-[8] and the references given therein. In a recent paper [6], X.Q.Zhao
and F.W.Meng have given some inequalities which can be used to study the
qualitative behavior of the solutions of certain classes of differential and in-
tegral equations. However, the integral inequalities available in the literature
do not apply directly in certain general situations and it is desirable to find
integral inequalities useful in some new applications. The main purpose of the
present paper is to establish explicit bounds on more general retarded integral
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inequalities which can be used as tools in the qualitative study of certain re-
tarded integro-differential equations. Some immediate applications of one of
the result to convey the importance of our results to the literature are also
given.

2. LEMMAS

The following lemmas are useful in our main results.

Lemma 2.1. [6] Assume that p > q >0, a >0, then

P Tgs, (2.1)

¢ q ap
ar < =k r a+
p
for any k > 0.

Lemma 2.2. Let u(z,y),¢(x,y), f(z,y) € C(R+ x Ry, Ry) and a(x,y,t,s),
b(x,y,t,s) be continuous nondecreasing in x and y for each t,s. If 0 < a(x) <
z, 0 < B(y) <y, (x),0(y) >0 are real valued continuous functions defined
forx >0,y >0, such that

alz) rp(y)
w(zy) < (o, y) + / / (a1, s)ult, s)
a(zo) v B(yo)

. . (2.2)
+ f(¢, s)/ / b(t,s,o1,09)u(o1,09)doado Ydsdt,
z0)  B(yo)

then

f;((jo) fﬁ(%)(a z,y,t,8)+ f(¢,5) fa(z() fﬂ(yo) (t,8,01,02)doado1dsdt

u(z,y) < p(z,y) +e

% (/ j(j((;z)) jg((;"g)(a Uot,8)+ f(t,) fa(fﬂo) jﬂ(yo) b(t,s,01,02)doado)dsdt

PR mm
x(/ / al,y,t, $)e(t, 3)
al a(zo)  B(yo)

+ f(t, 8)/ / b(t,S,0’1,0’2)@(0’1,JQ)dO’QdO’l)det)dl).
a(zo) Y B(yo)
(2.3)
Proof. Let
() B(y)
(. @@t

O‘(‘TO B yO) <24)

+f t S / / t s,01,ag)u(al,az)dagdal)dsdt.

B(yo)
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Then z(zg,y) = z(x,yp) = 0. Our assumption on a, b, u, f,« and 3 imply that
z is nondecreasing positive function for z > 0, y > 0. We have

B(y)
taly) = o/ (2) /ﬁ a0, u(a(@), )

a(z)
s) / / ), $,01,092)u(o1, 09)doadoy )ds
a B(yo)

(wo)

a(z)
/ / Oza(z,y,t, s)u(t,s)dsdt
yo

(y)
<a (x)/ (a(z,y, a(x), s)p(a(z), s)
B(yo)
a(z
s) /(X(xo /yo) b(a(z), s,01,02)¢(01,02)dordor)ds  (2.5)
a(z) rB(y)
/xo)/ Oza(x,y,t, s)p(t, s)dsdt

B(y)
T 2(a,y) (0 () / (ae,y, a(), )

a(z)
s) / / ), $,01,092)do1dog)ds
04(900 B(yo)

o)
/ / Oza(z,y,t, s)dsdt),
B(yo)

( / /ﬂ(y
) — 2(z,y) a(z,y,t, )
07 o) Jaw0)

s / / b(t,s,o1,09)dordoy)dsdt)
a(zo) / B(yo)

ft,
o [z rB)
o / (ala.y.t.)(t.5)

L Ja(wo) /Byo)

that is,

(2.6)

IN

t s
+f(t,s)/ / b(t,s,o1,09)p(01,09)dordog)dsdt).
zo 0
Multiplying both sides of (2.6) by

a(z B s
a((zo)> i) <(yyo>) a(z,y,t,s)+f(t,s) f;(zo) fﬁ(yo) b(t75,01702)d¢71d‘72)d‘9dt, (2_7)
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we get
a(x)  rB( ) t s
i(z(x’ y)ei fa(zo) / (yyo) a(z,y,t,s)+f(t,s) fa(ZO) f/B(yO) b(t,s,ol,og)dazdol)dsdt)
<e ;((;0) fg((;jo)>(a z,y,t,8)+ f(¢,8) f‘l(io) fﬁ(y()) (t,8,01,02)dozdor)dsdt
a(z) ,B(y) (2.8)
ST RRCCXERES
yo)

+ f(t,s)/ / b(t,s,o1,09)p(01,09)doador )dsdt).
zo)  B(yo

Now integrating (2.8) on the interval [x¢, z| for  respectively, we obtain

foz(iv) ff(y) a(x,y7t,s)+f(t7s) f;(ZO) f;(yo) b(t,s,o’l,Uz)dogdUl)det

Z(CC,y) < e’alzo) 7 B(vo)
X (/x o(j((:iz)) ff((;/o)) a(l,y,t,s)+f(t,s) f;(ZO) fg(yo) b(t,s,01,02)doado)dsdt
d (2.9)
l(/ / a(l,y,t, s)p(t,s)
:vo B(yo)
s

+ f(t,s) / b(t,s,o1,092)p(01,09)dosdo )dsdt)dl).
(w0) /B(yo)

Combine (2.9) with u(t) < k(t) + z(t) to get (2.3) and with this, the proof is
complete. 0

3. MAIN THEOREMS

Theorem 3.1. Let u(x,y), p(z,y), f(z,y) € C(Ry xRy, Ry) and a(x,y,t,s),
b(x,y,t,s) be continuous nondecreasing in x and y for each t, s. Let 0 <
alz) <z, 0< B(y) <y, (x), B (y) >0 be real valued continuous functions
defined forx >0,y >0, andp>q>0,p>r >0, p, q, and r are constants.
If

a(z)

uP(z,y) < p(z,y) +/
a(zp)

t s
+ f(t, 8)/ / b(t,s,o1,02)u" (01, 02)doador)dsdt,
zo Yo)

B(y)
/ (a(ay, t, 8)u ()
(yO) <31)
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then
u(z,y) < (p(z,y) + F(z,y)

fa(m) ]5( ) (Aa(z,y,t,s)+Bf(t,s) [

a(zg) 5(1/0) a(zq) fﬁ(yo) b(t,5,01,02)dozdor)dsdt

+e

l
" (/ jj((:cz)) fﬁ((;(f) (Aa(l,y,t,s)+Bf(t,s) fa(xo) fﬁ(uo) b(t,s,01,02)doadoy )dsdt
xo

9  re) rby)
« 2 / / (Aa(l, .1, 8)e(t, 5)
O Ja(z0) J B(yo)

t S
+ Bf(t,s) / / b(t,s,o1,09)p(01, ag)dazdal)dsdt)dl))%,
a(zo) v B(yo)

(3.2)
fort >ty >0 and any k > 0, where

F(z,y) /mo) / yo a(z,y,t,s)(Ap(t, s) +

p
/ / t S / / t S 0’1,0’2
(z0) /B(yo) zo Jyo (3.3)

—Tgv)dsdt

X (Byp(o1,09) 42 k5)d02d01d8dt,
A=4%" B="k7
p p

Proof. Define a function z(ac y) by

z(x,y) / / a(z,y,t, s)ul(t,s)
(zo) ¥ B(yo)

(3.4)
—i—f(ts)/ / b(t,s,o1,09)u’ (01, 02)doadoy)dsdt,
zo) Y B(yo
Then (3.1) can be restated as
uP(a,y) < e, y) + 2(2,y). (3.5)
By (3.5), we have
1
U(ZL" y) < (p(z,y) + 2(2,9)) 7 (3.6)
Thus from (3.4) and (3.6), we have
2(z,y) < F(z,y) / / (Aa(z,y,t,s)z(t, s)
(o) 75 (wo) (3.7)

+ Bf(t, 5)/ / b(t,s,o1,02)2(01,02)doadoy)dsdt,
o Yo
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where F(x,y) is defined by (3.3). It is easy to see that F'(z,y) is nonnegative

and continuous in = and y for (z,y) € Ry x R4. Using Lemma 2.2 to (3.7),
we get

a(z)

B(v) t s
Z(%,y) < F(x y) i efa(zo) fﬁ(yo)(Aa(:r,y,t,s)JrBf(t,s) f&(zo) fﬁ(yo)b(t,s,ol,ag)dogdal)dsdt

x all :
y (/ a(;g)) fé’éj’)) Aa(ly,t,s)+Bf(t,s) f;(%)f;(yo) b(t,s,01,02)doador )dsdt

/ / (Aa(l,y,t,s)p(t,s)
(zo) ¥ B(yo)

+ Bf(t,s) / / b(t,s,o1,02)p(01,09)doadoy )dsdt)dl).
zo) Y B(yo

(3.8)
The desired inequality (3.2) follows from (3.6) and (3.8).

0

Theorem 3.2. Let u(x,y), p(z,y), f(z,y) € C(Ry xRy, Ry) and a(x,y,t,s),
b(x,y,t,s) be continuous nondecreasing in x and y for each t,s. Let 0 <

alz) <z, 0 < By) <y, (x),B(y) > 0 be real valued continuous functions
defined for x > 0,y >0, and p > q > 0, p and q are constants. If

uf(2,y) < o(x,y) / / a(z,y,t,s)uP(t, s)
(zo) Y B(yo)

(3.9)

+ f(t,s) / / b(t,s,o1,09)ul(o1,02)doadoy)dsdt,
To Yo
then
u(z,y) < (p(z,y) + B(z,y) + F(z,y)
n 6/;((50) [g((;o) Af(t,s) ja(m) /ﬂ(y()) b(t,s,01,02)doadodsdt
% (/ ]0?((92)) ]5((;!0)) Af(¢,s) fotf(ﬂfo) fg(y()) b(t,s,01,02)doado1dsdt
(3.10)

/a(l /ﬂ(y)
B(vo)

x/ / b(t, 5,01, 00)F (01, 00)dosdordsdt)dl)) 7,
a(zo) /' Byo
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fort >ty >0 and any k > 0, where

a@) By £ s
Fe= [ [ g [ [ wtsona
a(xo) 7 B(yo) ez B(yo) (3.11)

% (A(p(@,y) + B(z,)) + E—Lk5)doydor dsdt,

B(m y) . e];(m) /ﬂ( a(z,y,t,s)dsdt % (/ — ]a(lo) /ﬁ( a(l,y,t,s)dsdt
)
Zo

0 a(l)  rBy) Vo (3'12)
X (/ / a(l,y,t,8)z(t,s)dsdt)dl), A=k » .
8l a(%o) ﬂ(yo) »
Proof. Define a function z(x,y) by
z(x,y) =

/ / ft,s / / b(t,s,o1,09)ul(01,09)doadodsdt.
a(zo) JB(yo) a(zo) v B(yo)
(3.13)

Then (3.9) can be restated as
o)
uP(z,y) < z(x,y) / / a(z,y,t, s)uP(t, s)dsdt. (3.14)
B(yo)

Clearly, z(z,y) is nonnegative and continuous for x > xg > 0, y > yo > O.
Using Lemma 2.2 to (3.14), we have

uP(z,y) < z(z,y) + B(z,y), (3.15)
where B(z,y) is defined by (3.12). From (3.13) and (3.15) we obtain
uP(z,y) < p(z,y) +v(z,y) + B(z,y), (3.16)
where
o(z) rB(y) t s
o) = [ [ s [ wtsononutonondosdodsd,
a(wo) JB(yo) a(zo) 7 B(yo)
(3.17)

From (3.16), we have

1
u(:n,y) < ((10(1"’3/) + U(:Uay) + B(ﬂj’,y))p, r>zo >0,y >y >0. (318)
From (3.17), (3.18) and Lemma 2.1, we get
o(z,) < Plz,y)

o(z) rB(y) ¢ s
/ / f(t,s)/ / b(t,8701,0'2)1)(0'1,Ug)dUgdUldsdt.
a(zo) Y B(yo)

(3.19)
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It is easy to see that F'(z,y) is nonnegative and continuous for x > z¢ > 0,y >
yo > 0. Using Lemma 2.2 to (3.19) we have

a(z) 5(?4)
v(z,y) < Fla,y) + e/ oo

T a(l B
% (/ . a((zé fﬁ((;])) Af(t, s)foc(gs0 fﬁ(%) (t,8,01,02)doadordsdt

fci(zo) fgs(yo) b(t,s,01,02)doadordsdt

a(l) /my) (3.20)

B(yo)
X / / b(t,S,0'1,O'Q)F(O'l,O'Q)dO’QdO'ldet)dl).
a(zo) J B(yo

The desired inequality (3.8) follows from (3.18) and (3.20). The proof is com-
plete.
O

4. SOME APPLICATIONS

In this section we present applications of the inequality (3.1) given in
Theorem 3.1 to study the boundedness dependence of the solution of the initial
value problem for retarded Volterra equations of the form

WP (2, ) = () + / [ @yt wa(0). 55). flale), 5(5)
o) 8 (4.1)
/ b(a(t), 5(s),01,02)w" (01, 09)doado )dsdt,
(zo0)  B(yo)
w(zo,y0) = ©(x0,Yo), (4.2)

where ® is continuous, ¢ is continuous on R, x Ry, a € C*(R,,Ry) and
alz) <z, o(x )>Oforx2x020 BeCY Ry, Ry)and B(y) <w, B'(y) >0
for y > yo > 0.

First we give the bound on the solution of the problem (4.1)-(4.2).

Theorem 4.1. Suppose that

[®(z,y,t,5,u,0)] < az,y,t,s)|ul* + [v], (4.3)
where a, f,b is as in Theorem 3.1. Let
_ —1/p\V/ _ —1/p\V/
My = tlg%f(a (), M= trggf(ﬂ (), (4.4)

a(z,y,t,8) = a(z,y,a”L(t), 371(s)). (4.5)
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If w(z,y) is any solution of (4.1)-(4.2), then
w(z,y)
< (lp(z, y)| + F(z,y)

a(x 6
i €M fa((zo) J, ((50)>(Aa x,y,t,8)+Bf(t,s) fa<z0) fﬁ(yo) |b(t,s,01,02)|doado)dsdt

X rae(l . — g S
% (/ — M1 Mo ja((zz)) jg(gj’(;)(Aa(l,y,t,s)—i—Bf(t,s) '];(IO) jﬂ(yo) |b(t,s,01,02)|doado )dsdt

a(l)  rB)
X — M1M2/ / (Aa(l,y,t,s)|p(t, s)]

(z0)

+Bf(t,s)/ )/ b(t, 5, 01, 09) || (01, 02)| dorador Ydsdt)dl))

(4.6)
fort >ty >0 and any k > 0, where

(z) ()
P = | MGyt At )]+ Pk s

a(zo)

+M1M2/ / f(t,s / b(t, s, 01,02)|
B(yo) Yo (4.7)

% (Blp(or, 09)| + =L kv doodo dsdt,
p
A:gk%, B:fkf;p'
p p

Proposition 4.2. Suppose that
[®(2,y,t,8,u,v)| < a(,y,t,s)ul’ + |v], (4.8)

we can give the new boundedness on the solution of the problem (4.1)-(4.2) by
Theorem 3.2.
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