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Abstract. The aim of this paper is to establish explicit bounds on some more general

retarded integral inequalities which can be used as convenient tools in some applications.

The two independent variable generalizations of the main results and some applications are

also given.

1. Introduction

Integral inequalities which provide explicit bounds on unknown functions
have played a fundamental role in the development of the theory of differential
and integral equations. Over the years, various investigators have discovered
many useful integral inequalities in order to achieve diversity of desired goals,
see [1]-[8] and the references given therein. In a recent paper [6], X.Q.Zhao
and F.W.Meng have given some inequalities which can be used to study the
qualitative behavior of the solutions of certain classes of differential and in-
tegral equations. However, the integral inequalities available in the literature
do not apply directly in certain general situations and it is desirable to find
integral inequalities useful in some new applications. The main purpose of the
present paper is to establish explicit bounds on more general retarded integral
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inequalities which can be used as tools in the qualitative study of certain re-
tarded integro-differential equations. Some immediate applications of one of
the result to convey the importance of our results to the literature are also
given.

2. Lemmas

The following lemmas are useful in our main results.

Lemma 2.1. [6] Assume that p ≥ q > 0, a ≥ 0, then

a
q
p ≤ q

p
k

q−p
p a +

p− q

p
k

q
p , (2.1)

for any k > 0.

Lemma 2.2. Let u(x, y), ϕ(x, y), f(x, y) ∈ C(R+ × R+, R+) and a(x, y, t, s),
b(x, y, t, s) be continuous nondecreasing in x and y for each t, s. If 0 ≤ α(x) ≤
x, 0 ≤ β(y) ≤ y, α′(x), β′(y) ≥ 0 are real valued continuous functions defined
for x ≥ 0, y ≥ 0, such that

u(x, y) ≤ ϕ(x, y) +
∫ α(x)

α(x0)

∫ β(y)

β(y0)
{a(x, y, t, s)u(t, s)

+ f(t, s)
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)u(σ1, σ2)dσ2dσ1}dsdt,

(2.2)

then

u(x, y) ≤ ϕ(x, y) + e
∫ α(x)

α(x0)

∫ β(y)
β(y0)

(a(x,y,t,s)+f(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1dsdt

× (
∫ x

x0

e
− ∫ α(l)

α(x0)

∫ β(y)
β(y0)

(a(l,y,t,s)+f(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1)dsdt

× ∂

∂l
(
∫ α(l)

α(x0)

∫ β(y)

β(y0)
(a(l, y, t, s)ϕ(t, s)

+ f(t, s)
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)ϕ(σ1, σ2)dσ2dσ1)dsdt)dl).

(2.3)

Proof. Let

z(x, y) =
∫ α(x)

α(x0)

∫ β(y)

β(y0)
(a(x, y, t, s)u(t, s)

+ f(t, s)
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)u(σ1, σ2)dσ2dσ1)dsdt.

(2.4)
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Then z(x0, y) = z(x, y0) = 0. Our assumption on a, b, u, f, α and β imply that
z is nondecreasing positive function for x ≥ 0, y ≥ 0. We have

zx(x, y) = α′(x)
∫ β(y)

β(y0)
(a(x, y, α(x), s)u(α(x), s)

+ f(α(x), s)
∫ α(x)

α(x0)

∫ s

β(y0)
b(α(x), s, σ1, σ2)u(σ1, σ2)dσ2dσ1)ds

+
∫ α(x)

α(x0)

∫ β(y)

β(y0)
∂xa(x, y, t, s)u(t, s)dsdt

≤ α′(x)
∫ β(y)

β(y0)
(a(x, y, α(x), s)ϕ(α(x), s)

+ f(α(x), s)
∫ α(x)

α(x0)

∫ s

β(y0)
b(α(x), s, σ1, σ2)ϕ(σ1, σ2)dσ1dσ2)ds

+
∫ α(x)

α(x0)

∫ β(y)

β(y0)
∂xa(x, y, t, s)ϕ(t, s)dsdt

+ z(x, y)(α′(x)
∫ β(y)

β(y0)
(a(x, y, α(x), s)

+ f(α(x), s)
∫ α(x)

α(x0)

∫ s

β(y0)
b(α(x), s, σ1, σ2)dσ1dσ2)ds

+
∫ α(x)

α(x0)

∫ β(y)

β(y0)
∂xa(x, y, t, s)dsdt),

(2.5)

that is,

zx(x, y)− z(x, y)
∂

∂x
(
∫ α(x)

α(x0)

∫ β(y)

β(y0)
(a(x, y, t, s)

+ f(t, s)
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)dσ1dσ2)dsdt)

≤ ∂

∂x
(
∫ α(x)

α(x0)

∫ β(y)

β(y0)
(a(x, y, t, s)ϕ(t, s)

+ f(t, s)
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)ϕ(σ1, σ2)dσ1dσ2)dsdt).

(2.6)

Multiplying both sides of (2.6) by

e
− ∫ α(x)

α(x0)

∫ β(y)
β(y0)

(a(x,y,t,s)+f(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ1dσ2)dsdt

, (2.7)
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we get

∂

∂x
(z(x, y)e−

∫ α(x)
α(x0)

∫ β(y)
β(y0)

(a(x,y,t,s)+f(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1)dsdt)

≤ e
− ∫ α(x)

α(x0)

∫ β(y)
β(y0)

(a(x,y,t,s)+f(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1)dsdt

× ∂

∂x
(
∫ α(x)

α(x0)

∫ β(y)

β(y0)
(a(x, y, t, s)ϕ(t, s)

+ f(t, s)
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)ϕ(σ1, σ2)dσ2dσ1)dsdt).

(2.8)

Now integrating (2.8) on the interval [x0, x] for x respectively, we obtain

z(x, y) ≤ e
∫ α(x)

α(x0)

∫ β(y)
β(y0)

(a(x,y,t,s)+f(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1)dsdt

× (
∫ x

x0

e
− ∫ α(l)

α(x0)

∫ β(y)
β(y0)

(a(l,y,t,s)+f(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1)dsdt

× ∂

∂l
(
∫ α(l)

α(x0)

∫ β(y)

β(y0)
(a(l, y, t, s)ϕ(t, s)

+ f(t, s)
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)ϕ(σ1, σ2)dσ2dσ1)dsdt)dl).

(2.9)

Combine (2.9) with u(t) ≤ k(t) + z(t) to get (2.3) and with this, the proof is
complete. ¤

3. Main theorems

Theorem 3.1. Let u(x, y), ϕ(x, y), f(x, y) ∈ C(R+×R+, R+) and a(x, y, t, s),
b(x, y, t, s) be continuous nondecreasing in x and y for each t, s. Let 0 ≤
α(x) ≤ x, 0 ≤ β(y) ≤ y, α′(x), β′(y) ≥ 0 be real valued continuous functions
defined for x ≥ 0, y ≥ 0, and p ≥ q > 0, p ≥ r > 0, p, q, and r are constants.
If

up(x, y) ≤ ϕ(x, y) +
∫ α(x)

α(x0)

∫ β(y)

β(y0)
(a(x, y, t, s)uq(t, s)

+ f(t, s)
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)ur(σ1, σ2)dσ2dσ1)dsdt,

(3.1)
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then
u(x, y) ≤ (ϕ(x, y) + F (x, y)

+ e
∫ α(x)

α(x0)

∫ β(y)
β(y0)

(Aa(x,y,t,s)+Bf(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1)dsdt

× (
∫ x

x0

e
− ∫ α(l)

α(x0)

∫ β(y)
β(y0)

(Aa(l,y,t,s)+Bf(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1)dsdt

× ∂

∂l
(
∫ α(l)

α(x0)

∫ β(y)

β(y0)
(Aa(l, y, t, s)ϕ(t, s)

+ Bf(t, s)
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)ϕ(σ1, σ2)dσ2dσ1)dsdt)dl))

1
p ,

(3.2)
for t ≥ t0 ≥ 0 and any k > 0, where

F (x, y) =
∫ α(x)

α(x0)

∫ β(y)

β(y0)
a(x, y, t, s)(Aϕ(t, s) +

p− q

p
k

q
p )dsdt

+
∫ α(x)

α(x0)

∫ β(y)

β(y0)
f(t, s)

∫ t

x0

∫ s

y0

b(t, s, σ1, σ2)

× (Bϕ(σ1, σ2) +
p− r

p
k

r
p )dσ2dσ1dsdt,

A =
q

p
k

q−p
p , B =

r

p
k

r−p
p .

(3.3)

Proof. Define a function z(x, y) by

z(x, y) =
∫ α(x)

α(x0)

∫ β(y)

β(y0)
(a(x, y, t, s)uq(t, s)

+ f(t, s)
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)ur(σ1, σ2)dσ2dσ1)dsdt,

(3.4)

Then (3.1) can be restated as

up(x, y) ≤ ϕ(x, y) + z(x, y). (3.5)

By (3.5), we have

u(x, y) ≤ (ϕ(x, y) + z(x, y))
1
p . (3.6)

Thus from (3.4) and (3.6), we have

z(x, y) ≤ F (x, y) +
∫ α(x)

α(x0)

∫ β(y)

β(y0)
(Aa(x, y, t, s)z(t, s)

+ Bf(t, s)
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)z(σ1, σ2)dσ2dσ1)dsdt,

(3.7)
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where F (x, y) is defined by (3.3). It is easy to see that F (x, y) is nonnegative
and continuous in x and y for (x, y) ∈ R+ × R+. Using Lemma 2.2 to (3.7),
we get

z(x, y) ≤ F (x, y) + e
∫ α(x)

α(x0)

∫ β(y)
β(y0)

(Aa(x,y,t,s)+Bf(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1)dsdt

× (
∫ x

x0

e
− ∫ α(l)

α(x0)

∫ β(y)
β(y0)

(Aa(l,y,t,s)+Bf(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1)dsdt

× ∂

∂l
(
∫ α(l)

α(x0)

∫ β(y)

β(y0)
(Aa(l, y, t, s)ϕ(t, s)

+ Bf(t, s)
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)ϕ(σ1, σ2)dσ2dσ1)dsdt)dl).

(3.8)
The desired inequality (3.2) follows from (3.6) and (3.8).

¤

Theorem 3.2. Let u(x, y), ϕ(x, y), f(x, y) ∈ C(R+×R+, R+) and a(x, y, t, s),
b(x, y, t, s) be continuous nondecreasing in x and y for each t, s. Let 0 ≤
α(x) ≤ x, 0 ≤ β(y) ≤ y, α′(x), β′(y) ≥ 0 be real valued continuous functions
defined for x ≥ 0, y ≥ 0, and p ≥ q > 0, p and q are constants. If

up(x, y) ≤ ϕ(x, y) +
∫ α(x)

α(x0)

∫ β(y)

β(y0)
(a(x, y, t, s)up(t, s)

+ f(t, s)
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)uq(σ1, σ2)dσ2dσ1)dsdt,

(3.9)

then

u(x, y) ≤ (ϕ(x, y) + B(x, y) + F (x, y)

+ e
∫ α(x)

α(x0)

∫ β(y)
β(y0)

Af(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1dsdt

× (
∫ x

x0

e
− ∫ α(l)

α(x0)

∫ β(y)
β(y0)

Af(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1dsdt

× ∂

∂l
(
∫ α(l)

α(x0)

∫ β(y)

β(y0)
Af(t, s)

×
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)F (σ1, σ2)dσ2dσ1dsdt)dl))

1
p ,

(3.10)
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for t ≥ t0 ≥ 0 and any k > 0, where

F (x, y) =
∫ α(x)

α(x0)

∫ β(y)

β(y0)
f(t, s)

∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)

× (A(ϕ(x, y) + B(x, y)) +
p− q

p
k

q
p )dσ2dσ1dsdt,

(3.11)

B(x, y) = e
∫ α(x)

α(x0)

∫ β(y)
β(y0)

a(x,y,t,s)dsdt × (
∫ x

x0

e
− ∫ α(l)

α(x0)

∫ β(y)
β(y0)

a(l,y,t,s)dsdt

× ∂

∂l
(
∫ α(l)

α(x0)

∫ β(y)

β(y0)
a(l, y, t, s)z(t, s)dsdt)dl), A =

q

p
k

q−p
p .

(3.12)

Proof. Define a function z(x, y) by
z(x, y) = ϕ(x, y)

+
∫ α(x)

α(x0)

∫ β(y)

β(y0)
f(t, s)

∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)uq(σ1, σ2)dσ2dσ1dsdt.

(3.13)
Then (3.9) can be restated as

up(x, y) ≤ z(x, y) +
∫ α(x)

α(x0)

∫ β(y)

β(y0)
a(x, y, t, s)up(t, s)dsdt. (3.14)

Clearly, z(x, y) is nonnegative and continuous for x ≥ x0 ≥ 0, y ≥ y0 ≥ 0.
Using Lemma 2.2 to (3.14), we have

up(x, y) ≤ z(x, y) + B(x, y), (3.15)
where B(x, y) is defined by (3.12). From (3.13) and (3.15) we obtain

up(x, y) ≤ ϕ(x, y) + v(x, y) + B(x, y), (3.16)

where

v(x, y) =
∫ α(x)

α(x0)

∫ β(y)

β(y0)
f(t, s)

∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)uq(σ1, σ2)dσ2dσ1dsdt.

(3.17)
From (3.16), we have

u(x, y) ≤ (ϕ(x, y) + v(x, y) + B(x, y))
1
p , x ≥ x0 ≥ 0, y ≥ y0 ≥ 0. (3.18)

From (3.17), (3.18) and Lemma 2.1, we get
v(x, y) ≤ F (x, y)

+ A

∫ α(x)

α(x0)

∫ β(y)

β(y0)
f(t, s)

∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)v(σ1, σ2)dσ2dσ1dsdt.

(3.19)
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It is easy to see that F (x, y) is nonnegative and continuous for x ≥ x0 ≥ 0, y ≥
y0 ≥ 0. Using Lemma 2.2 to (3.19), we have

v(x, y) ≤ F (x, y) + e
∫ α(x)

α(x0)

∫ β(y)
β(y0)

Af(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1dsdt

× (
∫ x

x0

e
− ∫ α(l)

α(x0)

∫ β(y)
β(y0)

Af(t,s)
∫ t

α(x0)

∫ s
β(y0) b(t,s,σ1,σ2)dσ2dσ1dsdt

× ∂

∂l
(
∫ α(l)

α(x0)

∫ β(y)

β(y0)
Af(t, s)

×
∫ t

α(x0)

∫ s

β(y0)
b(t, s, σ1, σ2)F (σ1, σ2)dσ2dσ1dsdt)dl).

(3.20)

The desired inequality (3.8) follows from (3.18) and (3.20). The proof is com-
plete.

¤

4. Some applications

In this section we present applications of the inequality (3.1) given in
Theorem 3.1 to study the boundedness dependence of the solution of the initial
value problem for retarded Volterra equations of the form

wp(x, y) = ϕ(x, y) +
∫ x

x0

∫ y

y0

Φ(x, y, t, s, w(α(t), β(s)), f(α(t), β(s))

×
∫ α(t)

α(x0)

∫ β(s)

β(y0)
b(α(t), β(s), σ1, σ2)wr(σ1, σ2)dσ2dσ1)dsdt,

(4.1)

w(x0, y0) = ϕ(x0, y0), (4.2)

where Φ is continuous, ϕ is continuous on R+ × R+, α ∈ C1(R+, R+) and
α(x) ≤ x, α′(x) > 0 for x ≥ x0 ≥ 0;β ∈ C1(R+, R+) and β(y) ≤ y, β′(y) > 0
for y ≥ y0 ≥ 0.

First we give the bound on the solution of the problem (4.1)-(4.2).

Theorem 4.1. Suppose that

|Φ(x, y, t, s, u, v)| ≤ a(x, y, t, s)|u|q + |v|, (4.3)

where a, f, b is as in Theorem 3.1. Let

M1 = max
t∈R+

(α−1(t))′, M2 = max
t∈R+

(β−1(t))′, (4.4)

ā(x, y, t, s) = a(x, y, α−1(t), β−1(s)). (4.5)
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If w(x, y) is any solution of (4.1)-(4.2), then

w(x, y)

≤ (|ϕ(x, y)|+ F (x, y)

+ e
M1M2

∫ α(x)
α(x0)

∫ β(y)
β(y0)

(Aā(x,y,t,s)+Bf(t,s)
∫ t

α(x0)

∫ s
β(y0) |b(t,s,σ1,σ2)|dσ2dσ1)dsdt

× (
∫ x

x0

e
−M1M2

∫ α(l)
α(x0)

∫ β(y)
β(y0)

(Aā(l,y,t,s)+Bf(t,s)
∫ t

α(x0)

∫ s
β(y0) |b(t,s,σ1,σ2)|dσ2dσ1)dsdt

× ∂

∂l
(M1M2

∫ α(l)

α(x0)

∫ β(y)

β(y0)
(Aā(l, y, t, s)|ϕ(t, s)|

+ Bf(t, s)
∫ t

α(x0)

∫ s

β(y0)
|b(t, s, σ1, σ2)||ϕ(σ1, σ2)|dσ2dσ1)dsdt)dl))

1
p ,

(4.6)
for t ≥ t0 ≥ 0 and any k > 0, where

F (x, y) =
∫ α(x)

α(x0)

∫ β(y)

β(y0)
M1M2ā(x, y, t, s)(A|ϕ(t, s)|+ p− q

p
k

q
p )dsdt

+ M1M2

∫ α(x)

α(x0)

∫ β(y)

β(y0)
f(t, s)

∫ t

x0

∫ s

y0

|b(t, s, σ1, σ2)|

× (B|ϕ(σ1, σ2)|+ p− r

p
k

r
p )dσ2dσ1dsdt,

A =
q

p
k

q−p
p , B =

r

p
k

r−p
p .

(4.7)

Proposition 4.2. Suppose that

|Φ(x, y, t, s, u, v)| ≤ a(x, y, t, s)|u|p + |v|, (4.8)

we can give the new boundedness on the solution of the problem (4.1)-(4.2) by
Theorem 3.2.

References

[1] O. Lipovan, A retarded integral inequality and its applications, J. Math. Anal. Appl.
285(2003), 436-443.

[2] L. Hacia, Applications of one and two-dimensional Volterra inequalities in differential
equations of the hyperbolic type, Int. J. Math. Math. Sc. , 53(2004), 3373-3383.

[3] L. Hacia, On Volterra inequalities and their applications, Int. J. Math. Math. Sc.,
3(2003), 117-134.

[4] O. Lipovan, A retarded Gronwall-like inequality and its applications, J. Math. Anal.
Appl., 252(2000), 389-401.

[5] B. G. Pachpatte, Explicit bounds on certain integral inequalities, J. Math. Anal. Appl.,
267(2002), 48-61.



420 Jing Shao and Fanwei Meng

[6] X. Q. Zhao and F. W. Meng, On some new integral inequalities and their applications,
Indian J. Pure. Appl. Math., 38(2007), 403-414.

[7] X. Q. Zhao and F. W. Meng, On some advanced integral inequalities and their applica-
tions, J. Math. Anal. Appl., 6(2005), Article 60.

[8] F. W. Meng and W. N. Li, On some new integral inequalities and their applications,
Appl. Math. Comput., 148(2004), 381-392.

[9] B. G. Pachpatte, On some retarded integral inequalities and applications, J. Inequal.
Pure. Appl. Math. 3(2002), Article 18.


