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Abstract. In this paper, we consider a continuous-time Heston stochastic volatility model
with regime-switching, the asset and volatility dynamics are closely related to the value of
Markovian modulated process. Compared with the previous literatures, our propose is to
extend the one-stochastic volatility model to the double-stochastic volatility model. We are
interested in finding solutions to pricing the discretely-sampled volatility swaps under Hes-
ton’s framework. We also get a closed-form solution by deriving the characteristic function

of the lognormal asset price via a system of partial differential equations.

1. INTRODUCTION

Volatility, in the field of financial mathematics, refers to the variability of
financial assets over a certain period of time. Many investors have developed
great interest in volatility-related products. Volatility-related products can
diversify asset risks in the stock market, and the volatility swaps of such prod-
ucts can be directly linked to volatility, thus obtaining widespread attention.
In the last decades, with the rapid growth of transaction volatility swaps,
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correctly calculating volatility swaps becomes an active research topic and
many scholars have studied it. Heston [9] derived a closed-form solution for
the price of the European call option under the stochastic volatility model in
1993. Grunbichler and Longstaff [8] presented several closed-form expressions
for volatility futures and option prices. They also examined their implications
for the characteristics of these securities in 1996. Howison et al. [10] consid-
ered the pricing of volatility derivatives and gave a approximate solution to
a general partial differential equation (PDE) for volatility products in 2004.
Based on Heston’s model, Swishchuk [14] proposed a probabilistic approach
to study variance and volatility swaps in financial markets in 2004. Biswas et
al. [1] found the locally risk minimizing price of European type vanilla option
under the stochastic volatility model where the stock volatility dynamics to
be a semi-Markovian modulated square root mean reverting process in 2017.

Most papers with respect to pricing the volatility swaps just imply one-
factor stochastic volatility. It can capture the slope of the smirk while cannot
explain such largely independent fluctuations in its level and slope over time
such that the double-stochastic volatility is more suitable for the description
of markets. In 2008, Siu et al. [13] investigated the valuation of the European
and American currency options under a double Markovian-modulated stochas-
tic volatility model. In their paper, the first stochastic volatility component
was driven by a lognormal diffusion process, the second independent stochastic
volatility component was driven by a continuous-time finite-state Markovian
chain model. Christoffersen et al. [2] presented a double-stochastic volatility
model to illustrate some critical differences between one- and two-factor mod-
els in 2009. Zhu and Lian [16] found a closed-form exact solution for the PDE
system in the Heston’s double stochastic volatility model in 2011. Recently,
Mehrdoust [11] presented an efficient Monte Carlo simulation scheme with the
variance reduction methods and evaluated arithmetic average Asian options
under the double Heston’s stochastic volatility model with jumps. Zhang and
Sun [15] presented an extension of double Heston’s stochastic volatility model
by the stock price process, they also derived the characteristic function of the
lognormal price of a asset which can be substituted in the valuation of the
forward starting options.

Regime-switching is also a critical character of the financial market. In an
incomplete market, the regime-switching Esscher transform provides market
practitioners in a convenient and flexible method to determine an equivalent
martingale measure. Regime-switching has been considered in many litera-
tures. In 2005, Elliott et al. [5] considered the option pricing problem under
an incomplete market with Markov-modulated geometric Brownian motion
model and adopted a regime-switching random Esscher transform to deter-
mine an equivalent martingale pricing measure. Elliott and Siu [6] used a
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continuous-time Markovian regime-switching financial model to solve a risk
minimization problem in 2010. Elliott and Lian [7] examined the effect of
ignoring regime switching on pricing variance and volatility swaps in 2013.
Recently, Zhu et al. [17] applied a hidden Markovian regime-switching model
with a stochastic interest rate and volatility to evaluate a standard European
option.

Inspired by the models developed by [2] and [12], we extent the one-factor
stochastic volatility model to the two-factor stochastic volatility model to pric-
ing volatility swaps in the regime-switching environment. It has two advan-
tages in pricing volatility swaps. Firstly, it can describe different economic
conditions which can reflect the state of the economy and the mood of the
investors. Secondly, it can capture much more information of the market
than one-factor stochastic volatility model. Thus, our model can describe the
market more appropriately than other exist models. To our best knowledge,
there are still a few works on pricing volatility swaps with the double stochastic
volatility model in regime-switching environment. We also determine an equiv-
alent martingale measure in an incomplete market and get risk-neutral condi-
tions via the regime-switching Esscher transform. The characteristic function
of the lognormal price of an asset can be easily derived.

The rest of our paper is organized as follows. In section 2, we establish a
brand new model based on a continuous-time Markovian-modulated version of
Heston’s double stochastic volatility model. We also get the risk-neutral con-
ditions by using the regime-switching Esscher transform. In section 3, we give
the closed-form solution to pricing the discretely-sampled volatility-average
swaps under the Heston’s double-stochastic volatility framework. Finally, the
conclusion of the paper is reached.

2. PRELIMINARIES

In this section, based on a continuous-time Markovian-modulated stochas-
tic volatility model, we use the PDE approach for the valuation of volatility
derivatives. Our model can be considered as the regime-switching augmenta-
tion modulated by [14] for pricing volatility swaps. This model can describe
the consequences for the asset price and volatility dynamics of the transitions
of observable macroeconomic factor’s states. The observable macroeconomic
factor can affect the asset prices and volatility dynamics, such as observable
economic indicators of business cycles or the sovereign ratings of the region
by some international rating agencies. In particular, the parameters of asset
price dynamics and stochastic volatility are determined by an economic index,
described by an observable Markovian chain.

We assume that the continuous-time financial model includes a risk-free
bound and a risk stock. Let P be the real probability measure with respect to
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a complete probability space (€2, F,P) and T denote the time index set with
interval [0, 00). Consider a continuous-time finite state observable Markovian
chain X := {X;}4e7 on the probability space (€2, F,P), which states describe
the states of an observable economic indicator. Let {s1,s2,...,sx} be the set
of the state space S with s; € RY,i=1,2,..., N. In general, the unit vectors
{e1,€9,...,en} € RN can be used to identify the state space of the Markovian
chain X.

Let II(¢) be the generator, the dynamics of the Markovian chain are gen-
erated by the matrix II(t) = [m;(t)]; j=1,2,..,~v under P. For i # j, m; is
the intensity of the transition of X from state e; to state e; in a small in-
terval of time, satisfying m;; for ¢ # j and ZZJ\L 1 mi; = 0. According to the
semi-martingale representation theorem in [4], the process X can be written
as

t
X: =Xy —I—/ H(S)Xsds + M;. (21)
0

Here {M,;}ie7 is an RN-valued martingale increment process with respect to
the natural filtration generated by X under P.

Let W = {W}her, W2 := {(W2hier, W3 := (W2 lier and W* := {W}}ieT
be four standard Brownian motions on (£, F,P), where W! is independent
with W2 and W4, abnd/vVV3 is independent with W?2 and W4%. We also let
W2 = (WEH W) and W .= (W2, W). The correction of these Brownian
motions are

Cov(dW},dW?) = prdt, Cov(dW2,dW}') = padt,
where, p; and p2 are two constants between 0 and 1. We also assume that X
is independent with {W*},i = 1,2,3,4.

Let r(t, X¢)teT be the instantaneous market interest rate of the bond de-
pending on the states of the economic indicator X so that

r(t, Xe) = (r, Xs), teT,

where r = (ry,re,...,ry) with 7, > 0 for ¢« = 1,2,..., N and (-,) denotes
the inner product in RYV. For simplicity, we write r; for 7(¢, X;). Thus, the
dynamics of the price process { By }+e7 for the bond can be written as follows:

dBt = ’I"tBtdt,
By =1.
Similarly, let the expected appreciation rate {u}+c7 which depends on states
of economic indicator X be the rate of the risky stock S and can be described
by
pe = plt, Xy) = (p, Xi),
where p := (p1, po, ..., un), with u; € R, fori =1,2,..., N.



Pricing volatility swaps under double Heston stochastic volatility model 719

Let {0 }1e7 be the long-term mean of the volatility for ¢ = 1,2. We also
suppose that 6;; depends on the states of the economic indicator X and

{ b1t == 01(t, X¢) = (01, X¢),
Oar := O2(t, Xy) = (02, Xy),
where 0; = (eil,eiz, .. .,QZ'N) with eig >0forg=1,2,...,N.

The parameters k1,07 are the mean-reverting speed and the volatility of
volatility in the instantaneous volatility process Vj(t), respectively. The pa-
rameters Ko, 09 determine the speed of mean reversion and the volatility of
the volatility process Va(t). To simplify our model, we suppose the above
four parameters are constants. By combining the dynamics of the price pro-
cess {S(t) }ter and the volatility processes Vi(t) and Va(t), we can get the
following system of stochastic differential equations (SDEs):

dS(t) = pS(t)dt 4+ /Vi(£)S()dW, 4+ /Va(t)S(t)dWE,
dVi(t) = k1 (02, — Vi(t))dt + o1/ V1 (t)dW}, (2.2)
dVa(t) = ko (603, — Va(t))dt + oa\/Va(t)dW;.

Let p; = /1 —p? for i = 1,2. Let W3 = {Wf’}te% Wt = {Wf}tefr be

standard Brownian motions which are independent of W', W?2 and X. Thus,
we can rewrite equations (2.2) as follows:

dS(t) = s S(t)dt + /Vi(t)S () AW} 4+ /Va(t)S(t)dWE,
AVi(t) = k1 (03, — Vi(t))dt + pro/Vi(£)dW} + proi/Vi(t)dW?,

AVa(t) = Ko (03, — Va(t))dt + paoar/Va(t)dW? + pacar/Va(t)dW .

Let Y; be the logarithmic return In(S(¢)/S(0)) over the internal [0,¢]. Then,
we have

Ytz/ot@u—;m()—vz )du+/WdW1 /JVTdW2

In our model, there are five sources of randomness: X, W' W2 W3 and
W4 Let FX = {F¥ her, FV' = {F her, VY = {FV her, FV° =
{FV*Ver and FV' .= {F""},e7 be the P-augmentation of the natural
filtrations generated by {X;}ier, {W/ e, (W7 e, {W7 e and {W/}ier,
respectively. Let F¥ = {F};e7 denote the P-augmentation of the natural
filtration generated by {S;}ier.

In an incomplete market, there are infinite numbers of equivalent martingale
pricing measures. So we need utilize the regime-switching Esscher transform to
establish an equivalent martingale pricing measure according to the volatility
swaps.
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Denote G := o(F;* U FVUFUFYUFM to be the o-algebra aug-
mented by F;* and F/V'(i = 1,2,3,4), for each t € T.

Let ©; := © (t, Xe, VVA(), \/Vg(t)> be a regime switching Esscher process,
which can be written as:

61 =6 (1. X, V(D). V12(0)) = (0 (1 VWl VI2(D)) . Xe)
where

O (£ VWD), V12 (1))
= (0 (t VD VID.e1) ... 0 (6 Vi Ve en) ) -
We denote G} := o(FV* U FV") to be the o-algebra augmented by FV* and
]-"tW4, so © <t, Vv Va(t), «/Vg(t),e,-) is G}-measurable, for each i = 1,2,..., N.
Denote G2 := o(FXUFV* UFV"). Then

6 (1% VWi, V()

is an N-dimensional gf—measurable random vector.

Definition 2.1. Following the idea developed in [5], the regime-switching
Esscher transform Qg ~ P on G; with respect to a family of parameters
{Ou}uepo, can be defined by

dQe
dP

exp(fot 0,dY,)

_ t . VteT. (2.3)
G Ep [exp(fo @udYu)‘th}

After G? is given, the Radon-Nikodym derivative of the regime-switching
Esscher transform can be written as

t
) exp / Our/ Vi (u)dW}
P ;
1 t t 1 t
_ 2/ @3V1(u)du+/ @u\/VQ(u)dW3—2/ @31/2(u)du>.
0 0 0

Denote a process 0 = {(:)t}tg— to be the risk-neutral regime-switching Es-
scher parameters. On the condition of the process X, W3 and W4, the mar-
tingale condition is characterized by considering an enlarged filtration and
requiring

Gt

Sp = B9 [exp(— /0 ' ds)S () |g3)] .

This condition can be interpreted that the market’s agent acquires information
about the Markovian chain and the stochastic volatility process in advance.
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Similar to the argument in [5], we know that ©; := © <t, Xt, /Vi(t),\/Va (t))
can be obtained by martingale condition (2.3) as follows

6, = r(t, Xe) — p(t, Xy)  r(t, Xe) — p(t, Xe)

V1 (t) VQ(t)
(6 X VT, VTED) A (X VIR, VTRD)
- Vi(t) ! Va(t) ’

where \¢ := )\ (t, X, VVA(t), \/%(t)) € G; is the market price of risk at time
t.
Then, we can obtain

6= (6 (£ VD). VW) . Xe)

where

= K1 'N — UN 7“N*,MN
& (1. VWA, Vial0) = (x/vl BNV AONERNAT) \/V2(t>>'

It is an N-dimensional G}-measurable random vector. Thus, the Radon-
Nikodym derivative of Qé with respect to P can be written as

deé br uu
— = +
dP |g \ /V1 \ /V2
t 2 t 2
—1/ Tu — Hu du—l/ Tu — Hu du
2 Jo Vi(u) 2 Jo Va(u)

According to Girsanov’s theorem, we know that

7l 1 brg — Hs
Wt == Wt + dS
0 v Vi(s)

— t —

W :WE+/ P e s

0 /Va(s)

are two standard Brownian motions with respect to {Gi };e7 under Qg. Since
W3 and X are independent of W1 and W4, X is independent of W2, we can
see that W3 and W* are two standard Brownian motions under Qé. Note

that X remains unchanged under the change of the probability measure from
P to Qé. Let

and

02, = 0%, — pro1(re — ), 0% = 03 — paoa(ry — ).
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Then the dynamics (2.2) can be written as
dS(t) = reS(t)dt + /Vi(£)S ) AW, + /Va(t)S(t)dW2,
AVi(t) = 51(0% — Vi(1))dt + prony/Vi() AW} + pro/Vi(DdWE,  (2.4)
AVa(t) = k(03 — Va(1))dt + paoar/Va(8)AWE + paoar/Va(t)dW.
Let W3V = py Wi + 5 W3 and WA := poW2 + 5o W2, Then
dVi(t) = k1 (67, — Vi(t))dt + o1/ Vi (£) AW,
{ dVa(t) = “2@% — Va(t))dt + 02\/%dwt4v-
We remark that, if there is no regime-switching in the risk-neutral dynamics

(2.5) under Qg, then it reduces to the risk-neutral dynamics in [9]. We also
need the following lemma developed in [7].

(2.5)

Lemma 2.2. If X is a regime-switching Markovian chain which has the dy-
namics (2.1), then the characteristic function denoted by fi(¢) with respect to

the stochastic variable ftT(u, Xs)u(s)ds € R is given by

o) = 5% |exp (o v X.Ju(s)ds) ‘ 7| =ttt i),

where I = (1,1,...,1) € RN and

®(t, T;v) = exp </tT (IT" + pu(s)diag[v]) ds) ,

here TI' denotes the transposition of II.

3. MAIN RESULTS

In this section, we adopt a PDE approach to pricing discretely-sampled
volatility-average swaps. Volatility swaps are essentially annualized forward
contracts with realized volatility, which provide investors with a simple way to
trade future realized volatility against current implied volatility. A volatility
swap is a forward contract that relates to the historical fluctuations in the
specified equity index. The amount paid at expiration is based on the notional
amount multiplied by the difference between the realized volatility and the
implied volatility. Assume that the value of the volatility swap at expiry can
be written as (RV(0,N,T.) — Kyo) X L while the current time is 0, where
RV (0, N,T,) is the annualized realized volatility over the contract life [0, 7],
Ko is the annualized delivery price for the volatility swap, and L is the
notional amount of the swap in dollars per annualized volatility point squared.
When the contract is entered, K,, can let the value of a volatility swap be
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zero for both long and short positions. To a certain extent, it reflects the
market expectations of future realized volatility.

At the beginning of the contract of the volatility swap, it clearly defines
the details of the calculation of the volatility RV (0, N,T.). The important
factors for calculating the realized volatility include the underlying assets, the
observation frequency of the price of the assets, the annualization factors, the
lifetime of contracts, and the method of calculating the volatility.

Definition 3.1. According to [10], two different measures of realized volatility
can be defined as follows:

AF L /S(t) — S(te_1) \ 2
RV4(0,N,T.) = | =— x 100 (3.1)
' ! kz( ) )

S(ty) — S(tp—1)

‘ (te-1)
- N
N, T,) =
Va0 N1 =\ 5 2| s

where tg, k= 0... NN, is the kth observation time of the realized volatility in
the pre-specified time period [0, T¢], to = 0, Ty = T, and AF' is the annualized
factor that converts this expression to annualized variance.

and

x 100, (3.2)

For most trading variance swaps or even over-the-counter transactions, the
sampling period is usually constant, which makes calculation of the realized
volatility easier. Therefore, in this paper we assume the discrete observational
values of equal intervals [0,7.]. Then, the annualized coefficient is a simple
expression AF = & = Tﬂe

In order to make sure that the variance is always positive, we require that
2rk:0% > Vi(t), (i = 1,2). Then we will begin our analysis on the risk-neutral
Heston’s model. The conditional expectation at time ¢ is denoted by

o

® = E9%]J.|F),
where F; is the filtration up to time ¢t. The fair delivery price can be presented
by

Ky = ES®[RV(0, N, T,)]

in the risk-neutral world as a given definition of realized volatility RV (0, N, T)
via (2.4). In what follows, we illustrate a PDE approach to get a closed-form
solution to obtain the fair strike price of a discretely-sampled volatility-average
swap whose realized volatility depends on a specific measurement based on
(3.2).
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From the definition of RV, (0, N,T.), we can simplify (3.2) as

Kvol == [RVdQ
. Q@ tk 1)
- /QNTZ‘ Sty) ]xlOO
_ |7 Qs [|5(te) = S(tr—1)
= vt ;EO H S) x 100, (3.3)

where N denotes the whole sampling times of the swap contract. The problem
can be reduced to

S(tk) — S(tk_l)
S(tk_l)

for some fixed equal time interval At and N different tensors ¢, = kAt ,k =
1...N. We consider all the sampling points t; are known constants once the
specific discretization along the time [0, T¢] is made.

We would like to point out that S(tx) and S(tx—1) are the underlying prices
at two future sampling points t; and t;_1 so that the two stochastic variable
S(tx) and S(tx—1) concurrently exist inside of the expectation operator, which
informs the difficulty to our pricing problem. To deal with such difficulty
and obtain the forward characteristic function, we suppose the current time
to be t and ypr = InS(T + A) — In S(T) defines the forward characteristic
function (FCF) f(¢;t, T, A, Vi(t), Va(t)) of yr as the Fourier transform of the
probability density function of yr , i.e.,

] | (3.4)

F(b;t, T, A, Vi(t), Va(t)) = B9 [e‘byT v, Vi(t), Va(t), FX |,  t<T. (3.5)

Note that imaginary unit i = v/—1 has been absorbed into the parameter
¢. For simplicity, the explicit exposition of ¢ does not alter the essence of this
function, so we still call it the FCF. In what follows, we will give the detail
about how to obtain the explicit exposition of the condition value. To get
the characteristic function, we firstly consider the evaluation of the condition
value, or price, of a derivative given the information about the sample path
of the Markovian chain X from time 0 to 7"+ A as well as ]:%(Jr A- After

giving the filtration .7-"7{( » and a realization path of X;, the parameters r; and
02

G 7 =1,2 can be considered to be time-dependent deterministic functions.

The conditional characteristic function is given by the following theorem.
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Theorem 3.2. If the value of the underlying asset is given by (2.5), then the
FCF of the stochastic variable yr = In S(T + A) —In S(T) can be obtained by

F(o3t, T, A VA(t), Va(t)| Froyn) = E96 [T |y, Vi(1), Va(t), Fiyal

2 (3.6)
=e“@TNg [N "Di(6,T);t, T, Vi), Valt) | ,j =1,2,
j=1
where
T+A 2
C(¢7t) = /t T¢ + Zﬁjejz‘Dj((ﬁy 3>7Xs d37
j=1
aj +bj 1—ebiT+A-Y)
Dj(¢,t) = =—5~ AT (3.7)
o 1-— gje i (T+ )
J J A ] J i i ’ 7 aj _ bja 9
and
( 2 2
S Fi(d0)+ 3 Gi(6)V;(t)
9(o;t, T, Vi(t), Va(t)) = €= =t ,
T ~;
Fi(6,1) = /t (kiBG(.5). X, ) ds. (3.8)
2K
Gi(p,t) = J . j=12.
3 1) 032-¢ + (2K5 — a?gb)ekj(T*t) J

Proof. Assuming the current time is ¢(t < T'). Let
yr =InS(T+A) —InS(T),

where S(t) is the underlying price according to the Heston’s model. When
given the filtration ]:7{( A the parameters 7 and 932't (j = 1,2) can be consid-

ered to be time-dependent deterministic functions, and the FCF of yr can be
defined as

P63t T, 0, Vi(1), Va(1)) = B0 (e [y, Vi(1), Va(t)). (3.9)
Then, by using the tower rule of expectation, one has
f(:t,T,A,V1(0), V2(0))
= E9 |E98[e™ |yr, Vi(T), Va(T)]lye, Vi (1), Va(t)| - (3.10)

The inner expectation E<96[e®T|yp, Vi(T), Va(T)] can be solved by utiliz-
ing the Feynman-Kac theorem, which has been presented in [9]. We define
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(¢3t, X, Vi(t), Va(t)) = E2e[e?T|yp, Vi(T),Va(T)] with T < t < T + A

such that
( OU ~ 8U ou
L L o*’U 1 . o*U
1V1()av<) T3 (%V()
aU o*U (3.11)
= (Vi) + Va(0)] S + 50 + V(1) 50y
2U 0*U
toVinggra t oV ggar =0
Uds T+ A, X, Vi(t), Va(t) = e,
InSp(T <t < T+ A). Inspired by the solution proposed

where X = 1InS; —
by [9], we assume that the solution has the following form

(6:)+DL(@DVA () +Da(9)Va(D)+6X (3.12)

U(¢7 tv X7 Vl(ﬂa VQ(t)) = eC
then we can get

d+ﬂ%0+%%0
+ 02V2( )D3 + plr(t) — §(V1(75) + Va(1))]

+ ¢DaoapaVa(t) =0

+ [ (63, Vl())]DlJr[/fz(@ = Va()1D2

+ Ulvl()

i §¢ (VA(t) + Va(t)) + ¢Dro1p1 Vi (t)

Thus, the PDE (3.11) reduces to the ordinary differential equations (ODEs)

oC ~ ~
= T’(t)(;5 + Iilg%tDl + ﬁg@%tDQ,

ot
% = %(¢ —1)¢+ (01p1¢ — K1)D1 + EU%D%
%Z%(éf)—l)cﬂ-(o’ww ko) Da + 10’ 5D3,
with initial conditions
C(p, T+ A) =0,
Dy(¢, T+ A) =
Dy(¢, T+ A) =

These ODEs can be solved by the solutions
eCOD+DIGOVIO+D2(s)V2 (40X P < g < T 4 A,

Ulgst, X, Vi(t), Va(t)) =
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where,

,

T+A 2 —
Clg,t) = / r(5)6+ 3 w0 (5)Dj(s) | ds,
t =

D61y = +b; 1—ebi(T+A-1) (3.13)
a; + b; _
aj = Kj = pjoj¢,  bj= \/a§ +o}(6—¢%), g =27 =12
J J

At time T', one has X =In S(T') —InS(T") = 0. Thus, we can obtain

E26 [T |yr, Vi(T), Va(T)] = U($; T, X, Vi(T), Va(T))
C(@T)+D1(¢,T)V1i(T)+D2(,T)Va(T)

Let

91(6,t, T, Vi (1)) = E9[e? D |yp, Vi(T))]
92(,t, T, Va(t)) = E26[e?V2 (M |yp, Vo(T)),
9(o,t, T, Vi(t), Va(t)) = g1(,t, T, Vi(t))g2(9,t, T, Va(t)).

Applying the characteristic function g(¢,t,T,Vi(t), Va(t)) of the stochastic
variable Vi(T') and V5(T'), the affine-form solution facilitates the calculation
of the exterior expectation (0 <t < T'). Utilizing the Feynman-Kac theorem
again, we can find the solution of g(¢,t,T, Vi(t), Va(t)) satisfies the following
PDEs:

)

o 2
G+ 30tVigos + (81, — Vi) 5it] =0,
.gl(d)vT? Ta‘/l) = 6¢V1

and

8g2 + 2 2V23V2 + [52(9215 Vz)gﬁ] =0,
gz<¢,T T,Va) = V2.

Following the solution procedure developed by [9], we can solve the two PDEs
by firstly guessing that the solution might be the form

(0,1, T, V) = M OTOEON,
g2 ((;5) tu T7 ‘/2) = 6F2 (¢’t)+G2 (¢7t)V2 (t) *
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The functions G1(¢,t), Ga(¢,t) and Fi(¢p,t), Fi(¢,t) can be found by solving
the two Riccati ODEs:

- % = —rk1G1 + %U%G%a
- ‘ili; = 162Gy

and
- d%g = —roGa + %O‘%G%,
— % = @5%(}2

with initial conditions
F1(¢)T) - 0) F2(¢7T) = 07 Gl(¢7T) = ¢7 G2(¢’T) = ¢)
Then we can get the solutions
T ~
Fi(ovt) = [ aB(5)Gi(s)ds,
t
2K1¢

Gr(6,t) =
00 = o G — ol T
and
T ~
Py, 1) = / o 02(5) G (5)ds,
t
220
t) = .
G2(¢7 ) O'%(Z5 + (2%2 o U%¢)652(T—t)
Thus,

9(6,1, T, VA(1), Vo (1)) = grgs = P BOTCUONVOHF(60+CaB0000),
This completes the proof. ]

In the sequel, we will get the expectation of (3.6), where r; and §]2.t depend
on the path of X process up to time T' + A. Firstly, we have

F(S5 T A V() Valt))
= B9 [eMrly, Vi(t), Va(t), 77|
= 1% |E% |7 lye, Vi(t), Valt), F¥sa | lun Vi(D), Valt), FY
(3.14)
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2
= E% (@D g [ Dj(o, T)it, T, Vi (t), Va(t) | | e, Va(), Va(t), F¥
j=1

T+A 2 ~
— E9% |exp / r¢+2/€j932Dj(¢,8),Xs ds
T .
7j=1

T 2 N
“ <Zﬂj9?Gj<Dj<¢,T>,s>,Xs>ds
j=1

2
2r;D;i (¢, T) |
! J; UJQ'DJ'(QS, T)+ (2k; — O’;Dj(gb’ T))ers(T—1) V;(t)

= E9% [exp </tT+A<J1(s) + Jo(s), X5>ds>

Y, Vi (1), Va(t), Fi¥

Yt, Vl(t), ‘/2(1;)7 ]:tX

2
X exp Z Vi(t)G;(Dj(¢,T),t)
=1

Here, functions Ji(t) and Ja(t) are given by

JHr(t)
)Hr(t)
and Hrp(t) is a Heaviside unit step function, when ¢ > T, Hp(t) = 1, or else

Hyp(t) = 0. The core calculation involved in equation (3.14) can be simply
represented in the form

£% [exp < /t " Xs>u(s)ds>

where v is an RV vector and u(s) is a general deterministic integrable function.

Utilizing Lemma 2.2 and all the derivation procedures above, we can obtain
the characteristic function of yr = InS(T'+ A) — InS(T") under the regime-
switching environment as follows

{ Ji(t) = £103G1 (D1 (6, T), t)(1 — Hr(t)) + (r + 5101D1 (¢, 1)) Hr(t
Jo(t) = k203Ga(Da(¢, T),t)(1 — Hr(t)) + (r¢ + r203Da(, ) t

9
9

]—}X},

PS5 T A V(1) Valt) = B9 |7 |y, Vi (1), Va(t), ¥ |

2
=oxp [ Y Vi()G(D(6,T),1) | (D8, T + A;Jy + o) Xy, 1),
j=1
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where
b 1 — b THA-D)
Dj(g1) = B =
o; 1-—gje i (T+A-1)
and
259
Gi(p,t) = : , j=1,2.
J(¢ ) O'qub + (QK,j _ J]2¢)eﬁj(T—t) J
Here
a;j + bj
aj = Kj = pjojp, bj= \/a§ +oi(d—9?), gj=—"—"
CLj —bj
and

T+A
o(t, T+ A; Jy + J2) = exp </t (211" + diag[J1(s)] + diag[Jg(s)])ds)
with
T(t) = 102G, (D36, T (1 = Hr(8) + (v + 5,070, (6.1) ) Hr(®), j =12

In the sequel, we will obtain the closed-form pricing formula for the volatility
swaps. By utilizing the FCF, we denote p(ys,—1.,) as the probability density
function of the stochastic variable y;, 14 = InS(tx) — InS(tx — 1) which
can be obtained by presenting the inverse Fourier transform. We also let
Qr:=prob(ys,—1,+ > 0) be the probability of the event y; 1 > 0. Based
on the relationship between the characteristic function and the cumulative
function, we can write Qi as follows:

o
Qk :/ P(ytkflztk)dytkflvtk
0

11 /00 Re [f(cbi; i1,k At Vi(0), V2(0))
0

:§+; o

(3.15)

do.
We indicate that the function

QYo —1,0,) = €Wy, gy ) (AL =t — 1)
satisfies the following two properties via equation (3.15)
(1) Q(—i_ytk—l,tk) Z 07
.o o0
(ii) f_oo q(ytk—htk)dytk—htk =1

Therefore, it can be concluded that the function ¢(y:,—1.+,) is a probability
density function of ¢(ys,—1.4,), whose characteristic function

f(@str—1,tr, At, V1(0), V2(0))
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can be defined as follows:
F(@:trr t, AL VE(0), Vo(0)) = FleWnrt ™" 0p(y,, )
= e "M Fle 1 p(yy, 1))
= e A (i + 15 tg_1, tr, At, V1(0), V2(0)).

(3.16)
We note that
f(d)za te—1,tk, At, ‘/1(0)7 VQ(O)) = f[p(ytk—htk)]
and the Fourier transform is defined as
+oo
F¥(x)] :/ T () da.
Similarly, we can get the probability
—~ oo (y —At)
Qr = / e ot P(Yti_y 1) Wt 1 12
0
11 [t TrALE (i + 1itg—1, t, At V1(0), Va(0
_ _|_/ Re[e f(¢i+ 1 b, At 1(0), V2(0)) do.
2 ™ Jo ¢Z
Based on the above procedures, the expectation in (3.4) can be written as:
- S(t
E()Qe |: (k) -1 y07V1(0)7‘/2<0)7~F0X)]
S(tk—1)
+oo
N / | =1% — 1p(ye, —1,6,) Yt —1.1,
—00

“+o0
- / (=11 — 1)p(y, 1.0, )ty 100
0

0
+ / (1= " =1")p(ye, 1,6, ) Ayt —1,t,

— 00

+o0 0
= _/ p(ytk—l,tk)dytk—l,tk +/ p(ytk—l,tk)dytk—l,tk
0

+o0o 0
+ 6TAt (/0 p(ytkfl,tk)dytkfl,tk _/ p(ytkl,tk)dytkl,tk)
—0o0

= 1—2Q + " (2Q), — 1)
2 o0

= / Re[My]do,
™ Jo

where
M, = (@14 1itp 1, g, At, V1(0),V2(0)) — f(dd;te—1, tr, AL, V1(0), V2(0))

i
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Thus, (3.3) can be carried out all the way with k& ranging from 1 to N which

indicates to the final pricing formula for the volatility swaps as follows:
Z tk tk: 1)
2N T, S(tk—1)

] x 100
2 o
— 1/WNTG/O I;Re[Mk]dqﬁx 100.

Therefore, we get the closed-form solution with respect to the fair strike price
for the volatility swaps.

Kvol = E e[RVdQ

Qo

Remark 3.3. We would like to point out that the double stochastic volatility
model can be expanded to a multi-stochastic volatility model, which can be
derived to obtain the characteristic function to pricing the volatility swaps.
As a result, it depicts market risks and other uncertainties more accurately.

4. CONCLUSION

In this paper, we develop a pricing volatility derivatives model to analyze the
double-stochastic volatility swaps via a continuous-time Markovian-modulates
version of Heston’s stochastic volatility model. In general case, the market in
the framework of Markovian-modulated model is incomplete with many equiv-
alent martingale pricing measures. To overcome this difficult, we define a mar-
tingale pricing measure to value the volatility swaps via the regime switching
Esscher transform by [5]. We also use the Heston’s stochastic volatility model
to describe the underlying asset’s price and extend the one-factor volatility to
the double stochastic volatility. Then, we obtain a closed-form solution to the
discretely-sampled volatility swaps where the realized volatility is defined as
the average value of the asset price of the absolute percentage increment. It
can be considered as an appropriate progress in the field of pricing volatility
swaps.

This study also shows that the proposed solution can be used to calculate
the lower limit of the corresponding standard derived swaps, in which the
volatility is defined as the square root of the average value of the variance. In
addition, the efficiency of the calculation is improved significantly in helping
the practitioners pricing volatility swaps by using the new analytical formula
developed in this paper. However, we do not consider the case (3.2) in our
model, which is also important in pricing volatility swaps and should be further
investigated.



Pricing volatility swaps under double Heston stochastic volatility model 733

Acknowledgements: The authors are grateful to the editors and referees for
their valuable comments and suggestions.

[1]
2]

3]
(4]
[5]
[6]

7]

(8]

[9]

[10]

[11]

[14]
[15]

[16]

[17]

REFERENCES

A. Biswas, A. Goswami and L. Overbeck, Option pricing in a regime switching stochastic
volatility model, Statistics and Probab. Letters, 138(2018),116-126.

P. Christoffersen, S. Heston and K. Jacobs, The shape and term structure of the index
option smirk: Why multifactor stochastic volatility models work so well, Management
Science, 55(12)(2009),1914-1932.

J.C. Cox, J.E. Ingersoll and S.A. Ross, A theory of the term structure of interest rates,
Econometrica, 53(2)(1985), 385-407.

R.J. Elliott, L. Aggoun and J.B. Moore, Hidden Markov models: estimation and control,
Springer-Verlag, 1995.

R.J. Elliott, L. Chan and T.K. Siu, Option pricing and esscher transform under regime
switching, Ann. of Finance, 1(4)(2005), 423-432.

R. J. Elliott and T. K. Siu, On risk minimizing portfolios under a Markovian regime-
switching Black-Scholes economy, Ann. of Opera. Research, 176(1)(2010), 271-291.

R. J. Elliott and G. H. Lian, Pricing variance and volatility swaps in a stochastic
volatility model with regime switching: discrete observations case, Quantitative Finance,
13(5)(2013), 687-698.

A. Grunbichler and F. Longstaff, Valuing futures and options on volatility, J. Banking
and Finance, 20(6)(1996), 985-1001.

S.L. Heston, A closed-form solution for options with stochastic volatility with appli-
cations to bond and currency options, The Review of Financial Studies, 6(2)(1993),
327-343.

S. Howison, A. Rafailidis and H. Rasmussen, On the pricing and hedging of volatility
derivatives, Appl. Math. Finance, 11(4)(2004), 317-346.

F. Mehrdoust and N. Saber, Pricing arithmetic Asian option under a two-factor sto-
chastic volatility model with jumps, J. Statistical Comput. and Simul., 85(18)(2015),
3811-3819.

L.C. Robert, J. Eliott and T. K. Siu, Pricing volatility swaps under heston’s stochastic
volatility model with regime switching, Appl. Math. Finance, 14(1)(2007), 41-62.

T.K. Siu, H Yang and J.W. Lau, Pricing currency options under two-factor Markov-
modulated stochastic volatility models, Insurance: Math. and Economics, 43(3)(2008),
295-302.

A. Swishchuk, Modeling of variance and volatility swaps for financial markets with sto-
chastic volatilities, Wilmott Magazine, 2(2004), 64-72.

S. Zhang and Y. Sun, Forward starting options pricing with double stochastic volatility,
stochastic interest rates and double jumps, J. Comput. Appl. Math., 325(2017), 34-41.
S.P. Zhu and G.H. Lian, A closed-form exact solution for pricing variance swaps with
stochastic volatility, Math. Finance: An Inter. J. Math. Statistics and Finan. Economics,
21(2)(2011), 233-256.

D. M. Zhu, J. Lu, W. K. Ching and T.K. Siu, Option pricing under a stochastic interest
rate and volatility model with hidden Markovian regime-switching, Comput. Economics,
53(2019), 555-586.



