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1. INTRODUCTION

In this paper, we consider the following m-order nonlinear integrodifferential
equation in N variables

u() = glz) + /Q Ko,y u(y), Dyu(y), - . Dlu(y))dy,  (L1)

where x = (z1,--- ,xy) € Q= [0,1]V andg: Q- R, K: Qx QxR 5 R

are given functions. Denote by Diu = %, the partial derivative of order
1

i =1, m of a function u(x) defined on 2, with respect to the first variable.

It is well known that, integral and integrodifferential equations have at-
tracted the interest of scientists not only because of their major role in the
fields of functional analysis but also because of their important role in nu-
merous applications, for example, mechanics, physics, population dynamics,
economics and other fields of science, see Corduneanu [5], Deimling [6]. In
general, existence results of integral and integrodifferential equations in one
variable or N variables, have been obtained via the fundamental methods in
which the fixed point theorems are often applied, see [1]-[20] and the references
given therein.

In [17], based on the applications of the well-known Banach fixed point
theorem coupled with Bielecki type norm and a certain integral inequality
with explicit estimate, Pachpatte proved uniqueness and other properties of
solutions of the following Fredholm type integrodifferential equation

b
x(t) = g(t) +/ Ft, s, a(s),2'(s),- -, a™ D (s))ds, t € [a,b],

where x, g, f are real valued functions and n > 2 is an integer. With the
same methods, Pachpatte studied the existence, uniqueness and some basic
properties of solutions of the Fredholm type integral equation in two variables
as follows, see [18],

a b
u(e.g) = £+ [ [ Goes tus, ). Dru(s. ), Dauls, 1) deds,
o Jo
and those of certain Volterra integral and integrodifferential equations in two

variables, see [19].

In [4], El-Borai et al. have proved the existence of a unique solution of a
nonlinear integral equation of type Volterra-Hammerstein in n-dimensional of
the form

ud(e.t) = f.1) + A /0 /Q F(t,7)K (2, y)y (7,5, (y, 7)) dydr,
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where z = (21, -+ ,2n), y = (Y1, ,Yn); 4, A are constants. After that, in
[1], Abdou et al. investigated the following mixed nonlinear integral equation
of the second kind in n—dimensional

up(at) = A / k(e 97 (v, 0y, 1)) dy
Q
+A/O /QG(t,T)k(%y)v(ﬂy,¢(y,T))dydT

A /O Pt 1), 7)dr + f(x,8),

where z = (21, ,2Zn), ¥y = (Y1, -+ ,Yn). Also using the Banach fixed point
theorem, the existence of a unique solution of these equations were proved.

Abdou et al. also considered the existence of integrable solution of nonlinear
integral equation, of type Hammerstein—Volterra of the second kind, by using
the technique of measure of weak noncompactness and Schauder fixed point
theorem, see [2].

In [11], Lauran established sufficient conditions for the existence of solutions
of the integral equation of Volterra type by using the concepts of nonexpansive
operators, contraction principles and the Schaefer’s fixed point theorem.

In [3], Aghajani et al. proved some results on the existence, uniqueness and
estimation of the solutions of Fredholm type integro-differential equations in
two variables, by using Perov’s fixed point theorem.

Recently, in [8], [12]-[16], using tools of functional analysis and a fixed point
theorem of Krasnosel’skii type, we have investigated solvability and asymptot-
ically stable of nonlinear functional integral equations in one variable or two
variables, or N variables.

Motivated by the above mentioned works, in this paper, we consider (1.1)
and prove two existence theorems. First, applying the Banach theorem, we
obtain the unique existence of a solution of (1.1) in Theorem 2.2. Next, ap-
plying the Schauder theorem, the existence of solutions of (1.1) will be given
in Theorem 3.2. Furthermore, the compactness of solutions set is also proved.
In order to illustrate the results obtained here, two examples are given.

2. THE UNIQUE EXISTENCE

We begin this section by constructing an appropriate Banach space for (1.1)
as follows. By X = C(£2;R), we denote the space of all continuous functions
from €2 into R equipped with the standard norm

lul| x = sup u(z)[, v e X. (2.1)
e
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Put
Xp={uecX=CE;R): Diuc X, i=T1,m}. (2.2)
We remark that C*(Q;R) \ X, # ¢, X \ CHQR) # ¢, X, NCH(Q;R) #
¢y Xom # CF(R) forall k=1,2,---,m=2,3,--- .
Indeed,
(i) with u(z) = [a1 = 3| (21— 3) |22 = 5| (v2 = 5) - |on — 5[ (en = 3),
we have u € C*(;R), but u ¢ X,,. Hence C*(Q;R) \ X, # ¢;
(ii) with v(z) = 2! |z — 3| + 3TN we have v € Xy, but v ¢
CHR). So X, \ CHELR) # ¢;
(iii) X, NCL(EGR) # ¢ holds, by w =0 € X,,, N CL(Q; R);
(iv) X # CH(4R) forall k = 1,2,--- , hold, because X,, \ C1(;R) # ¢.

Lemma 2.1. X, is a Banach space with the norm defined by
lullx, =llullx + 3 [Djully =37 [Diully, ve Xm  (23)
Proof. Let {u,} C X, be a Cauchy sequence in X,,,. Then
[Jup — uqHXm = [Jup — uqHX + Z:l HDll'up - Di“leX — 0, as p, ¢ = o0.

It implies that {u,} and {Diu,} are also the Cauchy sequences in X. Since
X is complete, {u,} converges to u and {Dju,} converges to v() in X i..,

Uy —ully = 0, ||[Diu — @ — 0, asp— 00, i =1,m. 2.4
P X 1Up X

We have to prove Diu =@ =T, m. For i = 1, we have
xr1
up(z1,2") — uy(0,2') = / Diuy(s,z’)ds, V(x1,2") € Q. (2.5)
0
By ||up —ully — 0, we get

up(z1,2") — up(0,2") = u(zy,2") — u(0,2"), V(z1,2") € Q. (2.6)

On the other hand, it follows from ||Dyu, — o) HX — 0 that

Tl 1
/ Dyuy(s,z')ds — / oW (s, 2")ds, V(z1,2') € Q, (2.7)
0 0

since

1 1
/ Dyuy(s,z")ds — / v (s, 2")ds
0 0

T
S/
0

SHDlup—v(l)HX — 0.

Dyuy(s, ') — v (s,2")| ds
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Combining (2.5)-(2.7) yields
Z1
w(xy,z") — u(0,z") —/ v (s, 2")ds, V(x1,2") € Q. (2.8)
0

It implies that Diju = v(M € X. Let Dlu =0@ i=1,---,r < m. We shall
show that D™y = v+ We have

Z1
Diuy(z1,2") — Diuy(0,2") :/0 Dy, (s, 2 )ds, Y(x1,2') € Q. (2.9)
Because of || Dju, — Diul|y, — 0 and HD{Jrlup p(r+D) HX — 0, we obtain

1
Diu(xq,2") — Dju(0,2") = / o) (s, 2)ds, V(x1,2') € Q. (2.10)
0

Then DT'Hu ="t € X. By induction, we deduce that Diu = v, i =1, m
Therefore u € X, and up — u in X;,. Lemma 2.1 is proved. O

Now, we make the following assumptions.
(A1) g € X
(A2) K € O(2 x Q x R™TLR),
such that D1 K, D?K,--- , DI'K € C(Q x Q x R™tLR),

and there exist nonnegative functions ko, k1, - , kn : Q x 2 — R satisfying
i =X osupfg (z, y)dy <1,
(11) ‘DZ x7y,u07"'a ) DiK(xay,’aOaaam)’

< kl(x’y) ZT:O ’/U’J 7ﬂ]| ,V(.’E,y) € QXQv V(uOv"' aum)v (ﬂo,"‘ 7’am)

e R™ i =0,m.
Theorem 2.2. Let the functions g, K in (1.1) satisfy the assumptions (A1),
(Ag). Then the equation (1.1) has a unique solution in X,,.

Proof. For every u € X,,, we put
(Au)(x /K z,y;u(y), Diu(y),-- -, D*u(y))dy, = € Q. (2.11)

A simple verification shows that Au € X, for all © € X,,,. It is obvious that
A : X, — X,, is a contraction map, if we show that
[Au — Al y < Bllu—1aly , Yu,u € Xy (2.12)

For every u, u € X,,, for all x € Q, using (A2) and (ii) with ¢ = 0, (2.11)
implies
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(Au)(z) — (An)(@)] < / K (2,5 u(y), Dyu(y), -, Duy))
K(z,y:a(y), Dyay), - DPa(y))| dy

< [ ke 7, [Pluts) = Dt ay

< (sup/ ko(%y)dy) Ju —al
zeQ JQ

Thus we have

4u aaly < (sw [ hoody) lu-aly,. (@13
Similarly, by
Di(Au)(w) = Dig(e) + | DK (a,ysu(y). Druly). - D)) dyo <
using (Az) and (ii) with i = 1,m, we get
| D} (Au)(x) — Di(Au)(z)| < /Q | DiK (z, y; u(y), Dyu(y), - , D"u(y))
—D'{ K (z,y;uly), D1a(y),- -, D"u(y))| dy

g/gki(x,y) Z;":O‘D{U(y)—l?{ﬂ(y)‘dy

< <sup / ki@,y)dy) .
xeQ JQ

Hence we have

|D1 (Au) = Di(Aa) < (sup / ki<x,y>dy> lu —all, (2.14)

zeQ JQ
From (2.13) and (2.14), (2.12) holds. Applying the Banach fixed point theo-
rem, Theorem 2.2 is proved. O

3. THE COMPACTNESS OF SOLUTIONS SET

In this section, by applying the Schauder fixed point theorem, we prove that
the existence of solutions of (1.1) in X,, and the compactness of solutions set
can be obtained by making the following assumptions:

(Al) 9 € Xm;
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(A3) K € C(Q x Q x R™TLR) such that
DK, D?K, -, DI'K € C(Q x Q x R"F1;R),

and there exist nonnegative functions ko, k1, , km :  x Q — R satisfying
(i) B=232% Sup Jo ki(z,y)dy < 1,
[AS

Y(ug, -+ ,um) € R™TL i =0, m.

For the above purpose, we need a sufficient condition for relatively compact
subsets of X,,, as follows.

Lemma 3.1. Let F C X,,. Then F is relatively compact in Xy, if and only
if the following conditions are satisfied
(i) IM >0 lully, <M, Yu € F;
(i) Ve > 0,30 >0:Vz, 2 € Q, |z —Z| < 6 = sup [u(z) —u(Z)]x <&,
u€eF
‘ ‘ (3.1)
where [u(z) — u(Z)]x = u(z) — w(@)| + X7 |Diu(z) — Diu(z)|.

Proof. (a) Let F be relatively compact in X,,,. Then F is bounded, so we have
(i). It remains to show that (ii) holds. For every € > 0, considering a collection
of open balls in X,,, with center at u € F and radius 3, as follows

B(u,5) ={u € Xp : lu—1ly <5} uerF.

It is not difficult to verify that F C |J,cr B(u, §). Since F compact in X,
the open cover {B(u, §), u € F} of F contains a finite subcover, it means that
there are u,- -+, u; € F such that F C U?zl B(uy, §).

The functions u;, Djuj, i = 1,m, j = 1,q are uniformly continuous on (2,
so there exists d > 0 such that

Vo, 2 € Q, |z -7 <d = [uj(zr) —u;(@)]x < 5, Vj=1,q

W m

For all u € F, note that u € B(uj,, 5) for some jo = 1,q. Thus, for all z,
z € Q,if |z — z| < J then we get

[u(e) — u(@)lse < [u(@) = wjo ()]s + [ujo () = wjo (T)]x + [wjo(T) — u(T)]%
< 2|lu — uy, me + [w)o () — ujo (T)] %
< % + £ = E.
3 3
This implies that (ii) holds.
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(b) Conversely, let (3.1) hold. Then we have to prove that F is relatively
compact in X,,. Let {u,} be a sequence in F, we have to show that there
exists a convergent subsequence of {u,}.

y (3.1), F1 = {up, : p € N} and F§ = {Diu, : p € N} are uniformly
bounded and equicontinuous in X. Hence an application of the Ascoli-Arzela
theorem to F; implies that it is relatively compact in X, so there exists a
subsequence {up, } of {u,} and u € X such that

|tp,, — ull y — 0, as k — oo.

Remark that {Diu,, : k € N} C F3 is also uniformly bounded and equicon-
tinuous in X, so it is also relatively compact in X. We deduce the existence
of a subsequence of {Dju,, }, denoted by the same symbol, and v® e X, such
that

HDlupk (i)HX — 0, as k — oo.
By the fact that

1
Uy, (z1,2") — up, (0,2") = / Dy, (s,2")ds, V(z1,2") € Q,
0
furthermore |jup, — ully — 0 and ||Diu,, — v(l)HX — 0, we obtain
1
u(zy, ') —u(0,2) = / v(l)(s,x')ds, V(z1,2') € Q.
0

It implies that Dju = vV € X.

Let Diu=v® =1 .- r<m. We shall show that D y = p(r+1)
We have
Tl
Diup(1,2') — Dyup(0,2') = /O DI (s, 2')ds, V(o a!) € Q. (32)

From || Dju, — Djully — 0 and || D{* u, — v+ — 0, we obtain

Diu(xy,2") — Dju(0, ") :/ o (5, 2" ds, V(x1,2') € Q. (3.3)
0

Then D}y = v+ € X. By induction, we deduce that Diu = v® i =T, m.
Therefore u € X, and up,, — u in X,,. This completes the proof. O

Theorem 3.2. Let the functions g, K in (1.1) satisfy the assumptions (A1),
(A2). Then the equation (1.1) has a solution in X,,. Furthermore, the set of
solutions of this equation is compact.

Proof. Considering the operator A as in (2.11). It is not hard to verify
A: X, — X,,. For p > 0, considering a closed ball in X,,, as follows

B,=f{uc X : lulyx, <pb.
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We can show that there exists p > 0 such that A : B, — B,. Indeed, for every
u € B, for all x € 2, we have

(Aw)@)| < o)+ / K (2, y;u(y), Dyauy), - Du(y))| dy
< ||g||X+/koa:y(1+Z u(y)|) dy

lollx + /Q Fo(w ) (1 + llull ., ) dy

< gy + (1 +p) (sup / z%o<x,y>dy),

e

IN

it implies that

lAully < lglly + 1+ p) (iES / z%o<x,y>dy) . (3.4)

Similarly, we have

| D} (Au)(z)| < {D’ig(w)!+/Q\D’iK(x,y;U(y),Dlu(y)w-,DTU(y))\dy

D3l -+ ) (sup [ o).

IN

therefore

HDZI(AU)HX HD gHX (1+p) (sup/ Ei(x,y dy> (3.5)

This yields

IAull,, < lolx,, + (1 +9) S0 sup [ Eeg)dy < lallx, + (1 +9) .
(3.6)
Choosing p > [lgllx, + (1 +p) 3, ie p> ||9me+ﬁ . Then A: B, — B,,.
Now we show that the operator A Satlsﬁes two conditions as below.
(i) A: B, — B, is continuous.
(ii) F = A(B,) is relatively compact in X,.

To prove (i), let {up} C B, [lup —ully, ~— 0, as p — oo, we have to prove
that

| Aup — Aully — 0 and Z | D} (Aup) — Di(Au)]|,, — 0, (3.7)

as p — 00.
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Note that
|(Aup)(z) — (Au)(z)] < /QIK(I,?J;up(y),pr(y)v -5 Ditup(y)) (3.8)
—K(z,y;u(y), Diu(y), -, D"u(y))| dy.

Give € > 0. Since the function K is uniformly continuous on Q x Q x

[—p, p]™ "L, there exists § > 0 such that for all (ug,- - ,um), (G0, ,Um) €
_ m+1
[=p. p]™, N )
Zi:O ]uz — Uz| < 0.
Hence
‘K(IE,y;Uo,"' 7um) _K(zay;a()a"' 7ﬂm)| <g,

for all (z,y) € Q x Q.

By |lup — ully + Y1ty || Diuy — D?LUHX — 0, there is pg € N such that for
all p € N with p > po,

m . .
|up — ullx + Zz’:l HDZIUP - i“”X <.
It follows that for all p € N, with p > po,
’K(Iﬂ,y, up(y)a Dlup(y)a B3] ’inup(y)) - K(l’,y7 u(y), DlU(y), (33} Tu(y)” <g,
for all (z,y) € Q x Q. So we have
|(Aup)(z) — (Au)(z)| <e, Vo e, Vp=>po,

it means that
| Aup — Aully <, Vp = po, (39)
ie., [[Aup, — Aul|y — 0, as p — oo.
By the same way, we get || Di(Aup,) — Di(Au)HX — 0, as p — oo, for all
1=1,m.

To prove (ii), we use Lemma 3.1. Condition (3.1) (i) holds because of F =
A(B,) C B,. It remains to show (3.1) (ii). We have

[(Au)() — (Au)(@)],
< [9(z) — 9(@)]4 + /Q (K (z,y:u(y), Dyu(y). -, DY'uly))

—K(z,y;u(y), Diu(y), -, DT"u(y))l4 dy, (3.10)

for all z,z € €2, and u € B,,.
Let € > 0. By the fact that DiK, i = 0,m are uniformly continuous on
Q x Q x [—p, p|™ 1 there exists §; > 0 such that for all z, z € €,

)

|1E*ZE| <61 — [K(%ZUWO»"' avﬂ’L)iK(‘%)y;UOF" ,’Um)]* <

| ™
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for all (y,vo, -+ ,vm) € Q x [—p, p]™ L. Then, for all 2, Z € Q, |z — 7| < d1,
_ I3
(K (x,y; u(y), Dru(y), ..., D*u(y)) — K(Z,y; u(y), Diu(y), ..., DT"u(y))]x <

57
for all (y,u) € Q x B,. Hence, for all z, z € Q, | — Z| < 41,

/Q (K (2, y:u(y), Dyu(y), - . DYu(y))

— K(z,y;u(y), Diu(y), -, D"u(y))|xdy
, Vu € By.

l\D\(‘ﬂ

Since D1 g, i = 0,m are also uniformly continuous on 2, there is d5 > 0 such
that

Vo, 2 €Q, |v—2| <d = [g9(z) — g(T)]y <

DN ™

Choose 0; = min{dy, d2}, it yields

- e €
Vo,z € Q, |v—7| <d = [(Au)(x) — (Au)(7)]y < 3 + 3=6 Yu € B,.
(3.11)

Lemma 3.1 implies that F = A(B,) is relatively compact in X,.

Applying the Schauder fixed point theorem, the existence of a solution is
proved. Finally, we show that the set of solutions, S = {u € B, : u = Au},
is compact in X,,. From the compactness of the operator A : B, — B, and
S = A(S), we only prove that S is closed. Let {uy} C S, [lup —ullx, ~— 0.
The continuity of A leads to

lu = Aullx, < llu—ullx,, +llup = Aull
= llu—ul,, +Aup = Aulx —0,

so u = Au € S. This completes the proof. O

4. EXAMPLES

In this section, we present two examples to illustrate the results obtained
in sections 2, 3.

Example 4.1. Consider (1.1), with the functions g, K as follows

K(z,y;up, ..., um) =k(z )[ YN sm( TTUQ >+E LYY COS(D?WUEy))}’
g(x) = wo(2) = 7L raywk(@),

(4.1)
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where
N
wo(z) = €™ 4" jza —a|”? + Z |z; — af, (4.2)
i=3
~ 3 N
k(z) = a]'|ze—a™+ Z |z; — al,
=3
and «, 1, V2, &, Y1, Y2, Qg, A1, , Qu, are positive constants satisfying
O<a,a<l, 0<y,72<1l, v >m, 7 >m,
20 S Gy [ (1 + z‘!cgl) max{a®, (1 - a)*} (4.3)
+(N — 2) max{a,1 — d}} <1,
-1 —i+1
with C’Z 7 (n ) ,' (it ) Then we have
i!
N
wo(z) = e 4]t |ra—a|”? + Z lz; — af,
=3
Diwg(z) = € + i!C’f/ N 2y — a2,

so wg, Diwg € X and wo(z) > 1, Diwg(x) > 1. Hence K € C(QxQxR™TLR).

We can prove that (A1), (Ag) hold. It is easy to see that (A;) holds, since
wo, k € Xm-

Assumption (Ag) holds, by the fact that:

First, we have Dtk € X,

m
(a) op U ) o ( 27T'U/Z >
Y1 Yy sSin | ——— | + E yteryvcos | —— ) |,
! N <2w0(y) i N Diwo(y)

so DK € C(2 x Q x R™TL R);

DiK = Dik(x)

| K(z,y3u0, -+ s um) — K(z, 500, , Um) |
- o, 27w — U]
< k(a) |ygo . ygo ™ Il0 — Gol “0‘ E, g £ Ui — Ui
= ()[yl ?JN 2w (y Y1t YN Diwo(y)
m
< 2mk(z Zy ot — U]

= ko(z,y) ijo lu; — 4], (4.4)



On a m-order nonlinear integrodifferential equation in N variables 787

in which ko(z,y) = 27k(z) > gy - - -y - Similarly, we have

luj — ],

(4.5)

| DK (x,y; ~ DK (z,y G0, )| < ki "
1 7y7U07"‘7Um) 1 (xvyau()v ,Um)‘_ Z(xay)z,:

with ki(z,y) = 27 |Dik(z)| X0yt -y, i =1,m.

Next, we have

% “ o7} g . m 1 i
/Qki(x,y)dy—2W}D1k(x)‘/§2jz:%ylj...y]\;dy—27rzjOW‘le(:):)‘.
(4.6)

We also have the following lemma, its proof is easy so we omit.

Lemma 4.2. Let positive constants «, y2, v1 satisfy 0 < o < 1, v > 0,
0 < <1. Then

0 <z]' |z — a? <max{a”, (1—«a)?}, Vz1, 22 €[0,1].

Now, using Lemma 4.4, we obtain

N
0 < k(z)=a]|log—a|?+) |z —d (4.7)
< max{a™, (1 - &)} + (N —2)max{a,1 — a};
0 < Dik(z)= ’ylx?l_l 2o — & < 71 max{a’?, (1 — &)™},
0 < Dik(z)= i!C% T gy — ol < Z'C'2 Inaux{oﬂ2 (1—a)}, i=1,m,
SO

sup / ko(z,y)dy
xzeQ JQ

m

Z s 5 [max{a™, (1- @)%} + (N - 2) max{a, 1 - &},

1 X - -
su ki(z,y)dy < 2m y  ————5i!Cs max{a™, (1 — &)}, i =1,m.
sup [ kia.9)dy Z I max{a (1= 2)7)
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Consequently
5= 3 sup / dy
; N )
< 27rz (1 + ZZ'C’ ) max{a”, (1 — &)’}

+ (N - 2)max{a,1 — d}]

< 1. (4.8)

Therefore, Theorem 2.2 holds. Furthermore, wg € X, is also a unique solution
of (1.1).
Example 4.3. Considering (1.1), with the functions K, g defined by

K(z,y;u0, -+ um) = k(@) K1 (y;uo, -+, um),
{ 9(@) = wo(w) = o kg k(a), (19)
where
1
Ki(ysuo, -+ um) = 2250 U1 - Ya ;Zf,;(y) "
wo(e) =+ ot oy = o + 5 |~ al, 0
k() = ]! |2 — a2 + X, | — al,
and a, v1, Y2, @, Y1, Y2, (g, A1, - , Quy are positive constants satisfying
O<a,a<l, 0<y, <1, y1>m, 71 >m,
go (H;j)N { (1 1 ié““n) max{a72, (1 — &)™} (411)

+(N —2)max{a, 1 — d}] < 1.

We can prove that (A7), (A2) hold, because of the following.

First, wo, Diwg € X and wo(x) l,lD’iwo(x) > 1. Then K € C’(Q X
Q x R"LR). By Dik € X, DK = Dik(z)Ki(y,uo, - ,um), so DIK €
C(2 x Q x R™L:R).

Applying the inequality a < 1+ a?, Va > 0, Yq > 1, we obtain

v

m m m
| K1 (Y5 10y oy )| < E Yt YN <1+Diwl( ) < E Yt YN 1—1—5 lujl |,
i=0 1oy i=0 =0

(4.12)
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it gives

m
DY (@, 310, ooy )| = | DUR()| 1K (5200, o tm)| < i) {14 gl |
§=0

) ‘ _ _ (4.13)
with k;(z,y) = |Dik(z)| >0 Y17 yy, i =0,m.
Next,
_ A L. o , o 1
ki(z,y)dy = | Dik(x) / v’ yndy = |Dik(z)| ) —————F,
/Q 121 ‘9;1 vy =Py ‘;OMJ-)N
so
B = SUP/ki:v,ydy
iz;:peﬂ Q ( )
m m ) _ B
S J_ZO m 1 + ;Z'C’%’l maX{d”, (1 - d)ﬁﬂ}
+ (N — 2)max{a, 1 — d}]
< L (4.14)

Theorem 3.2 is fulfilled. Furthermore, wy € X, is also a solution of (1.1).

Acknowledgments: The authors wish to express their sincere thanks to the
Editor and the referees for the suggestions, remarks and valuable comments.
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