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Abstract. Motivated by Nisar et al. [10], by using MacRobert integral formula, we establish
some integral formulas involving the generalized k-Bessel function wsz 4(2) of the first kind,
which are expressed in terms of the generalized Wright (hypergeometric) functions. Some

interesting special cases of our main results are also considered.

1. INTRODUCTION AND PRELIMINARIES

A remakably large number of integral formulas involving a variety of special
functions have been developed (see, e.g., [1, 3, 5, 8]). Also, many integral
formulas involving the Bessel function J,(z) in (1.2) have been presented (see,
e.g., [3, 4, 18]).

Recently, Kahn and Nisar [10] have presented an integral formula involving
Wright generalized Bessel function (or generalized Bessel - Maitland function)
J,;’;\ (z) defined by Singh et al. [16]. Motivated by this work [10], we aim at
présenting two definite integral formulas involving generalized k-Bessel func-
tion of the first kind, which are expressed in terms of the generalized (Wright)
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hypergeometric functions. For our purpose, we begin by recalling the gener-
alized Bessel function w,(z) of the first kind (see, e.g., [2, p. 10, Eq. (1.15)])

wy(z) = i (—c)F (%)Vﬂk N
) S RIT(v+k+ 5 |

where z € C\ {0} and V/, ¢, v € C with R(v) > —1 . Here and in the following,
let C, R* and N be the sets of complex numbers, positive real numbers, and
positive integers, respectively, and let Ng := N U {0}.

Setting b’ = ¢ =1, (1.1) reduces to the Bessel function J,(z) (see, e.g., [18,
p. 100])

) (—l)k (%)VJer

MO = k) (1-2)

where z € C\ {0} and v € C with R(v) > -1 .

The Bessel-Maitland function (or the Wright-generalized Bessel function) is
defined by (see [12])

JH(z) = E _— 1.3
where z € C\ {0} and v, u € C with R(u) > 0

An interesting generalization of the Bessel-Maitland function is defined by
(see [9])
_1)k (E)u+2a+2k
2

: :kzzo Fo+k+1)T(v+o+vk+1)

(1.4)

where z,v,0 € C and p > 0 . Setting o = 0, (1.4) reduces to J,(z). Further,
another generalization of the generalized Bessel-Maitland function J'(z) is
defined by (see [16])

- (V) gk (—2)*

1 (2) = ¢ 1.
o (2) kZOF(V+,ukZ+1) ko (15)
where p,v,v € C; R(w) > 0, R(p) > 0, R(y) > 0, ¢ € (0,1) UN and

(Mgr = F(gagk) denote the generalized Pochhammer symbol.
The k-Wright function is defined by (see [14, 15])
(2)"

1.6

w5 (e zrwn% o (16)

(keRT; a,v,8€C; Ra) > -1 and R(B) > 0),
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(7)nk are given by [6]

Tk(vy + nk) ' L
(D s = ) (ke Ry e C\ {0,—k,—2k,...}) )
yy+k)...(y+(n—1)k) (neN;yeC)

and
T(z) = ki~ID (%) : (1.8)

Letting k = 1, I'y(z) reduces to the familiar gamma function I'(2).
Romero et al. [15] introduced the k-Bessel function of the first kind defined
by

W z) = Z (Vn.k (2)V+2n
e 2= 2, rk<An+u+1> < )2

(1.9)

(keR™; A\ y,veC; R(A) >0 and R(v) > 0).
It is noted that the special case of (1.9) when k = A = v = 1 reduces to J,(z).

A more generalized form of k-Bessel function of the first kind is given as
follows (see [13])

oo v+2n
Y ()" (Ve (3)7F
) = k 1.10
Cisarel?) ZFk(an%—u%—fb;l) (n!)? (1.10)
(keR"; a,v,v, 0, ceC; R(v) >0).
From (1.6) and (1.10), we find

2\ 22
wg,ﬁm(z) = (5) Zfﬂ < 4> (1.11)
It is noted that wi’i’h .(2) is the generalized Bessel function of the first kind
wy(2), wi’i,l’l(z) is the J,(z) in (1.2), and also wk:,il,l(z) is the k-Bessel
function of the first kind W,Zlf‘(z) in (1.9) .

An interesting further generalization of the generalized hypergeometric se-
ries pFy is due to Fox [7] and Wright [19, 20] who studied the asymptotic
expansion of the generalized (Wright) hypergeometric function defined by

> [(aj + Ajn) zn

(a1, A1), ..., (ap, A
p\I/q (ﬂlaBl)a (BZ? :| Z B] + B; n) n"

(1.12)
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where the coefficientsAy, ..., A4, € RT and By,..., B, € RT are positive real

numbers such that
q P
+Y B =Y A;>0. (1.13)
J

A special case of (1.12) is

(a1, ),..., ] at, ..., Qp;
Z )
[ (B1,1),. Z p By Bys
(1.13)
where ,F} is the generalized hypergeometric series (see, e.g., [17, Section 1.5])

A1y ey Qs
qu[ 1 p ] pFolat, . .ap; Br, ..., By 2]

Bla"'vﬁm
ap)p 2"
‘Z 5)@

where (\), denotes the Pochhammer symbol defined (for A\, v € C), in terms
of the familiar Gamma function I', by (see, e.g., [17, p. 2 and p. 4-6]

F()\—H/)_{l (v=0; AeC\{0})

(1.14)

(A = T(\) AA+1)---(A+n—1) (v=neN; AeC).

(1.15)

For our present investigation, we also need to recall the following Mac-
Robert’s integral formula [10]:

1
(1 s b1t g LT
e ) b =) e =

_ B« B)
 qebB

(1.16)

provided R(a) > 0 and R(F) >0

2. MAIN RESULTS

We establish two integral formulas, which are expressed in terms of the gen-
eralized Wright hypergeometric function and the generalized hypergeometric
function, by inserting the generalized k-Bessel function of the first kind (1.10)
with suitable argument into the integrand of (1.16).

Theorem 2.1. The following integral formula holds: For k € RT, v, v, o/, V/,
c € C with R() >0, R(v) >0, R(«) >0, and R(B) >0
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1 _
/ l’a_l (1 . x)ﬁ—l [CLCC + b(]_ - x)]fafﬁ wz,;xb/ . < 2ab.’lf(1 LL‘)]Z) do
0 1 b

[ax + b(1 — x)
B 1
a®b? k5 T(2)
(171)) (a—l—y,2), (ﬁ—i—y,Q); -2
X 3 W Vk ’ o —ck k
o3 |: (171)7 (2 —Ell)g+17f)7 (Oé+6—|—2y74);

(2.1)

Proof. Let £ denote the left hand side of (2.1). By applying (1.10) to the
integrand of (2.1) and then interchanging the order of integral sign and sum-
mation, which is verified uniform convergence of the involved series under the
given condition, we get
v+2n
ey CROhC)
¢ Tr(a/n —l— v+ )(n!)?

2.2
1 (22)
% / xa+zx+2n71 (1 _ $)6+u+2n71 [am + b(l o m)]fa7ﬁ72uf4n dz.

0

Applying the integral formula (1.16) to the integral in (2.2), we obtain the
following expression'

[ Z (V)nk DNa+v+2n)T(B+v+2n)
Fkan+y+b+1)(n') Mo+ B+ 2v+4n) ’

which, upon using (1.7) and (1.8), leads to the right-hand side of (2.1). This
completes the proof. O

(2.3)

Next, we consider other expression (2.1). We establish an integral formula
for the generalized k-Bessel function of the first kind, which is expressed in
terms of the generalized hypergeometric function ,Fy.

Theorem 2.2. The following integral formula holds: For k € RT, v, v, o', V/,
ceC and % € N with R(a/) > 0, R(v) > 0, R(a) > 0, and R(B) > 0

1 ’ 2@[).%'(1 - .’,E')
a=l _ p-1 b(1 — IR T / d
A v (L=2) e+ b1 =) vy s — o) @

B(a+v,8+v)
@b K T (2
A2;a+v), A2;B+v), 1
A(% 21/+b'+1>7A(4;a+5—|—2V),1 — ¢ R

X 5F (o /1) 45

(2.4)
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where A(m;1) abbreviates the array of m parameters %, Hﬁl, oo, Emel
N

Proof. Using
I B |
N =m0 H <m)
Jj=1 n
and
FPA+mn) =T\) (N)mn

in (2.3) and summing up the given series with the help of (1.16), we find that,
when the lasting resulting summation is expressed in terms of ,Fj in (1.14),
we get the expression (2.4). O

3. SPECIAL CASES

We have the following special cases:

(1) Setting o/ = k=~ =1 in (2.1), we obtain

1
N1 —2)%7! [ax —2)] P w 2abe(1 — 2) x
f e et = (250 ) ¢

(a+1,2), (B+,2); (3.1)

(%, 1) (ot B+ 20,4);

1
= ——= oWy

a®bB — ¢

)

where v, o, 3, ¢ € C with R(v) > 0, R(a) > 0, and R(8) > 0.

(2) Setting o = k=~ =11in (2.4), we get

1
2271 (1 — 281 Tan _ B 2abz(1 — x) N
/0 (1 —2)"7" [az +b(1 — x)] V([aﬂb(l_x)]Q) d
A2 a+v), A2 B+v); _] (3.2)

A (1; 72”+§/+1> , A4 0+ B+ 2v);

where v, a, 8, ¢ € C with R(v) > 0, R(«) > 0, and R(3) > 0.

_ Bla+v,B+v)

(3) Setting o = k== =c=11n (2.1), we have
! 2abz(1 — x)
a=l(1 —z)f-t b(l— )] P J, d
/0 27 (1 —2)"" [ax +b(1 — )] ar 1 0(1 =) x

_ 1y (a+1,2), (B+w2);
abB 2 2| (v+1,1), (a4 B+ 2w,4); ’
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where v, a, § € C with £(v) > 0, R(«) > 0, and R(5) > 0.

(4) Setting o/ =k =~vy=0b =c=11n (2.4), we find

1
Lt (g A _ a8 2abz(1 — x) .
/0 1= a) T [ax +b(1 - 2) o ([aw—l—b(l —LU)]2> ! (3.4)
B(a+y,ﬁ+y) F A(2,OZ+V)7A(2aB+V)a _1:|
T (vt 1) 0 ’

A(Liv+1), Ald;a+ B+ 2v);
where v, a, 3, ¢ € C with R(v) > 0, ®(a) > 0, and R(5) > 0.

(5) Setting & =c=1 and o/ = X in (2.1), we get

kv

1
l_a—l — B—1 a _ 7 —a—p A Qabx(l - l’) o
J R ([ P)d

ax + b(1 — )
1
- v 3.5
a®b® k5 T(3) (3.5)
(1’1)’ (O‘+V’ 2)7 (5+V72); 1—2
Y k —k
ng[(LD,Uf,@Aa+ﬁ+2u®; ik

(6) Setting &’ = c=1 and o = X\ in (2.4), we have

1

21— 2)P7! [ax —g)Teh 2abe(l — z) T

[ o e oo ()
_ B(a+v,f+v)

a®b® k"5 T(4EL)

(3.6)
A2;a+v), A(2;8+v), L; 1-2
F ) 9 9 )y ko _k
X5 (A/k)+5 |: A(27V—’|€—1)’A(47a+ﬁ+2y)’ 17 k1,
sing (1.11) and setting &' =c =1 and o’ = A in (2.1), we obtain
7) Usi 1 d ing b’ land o/ = Xin (2 btai
1
J A e R T
0
YA B [abz(1 — z)]? J
X“’kwl( laz +b(1—2)*)
1 (3.7)
@b BT ()
(17 )7 (a+V72)a (6+V72), 1-2
x 3 W k2o —k
i |: (171)a ( ].317%)7 (Oé+,8—|—21/,4),
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(8) Setting ¥/ =c=1 and o/ = X in (2.4), we obtain
1

/ waJrufl (1 _ x)ﬁJrufl [a:c + b(l o x)]—a—b’—2u
0

[abz (1 — x)]?
X Wl < [z + b(1 — :n)]4> du

B(a+v,f+v)
ac—vbiv 5 T (L)
A2 a+v), A2 B+v), F 12

F ) k? 7]{;
X 5 ()\/k)+5|: (% %) Adya+p+2v), 1 '

(3.8)

where % € N.
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