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Abstract. In the present paper we study the existence of solutions of nonlinear mixed
Volterra-Fredholm integrodifferential equations in Banach spaces with nonlocal condition.
The technique used in our analysis is based on an application of the topological transversality
theorem known as Leray-Schauder alternative, rely on a priori bounds of solutions and the

inequality established by Pachpatte.

1. INTRODUCTION

Let X be a Banach space with norm || - |. Let B = C([to,to + 3], X) be
the Banach space of all continuous functions from [tg, to + 3] into X endowed
with supremum norm

it € [to, to + B}

Consider the nonlinear mixed Volterra-Fredholm integrodifferential equation
of the type

2]l 5 = sup{|=(t)]

OReceived May 20, 2009. Revised November 17, 2009.

92000 Mathematics Subject Classification: Primary 45N05; Secondary 47B38, 47H10.

9Keywords: Volterra-Fredholm integrodifferential equation, Leray-Schauder alternative,
semigroup theory, priori bounds of solutions, nonlocal condition and Pachpatte’s integral
inequality.



422 M. B. Dhakne and H. L. Tidke

t to+p
2() + Ax(t) = F(t, 2 (1), /t alt, $)k(s, 2(5))ds, /t b(t, s)h(s, 2(s))ds),
t € [to,to + [ (1.1)
z(to) + g(t1,ta, -+ tp, (1)) = w0, (1.2)

where — A is an infinitesimal generator of a strongly continuous semigroup of
bounded linear operators T'(t), t > 0in X, 0 <ty < t1 < t3 < ... < ty, <
to+ 0B, f:ltosto+ 0] x X xXxX — X, k, h:ltoto+ 0] x X — X,
g(ti,ta, ..., tp,.) : X — X, a, b: [to,to+ 5] X [to, to + 5] — R are functions and
xo is a given element of X. The symbol g(t1, 2, ..., tp, z(-)) is used in the sense
that in the place of *.” we can substitute only elements of the set {¢1,t2,...,t,}.
For example g(t1,%2, ..., tp, z(+)) can be defined by the formula

g(tl,tz, ...,tp,x(.)) = C’lx(tl) + Cg:ﬂ(tz) + ...+ C’px(tp), (13)

where C;(i = 1,2, ...,p) are given constants. In this case, (1.3) allows the mea-
surements at t = to,t1,...,t,, rather that just at ¢ = tg. So more information
is available. These equations (1.1)—(1.2) can be applied in physics with better
effect than equation (1.1) with classical initial condition.

The work in nonlocal initial value problem was first introduced by Byszewski.
In [5], Byszewski using the method of semigroups and the Banach fixed point
theorem, investigated the existence and uniqueness of mild, strong and classi-
cal solution of first order initial value problem

u'(t) + Au(t) = f(t,u(t)), tE€ [to,to+al, (1.4)
’u,(t()) + g(tl,tg, vy bp, u()) = Uy, (15)

where —A is the infinitesimal generator of Cy semigroup of T'(¢) on a Banach
space X,0 <ty <t; <..<t,<to+a, a>0, up € Xand [ : [ty,tp+a]xX —
X, g(t1,t2,...,tp,.) : X — X are given functions.

Several authors have studied the problems such as existence, uniqueness,
boundedness and other properties of solutions of these equations (1.1)—(1.2)
or their special forms by using different techniques, see [1], [2], [8], [9], [11],
[12], [14], [15]. The equations (1.1)—(1.2) or their special forms serve as math-
ematical models for various partial differential equations or partial integrod-
ifferential equations arising in heat flow in material with memory and vis-
coelasticity problems, see [3], [4], [6], [7]. Recently, in an interesting paper
[9], Dhakne M. B. and Kendre S. D. have studied the global existence of solu-
tions of (1.1) with initial condition when a(t, s)k(s, z(s)) = ki(t, s, z(s)) and
b(t,s)h(s,z(s)) = hi(t,s,z(s)). We are motivated by the work of Dhakne and
Kendre S. D. [9] and influenced by the work of Byszewski [5].
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The objective of the present paper is to study the global existence of so-
lutions of the equations (1.1)—(1.2). The main tool used in our analysis is
based on an application of the topological transversality theorem known as
Leray-Schauder alternative, rely on a priori bounds of solutions and the in-
equality established by B. G. Pachpatte. The interesting and useful aspect of
the method employed here is that it yields simultaneously the global existence
of solutions and the maximal interval of existence.

The paper is organized as follows. In section 2, we present the preliminar-
ies and the statement of our main result. Section 3 deals with proof of the
theorem. Finally in section 4 we give an example to illustrate the application
of our result.

2. PRELIMINARIES AND MAIN RESULT

Before proceeding to the statement of our main result, we give the following
preliminaries and hypotheses used in our subsequent discussion.

Definition 2.1. Let —A is the infinitesimal generator of a strongly continuous
semigroup of bounded linear operators T'(t), t > 0 in X. Let f € L!(to,to +
0; X). The function x € B given by

x(t) =T(t - to)(zo — g(t1, 12, .. tp, 2(-))) + / T(t —s)f(s,(s),

to
s to+05
/ a(S,T)k(T,IE(T))dT,/ b(s,7)h(r,x(7))dr)ds, t € [to,to+ O]
t t
’ ’ (2.1)
is called the mild solution of the initial value problem (1.1)—(1.2).

Theorem 2.2. ([13]) Let z(t), u(t), v(t), w(t) € C([a, B], Ry) and k >0 be
a real constant and

t s B
z(t) §k+/ u(s)[z(s)—l—/ U(G)Z(U)d0+/ w(o)z(o)dolds, t € [a, ]
If

r :/ o) exp / T)]dr)do < 1,
[e7

exp(/ [u(s) +v(s)lds), for te o, p].

Theorem 2.3. ([10]) Let S be a convex subset of a normed linear space E
and assume 0 € S. Let F : S — S be a completely continuous operator, and

then

k
(1) < -
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let e(F)={x €S :ax=AFx forsome 0< X< 1}. Then either (F) is
unbounded or F' has a fixed point.

We list the following hypotheses for our convenience.

(Hy) —Ais the infinitesimal generator of a semigroup of continuous bounded
linear operators T'(¢t) in X. Then there exists a constant K > 1 such
that

1T < K.

(H2) There exists a constant G such that

G =max|lg(ts, t2, .., tp, () |

(H3) There exists a continuous function p : [to, to + 5] — R4 such that

1B, , @) < p@)]|=(@®)]],
for every t € [to,to + (] and z € X.
(Hy) There exists a continuous function q : [to, to + 3] — Ry such that

[A(t z(@)] < a@)[lz@)]],
for every t € [tg,to + ] and z € X
(Hs) There exists a continuous function [ : [tg,tg + 5] — R4 such that

1F (s sy, 2| < U@ + [yl + [1z]),
for every t € [to,to + (] and z,y,z € X.
(Hg) There exists a constant M such that
la(t,s)| < M, for t>s>tp.
(H7) There exists a constant N such that
b(t,s)| < N, for t,s€ [to,to+ 1.

(Hg) For each t € [to,to + (] the function f(t,.,.,.) : [to,to + f] x X X
X x X — X is continuous and for each z, y, z € X the function
f x,y,2) : [to,to+ 0] x X x X x X — X is strongly measurable.

(Hy) For each t € [ty, to+ (] the functions k(t,.), h(t,.): [to,to+ 0] x X —
X are continuous and for each € X the functions k(.,z), h(.,x) :
[to, to + ] x X — X are strongly measurable.

(H1p) For every positive integer m there exists ., € L'(to,to + 3) such that

sup 1f (2,9, 2)| < am(t), for telfto,to+f] a e
el <m.lyll<m.||z]<m
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Our main result is established in the following theorem.

Theorem 2.4. Suppose that the hypotheses (Hy) — (Hio) hold. If
to+p8 o
- / Ng(o) exp( / KI(7) + Mp(r)ldr)do <1, (2.2)
to to

then the initial value problem (1.1)—(1.2) has a mild solution on [ty,to + (].

Remark 2.5. We remark that K. Balachandran in [2] has studied the exis-
tence and uniqueness of mild and strong solutions of special forms of the equa-
tions (1.1)—(1.2) by using Banach fixed point theorem. Here our approach to
the problem and conditions on functions are different from those in [2].

3. PROOF OF THEOREM
First we establish the priori bounds for the initial value problem

2 (t) + Azx(t) = )\f(t,x(t),/ a(t, s)k(s,z(s))ds,

to

to+0
[ stsntsa)ds),  lto.to+ 5]

to

(3.1)

under the initial conditions (1.2) for A € (0,1). Let x(¢) be a solution of the
problem (3.1)—(1.2), then it satisfies the equivalent integral equation

x(t) = T(t —to)(wo — g(t1, t2, -, tp, 2()))

+A /t T(t — 5)f(s, 2(s), /t s, k(T (7)), 52

to+8
/ b(s, 7)h(T,z(7))dr)ds, t € [to,to+ B].
to

Using (3.2), hypotheses (Hy) — (H7) and the fact that A € (0,1), we have

t

lz@)|l < Kllzo — g(t1,t2, ., tp, z())|| + t |T'(t —s)f(s,z(s),
s to+0
/t a(s,f)k(f,x(f))df,/ b(s, 7)h(r, 2(7))dr) | ds
< Kl — g(t1, oy sty H+/HTﬁwW $)lllz(s)]

s to+0
+ [ la(s, 7)k(r,z(7 ))IIdT+/ [b(s, T)h(T, z(7))|dT]ds
to

to
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t S
< K(zol + C) + / Ki(s){la(s)] + / Mp(r)||z()||dr
0 0

to+p
+/ Nq(7)||z(7)||dT]ds. (3.3)

to

Using the hypothesis (2.2) and Pachpatte’s inequality given in Theorem 2.2
with z(t) = ||z(¢)|| in (3.3), we have

Jooy < ZUED e [1(5) + 21351
L to (3.4)
< 7 xP(BIKL+ MP]) =1,

where

k' =K(lzol+G), L= sup {it)}, P= sup {p(t)}.
te(to,to+0] t€(to,to+0]

Thus, there exists a constant v independent of A € (0, 1) such that ||z(¢)| < v
and consequently

2]l = sup{[lx(®)]| - ¢ € [to, to + B} <.

Now, we rewrite the problem (1.1)—(1.2) as follows: If y € B and z(t) =
T(t - to)(.%'() - g(tb 2, ..oy tp7 ﬂj‘())) + y(t)v te [t07 to + ﬁ]v where y(t) satisfies

y(t) = / T(t — 8)f(5,5(5) + T(5 — 1) (0 — g(t1, 12, .ty (),

to

/8 a(s, 7)k(m,y(1) + T'(T — to)(zo — g(t1, t2, ... tp, z(+))))dr,

to

to+0
/ b(sa T)h<T7 y(T> + T(T - tO)(xO - g(th t2, s tp, x(~))))d7)ds,

to
t € [to,to + f]

if and only if z(t) satisfies

x(t) =T(t —to)(zo — g(t1,t2, ... tp, x())) + / T(t—s)f(s,x(s),

to

s to+03
/ a(s, 7)k(r, 2(r))dr, / b(s, 7)h(r, o(r))dr)ds, t € [to.to + A.

to to
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Define F': By — By, By ={y € B:y(ty) =0} by
(Fy)(t)

- / T(t - 8)f(5,4(5) + T(5 — to) (0 — g(t1, t2, sty (),

to

/S a(s, 7)k(r,y(1T) + T(1 — to)(zo — g(t1, t2, ..., tp, z(+))))dr, (3.5)

to

to+p
/ b(s, T)h(T,y(T) + T (T — to)(xo — g(t1,t2, ..., tp, z(+))))dT)ds,

to
t € [to,to + f).

Now, we prove that F': By — By is continuous. Let {u,} be a sequence of
elements of By converging to u in By. Then

(Fun)(t)

= / T(t —s)f(s,un(s) +T(s—to)(zo — g(t1,t2,.... tp, 2(+))),

to

/8 a(s, T)k(T,un (1) + T(T —to)(xo — g(t1, t2, ..., tp, x(+))))dT, (3.6)

to

to+8
/ b(s, 7)h(T,un(7) + T(T — to)(xo — g(t1,t2, ..., tp, z(-))))dT)ds,

to
t € [to, to + 0]

Now, [[Fuy, — Fullp = subcpyy 944 [|(Fun)(t) — (Fu)(t)||. Since {u} is the
sequence of elements of By converging to u in By and by hypotheses (Hg) —
(Hy), we have

f(t)un(t) + T(t - to)(l‘o - g(tlat% -'->tp7$(')))7

/ a(t, s)k(s,un(s) + T(s —to)(zo — g(t1,t2, ... tp, (+))))ds,

to

to+p
/ b(t,s)h(s,un(s) +T(s —to)(xo — g(t1,t2, ..., tp, x(-))))ds)

— f(t, u(t)o—l— T(t — to)(l’o — g(tl, to, ..., tp, JJ())),

/ a(t, s)k(s,u(s) +T'(s —to)(xo — g(t1,t2, ... tp, (+))))ds,

to

to+5
/ b(t,s)h(s,u(s) +T(s —to)(zo — g(t1,ta, ... tp, x(-))))ds)

to



428 M. B. Dhakne and H. L. Tidke

for each t € [tg,to + []. Then by dominated convergence theorem, we get

[(Fup)(t) = (Fu) (@)

< / 17— )11 (5, un(5) + T(5 — t0) (50 — gl(tr, t2, oty (),

/ts a(s, T)k(T,un (1) + T(T — to)(xo — g(t1, t2, ..., tp, x(-))))dT,

to+p
/ b(s, T)h(T, un(7) + T(T — to)(x0 — g(t1,t2, ..., tp, 2(+))))dT)

to

— f(s,u(s) +T(s — to)(zo — g(t1, ta, ... tp, 2(-))),

/s a(s, T)k(T,u(r) + T(1 — to)(wo — g(t1, L2, ..., tps z(+))))dr,

to

to+p
/t b(s, T)h(r,u(t) + T(1 — to)(zo — g(t1, b2, ..., tp, 2(+))))dT) | ds

— 0

and consequently ||Fu, — Ful|lp — 0 as n — oo i.e., Fu, — Fu in By as
Uy — u € By. Therefore, F' is continuous.

Now, we prove that F maps a bounded set of By into a precompact set of
By. Let By, = {y € By : |ly|lz < m} for m > 1. We first show that F' maps
B,,, into an equicontinuous family of functions with values in X. Let y € By,
and typ < s < t < tg+ . Then by hypotheses (H1)-(H7), we have

I(Fy)(s) = (Fy) @)

S

< [ TG —7) =T =n)i)lly(r) + T(7 = to)(xo — g(t1, b2, ... 1y, ()l

to
+ tT a(r,0)k(o,y(0) +T(o —to)(zo — g(t1,t2, ... tp, 2(.))))do||
to+0
+ |l t b(r,o)h(o,y(o) +T(c —to)(xo — g(t1,t2, ..., tp, x(.))))do|||dT

+ / KU(T)[[ly(T) + T(7 = to) (o — g(t1, t2, ..., tp, z())) |
+ |l tTa(T,U)k(my(U) +T(0 —to)(wo — g(t1,t2, ..., tp, z(.))))do]|
to+03
+ b(r,o)h(o,y(o) + T(o —to)(xo — g(t1, t2, ..., tp, 2(.))))do|||dT

< [ TG —7) =T = 7)[i(r)[m + K([[zo]l + G)
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T

+ t Mp(o)(|ly(o) + T(o — to)(zo — g(t1,ta, ..., tp, z(.)))||)do

to+03
+ / Nq(o)(lly(a) +T(o —to)(wo — g(t1, t2, -, tp, 2(.)))[)do]dT

to

+/ Ki(T)[m + K(||xo|| + G)

+ [ Mp(e)ly(o) + T(o — to) o — gl o bpy ()| do

tio-&-ﬁ
+ /t Nq(o)(lly(o) + T(o — to)(wo — g(t1,t2, ..., tp, z(.))) | )doldr
< ts |T(s —7) = T(t —7)|[I(7)[m + E* + tT MP(m + K(||zo|| + G))do
’ to+8 ’
+/t NQ(m + K(||zo]| + G))do]dr

+ /t KiF)m+ b+ [ MP(m+ K(|zo| + G))do

to

to+5
+ / NQ(m + K(||zo|| + G))do)dr
to

< (m+ k%) |T(s—7)—T(t—7)|L[1+BMP+ SNQ]dr

to

t
+(m+k;*)/ KL[1+ BMP + SNQ]dr, (3.7)

where ) = supte[to,tﬁﬁ]{q(t)}. The compactness of T'(t), for ¢ > 0 implies
the continuity in uniform operator topology. Hence the right hand side of (3.7)
tends to zero as s —t — 0. Thus Fp,, is an equicontinuous family of functions
with values in X.

We next show that Fg,, is uniformly bounded. From the definition of F
in (3.5) and using hypotheses (H1) — (H7) and the fact that ||y||p < m, we
obtain

I(Fy) @)

< /t I7( = $)ll(s)[lly(s) + T(s = to)(xo — g(t1 ta, s tp, ()

+ 1l t a(s, T)k(T,y(1) + T(1 = to) (w0 — g(t1, L2, -, tp, 2(.))))d7 ||
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to+03
+ 1 b(s, 7)h(T,y(T) + T(T — to)(zo — g(t1, t2, ..., tp, 2(.))) ) d7||]ds
to
t s
< | KLm+k+ [ MP(m+ K(||zo| + G))dr

to to

to+8
+/ NQ(m + ||zo|| + G))d7]ds

to

< B(m+ kK )KL[l + BMP + BNQ].

This implies that the set {(Fy)(t) : |lyllz < m, to <t <to+ [} is uniformly
bounded in X and hence {F,,} is uniformly bounded.

We have already shown that Fp,, is an equicontinuous and uniformly bounded
collection. To prove the set Fp, is precompact in B, it is sufficient, by Arzela-
Ascoli’s argument, to show that the set {(Fy)(t) : y € By} is precompact in
X for each t € [tg,to + (]. Since (Fy)(tg) = 0 for y € By, it suffices to show
this for tg < t < tg+ 8. Let tg < t < ty + 0 be fixed and € a real number
satisfying tyg < € < t. For y € B,,,, we define

(Fey)(t) = / B T(t—s)f(s,y(s) +T(s—to)(xo — g(ti,ta, ... tp, x(.))),

to

/s a(s, T)k(r,y(1) + T(1 — to)(zo — g(t1,t2, ... tp, x(.))))dr,

to

to+0
| b b pr) T ) o = gttty ()i s,
to

Since T'(t) is compact operator and the set F'B,, is bounded in B, the set
Y(t) = {(Fey)(t) : y € By} is precompact in X for every €, tg < € < t.
Moreover for every y € B,,, we have

(Fy)(t) — (Fey)(t)

= /t T(t = s)f(s,y(s) + T(s — to)(wo — g(t1, ta, ... tp, x(.))),

/s a(s, )R y(7) + T(r — t0) (20 — g(t1, t2s s by 2(.))) T, (3.8)

to

to+8
/ b(s, T)h(T,y(T) + T(1 — to)(xo — g(t1,t2, ..., tp, z(.))))dT)ds.

to

By making use of hypotheses (H1) — (H7) and the fact that ||y(s)|| < m, we
have

I(Fy)(t) = (Fey) @)
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t

< . Ki(s)[[ly(s)l] + 1T (s = to)ll([lzo + [lg(tr, b2, -os tp, 2())])

[ lals. ) Ik(ry(r) + T(r = to) (a0 — gt ta o tpy (1)) [[dT

toto-i-ﬂ
+/t b(s, T)[[[M(7,y(7) + T(7 — to)(zo — g(t1, 2, ... tp, (.)))) | d7]ds
< tt Ki(s)[m + K(||Jzo + G)
+ tsMp(T)(lly(T) + T(7 —to)(zo — g(t1, t2, ... tp, (.))) | )dT

to+0
+ / Nq(m)(|ly(1) + T(m — to)(zo — g(t1,t2, ... tp, x(.)))|)dT]ds

to

< KL(m + k*)[1 + BMP + 3NQe.

This shows that there exists precompact sets arbitrarily close to the set { (Fy)(t) :
y € By, }. Hence the set {(F'y)(t) : y € By} is precompact in X. Thus we
have shown that F' is completely continuous operator.

Moreover, the set

e(F)={y€ Bp:y=AFy forsome 0<A\<1},

is bounded in B, since for every y in (F), the function z(t) = y(t) + T'(t —
to)(zo—g(t1,t2, ..., tp, x(.))) is a solution of (3.1)—(1.2) for which we have proved
lz|lp < v and hence ||y||p < v+ k*. Now, by virtue of Theorem 2.3, the
operator F has a fixed point in By. Therefore, the initial value problem (1.1)—
(1.2) has a solution on [tg,to + (]. This completes the proof of the Theorem
2.4.

4. APPLICATION

To illustrate the application of our main result, consider the following non-
linear mixed Volterra- Fredholm partial integrodifferential equation of the form

2 t
%w(u,t} - %w(u,t) = H(t,w(u,t),/o aq(t, s)k1(s,w(u, s))ds,
B
/0 b1 (t, s)hi(s,w(u,s))ds), (4.1)
w(0,t) =w(m,t) =0, 0 <t <f, (4.2)

p

w(u,0) + Zw(u,ti) = wo(u),

i=1
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O<ti<ta<..<t,<pB, 0<u<m. (4.3)

where H : [0, 5] x RXxRXxR — R, k1, hy : [0, 5]xR — R, a1, by : [0, 3] %[0, 5] —
R are continuous functions. We assume that the functions H, a1,b1, k1 and
hy in (4.1)—(4.3) satisfy the following conditions:

(1) There exists a constant G such that

p

Gy = )|
L= max | Y w(u, )

i=1
(2) There exists a nonnegative function p; defined on [0, 5] such that
|k (t, )] < pa(t)]]

for t € [0,0] and = € R.
(3) There exists a nonnegative function ¢; defined on [0, 8] such that

|h1(t, )] < qu(t)|x]

for t,s € [0,0] and x € R.
(4) There exists a constant M; such that

la(t,s)] < M;, for 0<s<t<g.
(5) There exists a constant Ny such that
la(t,s)| < N1, for 0<s<t<pf.
(6) There exists nonnegative real valued continuous function /; defined on
[0, 5] such that
[H (¢, x,y,2)| < h@) (2| + |yl + [2])
for t € [0,0] and z,y,z € R.
(7) For every positive integer m; there exists a,,, € L1[0, 3] such that

sup |H(t,$,y, Z)‘ S aml(t)7
‘m|Sm17‘y|Smlv‘Z|§m1

for 0 <t <03, a.e.

Let us take X = L?[0,7]. Define the operator A : X — X by Az = —2
with domain D(A) = {z € X : z, 2z  are absolutely continuous, z* € X and
z(0) = z(m) = 0}. Then the operator A can be written as

"

Az = Z n*(z, 2n)2n, 2 € D(A)

n=1

where z,(u) = (1/2/m)sinnu, n = 1,2, ... is the orthogonal set of eigenvectors
of A and A is the infinitesimal generator of an analytic semigroup 7'(t), t > 0
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and is given by
o
Z (z,2n)2n, z € X.

Now, the analytic semigroup T( ) being compact, there exists constant Ky
such that

|T(t)| < Ky, foreach te]0,0].
Suppose that the condition

B o
Pt = /0 Nigu (o) expl /0 (Kol (7) + Myp(r)]dr)do < 1

is satisfied and kf = Ko(Jwo| + G1). Define the functions f : [0, 8] x X x X x
X—>Xk:[0,0/xX —=X,h:[0,8]x X =X anda, b:[0,8] x[0,8] = R
as follows

ft 2y, 2)(uw) = H(t (), y(u), 2(w),
k(tv x)(u) = kl(t7x(u))7

h(t,z)(u) = hy(t,z(u)), and

a(t,s) = ai(t,s), b(t,s) =bi(t,s)

for t €[0,0], z,y,z € X and 0 < u < 7. Then the above problem (4.1)—(4.3)
can be formulated abstractly as nonlinear mixed Volterra-Fredholm integrod-
ifferential equation in Banach space X:

t

2/ (t) + Az(t) = f(t,x(t),/ a(t, s)k(s,z(s))ds,

to

to+p
/t b(t, (s, 2(s))ds), € [toto+f]  (4.4)

l'(to) + g(tl, to, ... tp,oﬂj(-)) = x9. (4.5)

Since all the hypotheses of the Theorem 2.4 are satisfied, the Theorem 2.4
can be applied to guarantee the mild solution of the nonlinear mixed Volterra-
Fredholm partial integrodifferential equations (4.1)—(4.3).
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