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Abstract. We prove the generalized Hyers-Ulam stability of the cubic-additive functional
equation of the form D; . f(z,y) = 0, where i € {1,2,3,4} and n is an integer larger than 1.

1. INTRODUCTION

Throughout this paper, let V and W be real vector spaces, X a real normed
space, Y a real Banach space, and let k be a nonzero real number with the
condition |k| # 1. Moreover, assume that a is a real number larger than 1 and
n is an integer larger than 1.

For a given mapping f: V — W, we use the following abbreviations:

ooy = DS
ey = HE D),

Af(z,y) = flx+y) - f(2) - f(y),
Cf(z,y) = flx+2y) = 3f(z+y) +3f(z) — flx —y) — 6f(y),
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Dy f(z,y) = f(x+ky) + fx—ky) =K f(x+y) — K f(z —y)
+ (K =1)f(x) — (K = 1) f(-x),

Doy f(z,y) = flz +ky) — f(ky —z) — K f(z +y) + K f(y — o)
+2(k% = 1) f (=),

D3k f(w,y) = f(kx +y) — fly —kz) —kf(z +y) + kf(y — )
—2f(kz) + 2k f (),

Dyrf(z,y) = flkx +y)+ f(kx —y) —kf(x +y) — kf(z —y)
—2f(kx) + 2k f(x)

forall z,y € V.

Every solution of functional equation Af(x,y) = 0 is called an additive
mapping, while each solution of functional equation C'f(z,y) = 0 is called a
cubic mapping. A mapping expressed by the sum of an additive mapping and
a cubic mapping is called a cubic-additive mapping. A functional equation
is called a cubic-additive functional equation provided that each solution of
the equation is a cubic-additive mapping and every cubic-additive mapping
is a solution of that equation. The functional equations D; , f(z,y) = 0, for
i € {1,2,3,4}, are cubic-additive functional equations.

In 1940, Ulam [12] raised an important question concerning the stability
of group homomorphisms: When does the solution of an equation differing
slightly from a given one has to necessarily be close to the solution of the given
equation? In the following year, Hyers [3] solved the problem for the case of
Cauchy additive functional equation Af(z,y) = 0. After about three decades,
Rassias [11] generalized the Hyers’ result and then Gavruta [4] extended the
Rassias’ result by allowing unbounded control functions. The stability concept
presented by Rassias and Gavruta is known today as the term ‘generalized
Hyers-Ulam stability’ of functional equations.

We now consider the functional equation

Di,nf(x,y) = 07 (11)
where ¢ € {1,2,3,4} and n is an integer larger than 1. One of typical examples
for solutions of equation (1.1) is the mapping f(z) = cz? + dx with real
constants ¢ and d. In 2015, Jin and Lee [6] proved the stability of equation
D pf(z,y) =0 for an arbitrary real number a # 0 and b = 1 in Fuzzy spaces.
For more detailed information on the stability of cubic-additive functional
equations, we may refer to [1, 5, 7, 10, 13, 14, 15, 16].

In this paper, we will prove the generalized Hyers-Ulam stability of the
functional equation (1.1), where i € {1,2,3,4} and n is an integer larger than
1.
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2. PRELIMINARIES

Let V and W be real vector spaces and let Y be a real Banach space. For
a given mapping f : V — W, we use the following abbreviations:

2 f(z) — f(22) 2f(x) — f(22)

1 o 2 -

W =="g—y— Pw=—"Tm5—

for all x € V. We will first introduce the following lemmas. Since their proofs
are very similar to the proofs of [8, Corollaries 2.2 and 2.3], we omit their
proofs.

Lemma 2.1. Given a real constant a > 1, let ¢ : V\{0} — [0,00) be a
function satisfying either

® 4 '
O(z) = ; gqﬁ(a’x) < 0o (for all x € V\{0})
or
[ x
O(x) := ;a?”gb(ai) < oo (for all x € V\{0})
and let f 'V — Y be a mapping. If there exists a mapping F : V — 'Y
satisfying
1f(z) = F(z)]| < (x) (2.1)
for all x € V\{0} and
FWD(az) = aFV(z), F®(az) = ®F? (2) (2.2)
for all x € V, then F is the unique mapping satisfying (2.1) and (2.2).

Lemma 2.2. Given a real number a > 1, let ¢,¢ : V\{0} — [0,00) be
functions satisfying each of the following conditions:

i %d)(aix) < 00, iaidj (;) < 00,

i=0 =0

d(x) := Za’fb(;) <oo, W(x):= Z %w(aix) < 00
i=0 i=0

for all x € V\{0} and let f:V — Y be a mapping. If there exists a mapping
F:V =Y satisfying the inequality

1 (@) = F(2)|| < ®(x) + ¥(z) (2.3)
for all x € V\{0} as well as the conditions in (2.2) for allx € V, then F is the

unique mapping satisfying the conditions (2.2) for all x € V' and the inequality
(2.3) for all x € V\{0}.
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We define Df : V2 — W by

m

Df(x,y) =Y cif(aix + byy)

i=1
for all x,y € V, where m is a positive integer and «a;, b;, ¢; are real constants.
The following lemmas are essential for establishing our main theorems.
Lemma 2.3. Let p: V — [0,00) be a function satisfying the condition

Z W (2.4)

1=0

for allx € V and let o : V2 — [0,00) be a function satisfying the condition
> plaz,ay) 25)

for all x,y € V. If a mapping f :V — Y satisfies f(0) =0,
1 (a%) = (a +a®) f(az) + a* ()| < plz) (2.6)
for all x € V', and moreover
1Dyl < e(a.y) (2.7)
for all x,y € V, then there exists a unique mapping F : V — 'Y satisfying
DF(z,y) =0 (2.8)

for all x,y € V, equalities in (2.2) for all x € V', and moreover

0 21—}—2 +1
Hf( H — Z ’ag a“a|3l+3lu’( ) (29)
forallz e V.

Proof. First, we define A := {f V-=Y|f(0)= 0} and a mapping J,, : A —
A by

2)(,m 1)(,m
Jfa) = D) | T0T)

am
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for all z € V and all m € Ny, where we set Ng = NU{0}. It follows from (2.6)
that

[T f (@) = Tnif (@)

m~+l—1
< Z | Jif(x) = Jix1f ()]
B mal—1 F(a™12) — af(aiz)  f(ai22) — af (ait')
= ;L (@® —a)a® (a3 — a)a®+3

f(a"1e) — a*f(a'n) | f(a'P2w) — aPf(a )
- (a3 —a)a? (a® —a)a't! (2.10)
m—+l—1 2 i 3 i+1 4r(q0
f(a®aiz) — (a+a®) f(a'2) + a* f(a'z)

< Z:z;n - (@ — a)adi+3

+f(a2a’x) (a+a?)f(a"z) + a*f(a'z)
(a3 — a)ait?
milt ’a2i+2 + 1‘,u(aia7)
a3 —al[aP3

<

for all z € V\{0}.

In view of (2.4) and (2.10), the sequence {J,,f(z)} is Cauchy for all = €

V\{0}. Since Y is complete and f(0) = 0, the sequence {Jp, f(z)} converges
for all x € V. Hence, we can define a mapping F' : V — Y by

) g™ m

m—o0 m—ro0

for all z € V. Moreover, if we put m = 0 and let [ — oo in (2.10), then
we obtain the inequality (2.9). Since the remaining part of this theorem can
be proved in the same way as in [9, Theorem 3.1], we omit the remaining
proof. O

Lemma 2.4. Let u: V — [0,00) be a function satisfying the condition

Z|a|3’ ( ><oo (2.11)

for allx € V and letgo:V2 — [0,

) b
; laf3iy (w ) (2.12)

e a function satisfying the condition
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for all x,y € V. If a mapping f : V — Y satisfies f(0) = 0, the inequality
(2.6) for all z € V, and also the inequality (2.7) for all x,y € V', then there
exists a unique mapping F : V' —'Y satisfying (2.8) for all z,y € V, equalities
in (2.2) for all x € V, as well as

a’ + a
If () ||<Z||a3+ | (am) (2.13)

forallz e V.

Proof. First, we define the mappings J,,f : V — Y by

Jmf (@) = a*" f? <3fn> +am O (fn)
a a

for all z € V and m € Ny. It follows from (2.6) that
[T f (2) = Jmif ()]

m+Il—1
< > Mif(@) = T f(@)]]
AT

X

i <f<;2fl> B (a—l—ag)f(a?fl) +a4f<ai1)> (2.14)
i (1(25) e yp () rar () )

m—+l—1 ‘a?’i —i—ai‘ T
Z a3 —q s
=m
for all z € V\{0}.
On account of (2.11) and (2.14), the sequence {.J,,, f ()} is Cauchy for all z €
V\{0}. Since Y is complete and f(0) = 0, the sequence {J, f(z)} converges
for all z € V. Hence, we can define a mapping F': V — Y by

Pp= Jim (o0 () v ()

for all x € V. Moreover, if we put m = 0 and let [ — oo in (2.14), we obtain
the inequality (2.13). Since the rest part of this theorem can be proved in the
same way as in [9, Theorem 3.2], we omit the remaining proof. O

IN
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Lemma 2.5. Let p:V — [0,00) be a function satisfying the conditions

Z'u‘((j;) < oo and Z]a\ u( ) < 0o (2.15)

=0

for allz € V and let o : V2 — [0,00) be a function satisfying the conditions

= p(a’z,al
ZW<ooand Z]a\gp( - 51><oo (2.16)
=0 1=0

for all x,y € V. If a mapping f : V — Y satisfies f(0) = 0, inequality (2.6)
for all x € V, and inequality (2.7) for all x,y € V, then there exists a unique
mapping F : V. —'Y satisfying equality (2.8) for all x,y € V, equalities in (2.2)
for all x € V, and moreover

| f(z) — H_|a3 a‘§:<hﬂ&+3+hﬂu<ail>> (2.17)

=0

forallz e V.

Proof. First, we define a set A := {f : V — Y| f(0) = 0} and a mapping

Jm 1 A — A by
(2) a™x T
%Jm%=fogl)+dwm(wg

for all x € V' and each m € Ny. It follows from (2.6) that
[T f(x) = T f ()]

m—+l—1

< Z i f (x) — Jig1f ()]

m—+1—1 2 i 2 +1
I )(azx) I )(a” x) i T i T
e ad  g%it3 tatf (cﬂ) -t (a”l)
|t f(a? - aiz) — (a+a3) f(ait'z) + a* f (a'z) (2.18)
< P _a Z - a3i+3
=m

. 2
—a' (f((;fl) - (a+a3)f<a(:f1> +a4f<a7i1>> ||

1 m+l—1 ,U(ai ) . "
< (, e+l 5

=m

for all z € V\{0}.
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In view of (2.6), (2.15) and (2.18), the sequence {J,,f(x)} is Cauchy for
all z € V\{0}. Since Y is complete and f(0) = 0, the sequence {J,,f(x)}
converges for all z € V. Hence, we can define a mapping F' : V — Y by

2)(,m
m—o0 a°>m am™m

for all x € V. Moreover, if we put m = 0 and let [ — oo in (2.18), we obtain
the first inequality of (2.17). Since the rest part of this theorem can be proved
in the same way as in [9, Theorem 3.2], we omit the remaining proof. O

3. CHARACTERIZATIONS OF CUBIC-ADDITIVE MAPPINGS

The following theorem is a specific version of Baker’s theorem [2] which is
essential for establishing Theorems 3.3, 3.4 and 3.5.

Theorem 3.1. ([2, Theorem 1) Assume that V and W are vector spaces
over Q, R or C and ag, Po,...,am, Bm are scalars such that o ;B — o5 # 0
whenever 0 < j < € < m. If the mappings fo: V — W satisfy

> felawz + Bry) =0
=0

for all x,y € V, then each fy is a generalized polynomial mapping of degree at
most m — 1.

Baker [2] also states that if f is a generalized polynomial mapping of degree
m—1

at most m — 1, then f is expressed as f(z) = zo + > aj(z) for z € V,
(=1

where @ is a monomial mapping of degree ¢ and f has a property f(rz) =
m—1

zo+ > rfaj(z) for z € V and r € Q. We note that a}, a3 and aj are called
(=1

an additive mapping, a quadratic mapping and a cubic mapping, respectively.

The following theorem immediately follows from Theorem 3.1.

Theorem 3.2. If a mapping f : V — W satisfies the functional equation
D;if(x,y) =0 for all xz,y € V and for i € {1,2,3,4}, then f is a generalized
polynomial mapping of degree at most 3.

Assume that f,g: V — W are generalized polynomial mappings of degree
at most 3. In view of the above argument, it is obvious that if f(2z) = 2f(z)
and g(2z) = 23g(z) for all z € V, then f and g are an additive mapping and
a cubic mapping, respectively. If f: V — W is a generalized polynomial even
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mapping of degree at most 3 and f(nz) = nf(x) for all z € V, then f is an
even and additive mapping, i.e., f = 0.

Theorem 3.3. If a mapping f : V — W satisfies the functional equation
D;pf(z,y) = 0 for all z,y € V and for i € {1,2,3,4}, then f is a cubic-
additive mapping.

Proof. Assume that a mapping f : V — W satisfies D; ;f(x,y) = 0 for all
z,y € V and for i € {1,2,4}. The following equalities are consequences of our
long and tedious calculations:

f(4z) —10f(2z) + 16 f(x)
= ﬁ ((4162 - 3)D1,kfo(x, x) — 2k2D17kfo(2x, x)
+ 2K Dy . fo(w, 22) — 2Dy 1o fo (K + 1)z, z)
+2D1 i fo((k — 1)z, 2) — k*D1 o fo(22, 22) (3.1)
+ D1 g fol(w,3x) — D1 i fo((2k + 1)z, )
+ D1 i fo((2k — 1)z, 90))
1

— m(Dlykf(élx, 0) — 10Dy 1. f(2x,0) + 16Dy 1. f(x,0)),

f(4z) — 10f(22) + 16f(z)
- ﬁ ((4/<2 = 3) Dy fol,7) — 2k2 Dy g fol 22, 7)
+ 2k* Dy jy fo(@, 22) — 2D3 i fo ((k + 1)z, )
+ 2D fo((k = 1)z, x) — k* Dy fo(22, 2) (3.2)
+ Doy fo(z, 32) — D27kfo((2k + 1)z, a;)
+ Doyefo((2k = 1)a,7) )

L (Dyyf(42,0) — 10Dy (22,0) + 16Dy f(,0)),

" 2(k? - 1)

f(4z) — 10f(22) + 16 f(x)

1 x kx z (2k+1)x
=13 <8D4,kfo (27 2) — 8kDy ki fo (27 2)

x (2k—1)x x 3kx
kD fo 2,55 202N gy fo 2,258
+ 8kDy . f (2 5 > 8Dy f. (2 5 >
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+ (1 — 8k2)D4,kf0(37, x) — Dyj folx, kx)

+ 2Dy i, fo(, (k4 1)z) + 2Dy fo(w, (k — 1)z)
+ (k4 1) Dy fo(x, (2k + 1))

— (k= 1)Dapfo (. (2k — 1))

+ Dy fo(x, 3kz) — 2Dy fo(22, )

+ k2Dy i fo(22,22) — 2Dy 1. fo(2, k)

— Dy i fo(2x,2kz) — Dy fo(3, m))

+

5o (Paf(0,42) = 10D 4 (0, 22) + 16Dy f(0, 2))

for all z € V. From these equalities and our assumption, we get f(4z)

2fM(x) and P (2z) = 233 (z) for all z € V. Since f) and @ are
generalized polynomial mappings of degree at most 4 and f = f) + (2
can conclude that f(V) is an additive mapping and f® is a cubic mapping,
i.e., f is a cubic-additive mapping.

We now consider the case of D3y f(x,y) = 0. By a similar way, we see
that f(gl)(Qx) = 2f§1) () and f(§2)(2x) = 23f@)(z) for all 2z € V by using the
following equality

fo(dx) —10f,(2x) 4+ 16 f,(x)
< (s0en (3.5 s (. 51

n 272 27 2
r (2n— 1z xr 3nx
+ 8nD3 ., fo (2, (2)> —8D3 .1 fo <2, 2>
+ (1 - 8n2)D3,nfo(xa ‘7:) - DS,nfo(xa nx) (34)

+ 2D3,nfo(x7 (n+ 1)36) + 2D37nfo(a:, (n— 1)x)
+ (n+1)D3pfo(z, (2n+1)z) — (n — 1) D35 fo(z, (2n — 1))
+ D3 fo(w,3n2) — 2D3 . fo(2, &) + n*Ds p fo(22, 21)

— 2D3 5, fo(2z,nx) — D3y fo(2x, 2n2z) — D3 4, fo(3z, a:))

for all z € V. Since f(gl) and féz) are generalized polynomial mappings of
degree at most 4 and f, = f(sl) + fo(z), we may conclude that fg(l) is an additive
mapping and f(§2) is a cubic mapping, i.e., f, is a cubic-additive mapping.
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From the equality fe(nx) —nfe(z) = %Dg,nf(o, x) for all x € V, we know that
fe(nx) = nfe(x) for all x € V and fe = 0, i.e., f = f, is a cubic-additive
mapping. O

Theorem 3.4. If f : V — W 1is an additive mapping, then f satisfies the
functional equation D;p f(z,y) =0 for all z,y € V and for i € {1,2,3,4}.

Proof. We notice that f satisfies the equalities f(nz) = nf(x) and f(x) =
—f(—x) for all z € V and n € N. Thus, we get the equalities D; f(x,y) = 0
for i € {5,6} and D, f(z,y) = 0 for i € {1,2,3,4} by using the following
equalities

Dinf(z,y) = — Af(z+ny,x — ny) + n*Af(z +y,z —y),
Donf(z,y) = — Af(z+ny,x — ny) + n*Af(z +y,x —y),
D3, f(z,y) = —Af(nx +y,nx —y)+nAf(z+y,z —y),
Dynf(z,y) = —Af(nz +y,nz —y) +nAf(z+y,z —y)

for all z,y € V. O

Theorem 3.5. If f : V — W is a cubic mapping, then f satisfies the func-
tional equation D;, f(x,y) =0 for all x,y € V and for i € {1,2,3,4}.

Proof. We remark that f(nz) = n?f(x) and f(z) = —f(—=z) for all z € V and
n € N provided f is a cubic mapping.

First, we will verify that Dy, f(z,y) = 0 and Dy, f(z,y) = 0. It is easy to
see that the equalities D; o f(z,y) =0 and D;3f(x,y) = 0 for i € {1, 2} follow
from the equalities

Di,?f(xvy) - Cf((L',y) + Cf(l', _y)a

Disf(z,y) = Diof(x +y,y) + Diof(x —y,y) +4D; 2 f(z,y)
for all z,y € V. If D; j f(z,y) =0 for all j € N with 2 < j <n —1, then the
equality D; ., f(z,y) =0 for i = 1 or 2 follows from the equality

Di,nf(xa y) = Di,nflf(x + Y, y) + D'i,nflf($ - Y, y) - Di,n72f(xa y)
+ (n—1)’Dia f(z,y)
for all z,y € V. By applying mathematical induction, we conclude that
Dinf(z,y) =0 for all z,y € V, i € {1,2}, and for all integers n > 1.
Secondly, we prove that D3, f(x,y) = 0 and Dy, f(z,y) = 0. The equalities

D;sf(xz,y) = 0 and D;3f(x,y) = 0 for ¢ € {3,4} follow from the following
equalities

Di,Qf(xay) = Cf(y,.f) + Cf(y - .%',.Z'), Di,Sf(xay) = Cf(y - T, 2%)
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for all z,y € V. If D; ;f(z,y) = 0 for all j € N with 2 < j <n — 1, then the
equality D; f(x,y) = 0 for i = 3 or 4 follows from the equality
Dinf(z,y) = Din-1f(x+y,y) + Din-1f(x —y,y) — Din-2f(z,y)
+ (n - 1)Di,2f(x7 y)

for all z,y € V. Hence, we conclude that D;, f(x,y) = 0 for all z,y € V,
i € {3,4}, and for all integers n > 1. O

4. STABILITY OF CUBIC-ADDITIVE FUNCTIONAL EQUATIONS

In this section, by using Lemmas 2.3 to 2.5 from the previous section, we
will prove our main theorems concerning the generalized Hyers-Ulam stability
of cubic-additive functional equations. First, we will apply Lemma 2.3 to the
proof of the following theorem.

Theorem 4.1. Let the function ¢ : V2 — [0,00) satisfy the condition
o S
p(2'z, 2"y
=0

for all x,y € V. Given an integer n > 1, if a mapping f : V — Y satisfies
f(0) =0 and

D1 f (z,y)ll < o(z,y) (4.2)
for all x,y € V, then there exists a unique mapping F': V. —'Y such that
Dl,nF(xvy) =0 (43)
forall z,y € V and
e 22i+2 +1 ;
[f(z) = F(z)| < Z WM@ fE) (4.4)
i=0

for all x € V., where . : V2 — [0,00) and pu1 : V — [0,00) are defined by

ez, y) + (=2, —y)
Soe(x7y) L 2 Y

1
(@) == ———s ((4n? = 3)pe(w, ) + 2% (22,2) + 2n%p.(, 22)

+ 2¢c((n+ 1)z, 2) + 2pc((n — 1)z, z) + n2pe(2x, 2z)
+ @e(@,32) + @e ((2n + 1)z, ) + e ((2n — 1)z, :1:))

m(‘ﬂ(‘lx? 0) + 5n’p(2x,0) + 8n*p(z, 0))
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forallx,y e V.

Proof. By (3.1) and (4.2), we get

1£(2%2) — (2 +2%) f(22) + 2 f(2)|| < pua(2)

for all x € V. If we put a = 2 and replace p with p; in (2.4), then p; satisfies
the condition (2.4) instead of u and the mapping f satisfies inequality (2.6)
for all x € V in view of the last inequality.

By Lemma 2.3, there exists a mapping F': V — Y satisfying equality (4.3)
for all z,y € V, equalities in (2.2) with a = 2 for all x € V, and inequality
(4.4) for all x € V. Since the equalities in (2.2) follow from the equality (4.3),
we can conclude that F': V — Y is the unique mapping satisfying (4.3) and
(4.4). O

We can prove the following theorem in the same way as we did in the proof
of Theorem 4.1 by applying Lemma 2.4 instead of Lemma 2.3. Hence, we omit
the proof.

Theorem 4.2. Let the function ¢ : V2 — [0,00) satisfy the condition

22& ( > < 00 (4.5)

for all x,y € V. Given an integer n > 1, if a mapping f : V — Y satisfies
f(0) =0 and (4.2) for all x,y € V, then there exists a unique mapping F :
V =Y satisfying (4.3) for all x,y € V and

X 931 % T
1) - Pl < 3 5 2m (5 )

=0

forallxz e V.

The following theorem can be proved in the same way as we did in the proof
of Theorem 4.1 by applying Lemma 2.5 instead of Lemma 2.3. Hence, we omit
the proof.

Theorem 4.3. Let the function ¢ : V2 — [0,00) satisfy the conditions

Z (P(T; 2y) < 00 and 222 ( ) < 0 (4.6)

i=0
for all x,y € V. Given an integer n > 1, if a mapping f : V — Y satisfies
f(0) =0 and (4.2) for all x,y € V, then there exists a unique mapping F :
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V = Y satisfying equality (4.3) for all x,y € V and

£() - F@)l < =3 (“;ijf) +2n (2+>>

=0

forallx e V.

In the following theorems, we deal with the stability problems of cubic-
additive functional equations Dj,, f(z,y) = 0 by applying Lemmas 2.3, 2.4
and 2.5 in order.

Theorem 4.4. Let ¢ : V2 — [0,00) be a function satisfying the condition
(4.1) for all xz,y € V. Given an integer n > 1, if a mapping f : V — Y
satisfies f(0) =0 and

[ Do f (2, 9) |l < (2, y) (4.7)

for all x,y € V, then there exists a unique mapping F : 'V — Y such that
Dy F(z,y) =0 for all z,y € V and

e 22i+2 +1 )
[f(z) = F(z)| < Z WW(Q%) (4.8)
=0
for all x € V', where po : V — [0,00) is defined by
. 1 2 2 2
pa(z) == - — ((471 3) ez, z) + 2n°pe (22, 7) + 2n°pc(z, 22)

+2pc((n+ 1)z, 2) + 20¢ ((n — 1)2, 2) + n’pe (22, 22)

+ @e(,32) + @ ((2n + 1)z, ) + e ((2n — 1)z, a:))
1
- 2(n? —1)

forallz,y e V.

(¢(4z,0) + 5n?p(2z,0) + 8n*p(z,0))

Proof. First, it follows from equality (3.2) and inequality (4.7) that

|£(2%2) — (2+2°) f(22) + 2" f(2)|| < po(2)

for all x € V. If we put a = 2 and replace p with po in (2.4), then po satisfies
(2.4) and the mapping f satisfies inequality (2.6) for all z € V. According to
Lemma 2.3, there exists the unique mapping F : V — Y satisfying equality
Dy F(x,y) =0 for all z,y € V and inequality (4.8) for all x € V. O
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Theorem 4.5. Let ¢ : V2 — [0,00) be a function satisfying the condition
(4.5) for all x,y € V. Given an integer n > 1, if a mapping f : V — Y
satisfies f(0) = 0 and (4.7) for all z,y € V', then there exists a unique mapping
F:V =Y satisfying Do, F(z,y) =0 for all z,y € V and

>, 2% 4 9o T
Hf(-’L‘)—F(w)HSi:O 5 M2<2i+1>

forallz e V.

Theorem 4.6. Let ¢ : V2 — [0,00) be a function satisfying the conditions
in (4.6) for all x,y € V. Given an integer n > 1, if a mapping f : V — Y
satisfies f(0) = 0 and (4.7) for allz,y € V, then there exists a unique mapping
F:V =Y satisfying equality Do F(x,y) =0 for all x,y € V and

I£) ~ F@)l < £ (“;(ﬁf) v 2mz(2£1>>

1=0

forallxz e V.

Now, the following three theorems deal with the stability problems of cubic-
additive functional equations D3, f(z,y) = 0 by using Lemmas 2.3, 2.4 and
2.5 in order.

Theorem 4.7. For a fized integer n > 1, let p : V2 — [0,00) be a function
satisfying the conditions (4.1) and

> plrany) (4.9)
; n
=0
for all x,y € V. If a mapping f :V — Y satisfies f(0) =0 and
1D f (2, y)ll < @(,y) (4.10)

for all x,y € V, then there exists a mapping F': V —'Y such that

Dy F(z,y) = 0 (4.11)
forallxz,y €V and
X 22it2 4 ; . p(niz,0
|f(z) — F(z)|| SZWW)(Q x) +Z(an+1) (4.12)

=0 1=0
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for all x € V, where

1 r nx z (2n+ 1)z
p3(x) == 3 _n (890e<2a 2) + 8npe (27 2)

x 2n—1)x r 3nx
+8n%<2’(2)> +8*"e<2’2>

+ (Sn2 — 1)80@(17, x) 4+ @e(T,nx) + 2¢0¢ (:1;, (n+ 1):1:)
+ 2¢c(z, (n — 1)x) + (n+ D)ge (2, (2n + 1)z)
+ (n = )ge(z, (2n — 1)z) 4 @e(z, 3nz) + 20 (22, 7)

+ n2<pe(23:, 2x) 4 2¢¢ (22, nx) + e (2, 2n2) + e (3, ZL‘)> .

Proof. From equality (3.4) and inequality (4.10), it follows that

[£o(2%2) — (24 2%) fo(22) + 2" fo(2) || < ()

for all z € V. If we put a = n = 2 temporarily and replace p by us in (2.4),
then ps satisfies the condition (2.4) instead of p and the mapping f, satisfies
inequality (2.6) for all z € V.
Due to Lemma 2.3, there exists a mapping F' : V — Y satisfying equality
D3, F(z,y) =0 for all ,y € V and inequality
0 5242
2 +1 ;
1 folw) = F@)Il <> g 1 (2')
i=0
forall x € V.
In view of the equality fe(nx) — nf.(x) = —%Dg,nf(m, 0) for all x € V', we
have

o(x,0)

2
for all z € V. Using the above inequality and (4.9), we can define F'(z) =
lim % fe(n'z) € Y for all x € V such that F' : V — Y satisfies inequality
1—00

[fe(nz) —nfe(z)] <

Ifu(w) Pyl < 30 20?)

and D3, F'(z) =0 for all z € V.
By the definition of F” and the equality D3, F'(z) = 0 for all x € V, we

see that F’ is an even mapping and a cubic-additive mapping, i.e., F/ = 0.
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Hence, we obtain

> n 'z, 0
||f€ Z Z+1
for all x € V. Thus,
1f(z) = F(@)|| < [Ife(@)]| + | fo(z) — F(2)]]
%241 (n'z,0)
= Z 3. 23i+4 g k(2 +Z onitl
forallz e V. Il

Theorem 4.8. For a fized integer n > 1, let p : V2 — [0,00) be a function
satisfying the conditions (4.5) and

Zna@(w,, 9) < o0

. nt nt

=0

for all x,y € V. If a mapping f : V — Y satisfies f(0) = 0 and (4.10) for

all x,y € V, then there exists a mapping F : V —'Y satisfying (4.11) for all
x,y €V and

I7(0) ~ ) < 2&;2?3(2,"11%2 o500

=0

forallz e V.

Theorem 4.9. For a fized integer n > 1, let p : V2 — [0,00) be a function
satisfying the conditions (4.6) and

znz@(w,, 9) < oo

5 nt nt

=0

for all x,y € V. If a mapping f:V — Y satisfies f(0) =0 and (4.10) for all

x,y €V, then there exists a mapping F : V. —'Y satisfying equality (4.11) for
all x,y €V and

I5)~ F éi( B 2y (%1)) +§j o(0)

forallz e V.

Analogously, we deal with the generalized Hyers-Ulam stability problems
of cubic-additive functional equations Dy, f(x,y) = 0 in the following three
theorems.
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Theorem 4.10. Let ¢ : V2 — [0,00) be a function satisfying the condition
(4.1) for all xz,y € V. Given an integer n > 1, if a mapping f : V — Y
satisfies f(0) =0 and

[Danf(z,y)ll < o(z,y) (4.13)
for all x,y € V, then there exists a unique mapping F' : 'V — Y such that
DynF(x,y) =0 for all z,y € V and

> 22i+2+1 ;
[f(z) = F(z)| < Z Wﬂzl(z x) (4.14)
i=0
for all x € V, where

1 r nx z (2n+ 1z
)

2n —1
+8n90e(x 7( i )x> +8goe<x ?m)

27 2 2’ 2
+ (8n* — Dge(w, z) + @e(z, nx) + 20 (2, (0 + 1))
+ 2¢¢(z, (n — 1)z) + (n+ 1)@ (2, (2n + 1))
+ (n — 1)pe(z, (2n — 1)z) + @c(z, 3nz) + 29 (22, 2)

+ n2g06(2x, 2z) + 20 (22, nx) + Y (22, 2nx) + @ (3, x))

1

+2n—2

(¢(0,4z) + 10¢(0, 22) 4 16(0, z)).

Proof. The inequality

1£(2%) = (2+2°) f(20) + 2/ ()| < pua()
follows from (3.3) and (4.13) for all z € V. If we put a = 2, then 4 satisfies
the condition (2.4) and the mapping f satisfies inequality (2.6) for all x € V.

By Lemma 2.3, there exists a unique mapping F': V — Y satisfying equality
Dy, F(x,y) =0 for all z,y € V and inequality (4.14) for all x € V. O

Theorem 4.11. Let ¢ : V2 — [0,00) be a function satisfying the condition
(4.5) for all xz,y € V. Given an integer n > 1, if a mapping f : V — Y
satisfies f(0) = 0 and (4.13) for all x,y € V, then there exists a unique
mapping F 1V =Y satisfying Dy F(z,y) =0 for all z,y € V and

e 93i 4 9i
1)~ F@ll < 3 5 (55 )
=0

forallz e V.



Stability of cubic-additive functional equations 53

Theorem 4.12. Let ¢ : V2 — [0,00) be a function satisfying the conditions
(4.6) for all x,y € V. Given an integer n > 1, if a mapping f : V — Y
satisfies f(0) = 0 and (4.13) for all x,y € V, then there exists a unique
mapping F : V. =Y satisfying equality Dy, F(z,y) =0 for all z,y € V and

1 — 2! ,
[f(z) — F(z)]| < gz Mzgé) +2W4<2£1>

1=0

forallz e V.
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