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1. INTRODUCTION

In 2002, Branciari [3] extended the famous Banach’s fixed point theorem and
gained the following fixed point theorem for contractive mapping of integral

type.

Theorem 1.1. ([3]) Let f be a mapping from a complete metric space (X, d)
into itself satisfying for all x,y € X,

d(fz,fy) d(z.y)
/ p(t)dt < c/ p(t)dt, Vz,ye€ X,
0 0

where ¢ € (0,1) is a constant and ¢ € ®1. Then f has a unique fixed point
a € X such that limy,_, f"x = a for each x € X.

Afterwards, the authors [1,2,4-14] continued the study of Branciari and
got some fixed point theorems for contractive mappings of integral type. In
2011, Liu et al. [9] established the following fixed point theorems.

Theorem 1.2. ([9]) Let f be a mapping from a complete metric space (X, d)
into itself satisfying for all x,y € X,

d(fz,fy) d(z,y)
/ @@ﬁSaM@wD/ p(t)dt, W,y e X.
0 0

where ¢ € ®1 and a: RY — [0,1) is a function with
limsupa(s) <1, Vt>D0.

s—t

Then f has a unique fixed point a € X such that lim,_, f"x = a for each
rxeX.

Theorem 1.3. ([9]) Let f be a mapping from a complete metric space (X, d)
into itself satisfying for all x,y € X,

d(fz.fy) d(z,fx) d(y,fy)
[ etar < atea [ e+ sy [ el
where p € ®1 and a, B: RT — [0,1) are two functions with

at)+p(t) <1, VteRT, limsuppA(s) <1, limsupﬂ
s—07F s—tt 11— 6(8)

Then f has a unique fixed point a € X such that lim,_, f"x = a for each
xeX.

<1, Vt>0.

The aim of this paper is to introduce five classes of contractive mappings
of integral type in complete metric spaces and to study the existence and
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uniqueness of common fixed points for these mappings. Our results extend
Theorem 1.1 and differ from Theorems 1.2 and 1.3. Two examples are given.

2. PRELIMINARIES

Throughout this paper, we assume that R = (—oo, 4+00), RT = [0, +00),
Np = {0} UN, where N denotes the set of all positive integers. Let (X,d) be
a metric space. For f,g: X — X, define

dn = d(f$n7 f«rn—i-l); Vn € NO and {ﬂ?n}neNO g X’

m1<x,y>=max{d<gx,gy>,d<fx,gx> A(Fy.00). 5(d(F.7) + d( 2. g).
d(fx,gz)d(fy,gy) d(fz,gy)d(fy,gz)

L+d(fx, fy) ° 1+d(fz, fy)
d(fx,gz)d(fy, gy) d(fx,gy)d(fyygx)}
L+d(gz,gy) = 1+d(gz,gy) ) va,y € 4,

ma(z,y) :max{ (g, gu).d(F. go). d(Fy. gu). 5 (d(Fy. g2) + d(F.gu).
d(fz,gy)d(fz, gzx) d(fy,gx)d(fy,gy)
d (
)

oL+ d(fo fo] 2+ e o) } vy e

ms(fv,y)zmaX{ (92, 9y),d(fx, gx),d(fy, 9y), ( (fy,92) +d(fz,gy)),

d(fx, gx)d(fy,gx) d(fy, gy)d(ffr: 9y)
2[1 +d(gz,gy)] ~ 2[1+d(gz, gy)]

} Vz,y € X.

Let &; = {(p ¢ : RT — R satisfies that gp is Lebesgue integrable, sum-
mable on each compact subset of R* and fo t)dt > 0 for each ¢ > 0}
= {¢:¢:R" —[0,1) satisfies that hmsupsﬁtcp( ) < 1,Vt>0};
<I>3 = {p:p:R" —[0,1) satisfies that limsup,_,; p(s) < 1,Vt € RT}.

It is clear that &35 C P,.

Definition 2.1. ([5]) A pair of self mappings f and g in a metric space (X, d)
is said to be weakly compatible if for all ¢ € X the equality ft = gt implies
that fgt = gft.

Lemma 2.2. ([9]) Let ¢ € &1 and {rp}nen be a nonnegative sequence with
lim,, oo 7n = a. Then

Tn

im [ o(t)dt = /0 " o)t

n—oo 0



72 Z. Liu, L. Meng, N. Liu and C.Y. Jung

Lemma 2.3. ([9]) Let ¢ € ®1 and {r,}nen be a nonnegative sequence. Then
T'n
lim o(t)dt =0 < lim r, = 0.
n—oo

n—o0 0

3. FIvE CoMMON FIXED POINT THEOREMS

Our main results are as follows.
Theorem 3.1. Let f and g be self mappings in a complete metric space (X, d)
such that

(F1) f and g are weakly compatible;

(F2) f(X) € g(X);
(F3) g(X) is complete and

d(fmvfy) ml(‘r’y)
/ p(t)dt < almy(z.y)) / ot)dt,  VmyeX,  (31)
0 0

where (o, ) € P1 X Pg.
Then f and g have a unique common fized point in X.

Proof. First, we prove that f and g have at most one common fixed point in
X. Suppose that f and g have two different common fixed points a,b € X. It

follows from (3.1) and (¢, ) € &1 x P4 that
a(a,t) = max { d(ga, ). d( fa, ga) £, ), 5. ga) + d fa.gb).
d(fa,ga)d(fb,gb) d(fa,gb)d(fb,ga)

1+d(fa, fb) ~ 1+d(fa,fb)

d(fa,ga)d(fb, gb) d(fa,gb)d(fbjga)}
1+d(ga,gb) * 1+d(ga,gb)

)

d?(a,b) d*(a,b)
— d(a,b d(a,b
max{ (a,6),0,0,d(a, ), 0, 3=y ’1+d<a’b>}

and
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which is a contradiction.

Next, we show that f and g have a common fixed point in X. Let ¢ be an
arbitrary point in X. In light of (F'2), there exists a sequence {x,, }nen, in X
satisfying fx, = gr,+1 for each n € Ny.

Assume that dp, = 0 for some ng € Ny. It follows from (F'1) that

fTng = [Tngr1 = 9Tngt1 (3.2)
and
FPTngt1 = [9Tngt1 = 9f Tngt1 = §°Tng11. (3.3)

Suppose that fz,,+1 # f2Tng+1. In view of (3.1)-(3.3) and (¢, ) € @1 x Do,
we deduce that

ml(fxn0+1a xn0+1)

= max {d(gfl‘no+1a g$n0+1)a d(f2$n0+17 gfmno+1)’ d(fl‘no+1a gxn0+1)a

1
i(d(fxn(rkla gfxn0+1) + d(fQ'Ino+17 g$n0+l)))

d(fono—i—lv gfxno+1)d(fxno+1v gxno-i—l)
1+ d(wino-&-lv fxno-H)

d(fzxno-f—l? gmno-i-l)d(fxno-i-la gfxno-f—l)
1+ d(f2$no+1v fxno-&-l)

d(f2xno+17 gfxno-‘rl)d(fxno-‘rlv gxno-f-l)
1+ d(gfxno—i-la gxn0+1)

d(fono-H? g$n0+1)d(f:rn0+1, gfxno—i-l) }
1+ d(gfxno—i-la gxno-H)

)

I

I

= max {d(fono-i-l) f$n0+1)7 05 05 d(f2$n0+1, fﬂfn0+1), 05

A(f*@ng+15 FTng+1)d(fTng 415 [ Tng41)
L+ d(f?Tpgt1, fTne+1)
d(f2xno+17 fxno-i-l)d(fmno—i-h fono-H) }
1+ d(f2$n0+1, fxno-i-l)
= d(fgxnoJrla fﬂl‘n0+1)

707

and
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o(t)dt

d(fon0+1vfxn0+1)
<

0

m1(fTng+1,Tng+1)
< Oé(m1(f«73no+17113n0+1))/0 (t)dt

/d(f2$n0+17f$n0+1)

= O‘(d(fonoJrlv f$n0+1)) (,O(t)dt

/d(f2$n0+1,fxn0+1)

< p(t)dt,

0

which is absurd. Therefore fa,,11 = f?Zny+1, which together with (3.2) and
(3.3) means that fx,,+1 is a common fixed point of f and g in X.

Assume that d,, # 0 for all n € Ny. Observe that

1 1
id(fxn—ﬁ—la f!Tn—l) < §(dn—1 + dn)

(3.4)
< max{d,—1,d,}, Vne€N.
Using (3.4), we infer that
my(Tn, Tnt1)
= {0 0 42). A ). A 9000),
1 d(fxn, grn)d(fTni1, 9Tni1)

§(d(fxn+1>gxn) +d(fn, gTni1)), L+ d(fen, frni1) ,

d(fl'n, g$n+1)d(fxn+1, gxn) d(fxna gxn)d(fxn%—l, gwn—i—l)
L+ d(fzn, frni1) ’ 1+ d(gzn, gTn+1)
d(fTn; 9Tn+1)d(fTnt1, gTn) }
1+ d(gxn, gTnt1)

9

~ max {d(f:cnl,fm,d(fxn, Fonet), d(fns, fan),

L
d(frn, frn)d(fentt, fen—1) d(fxn, frn—1)d(frni1, fon)

1+ d(fn, fTni1) ’ 1+d(frn_1, fzn) ’
d(fxn, fajn)d(fxn+1,fxn1)}

1+d(fep—1, fr,)
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dn—ldn dn—ldn 0}
1+d, " 1+dp1’ (3.5)

1
= max {dn—la dp—1,dp, §d(fxn+la fxn—l)a
= max{dp_1,dn}, Vn e€N.

If dy, > dp—1 for some n € N, it follows from (3.1), (3.4), (3.5) and (p, @) €
(131 X (132 that

dn, d(fﬂ?n,fﬁn+1)
0< / o(t)dt = / o(t)dt
0 0

m1(Tn,Tnt1)
< a(mi (@, Tns1)) / o(t)dt
0

dn, dn dn
—a(d) [ et < ad) [ o< [ oo

which is a contradiction. Hence d,, < d,_; for each n € N. Consequently,
the sequence {dy, }nen, is nonincreasing and bounded, which means that there
exists a constant ¢ with

lim d, =c¢>0. (3.6)

n—oo

Suppose that ¢ > 0. Making use of (3.1), (3.4)-(3.6), Lemma 2.2 and
(p, ) € D1 x Py, we conclude immediately that

0< /C (t)dt
0

dn
= limsup/ o(t)dt
0

n—oo

d(f$naf$n+1)
= lim sup/ o(t)dt
0

n—o0

m1(Tn,Tnt1)
< limsup (a(ml(l‘n, $n+1))/ W(t)dt)
0

n—oo

dnfl
< limsup a(dp—1) - lim Sup/ o(t)dt
0

n—oo n—oo

< limsupa(s)-/ p(t)dt
0

s—sc
< [ etat
which is absurd. T(l)lerefore, ¢ =0, that is,
nlglg() dy, = 0. (3.7)

Now, we claim that { fz, }nen, is a Cauchy sequence. Suppose that { fxy, }nen,
is not a Cauchy sequence. It follows that there exist a constant € > 0 and two
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sequences {m(k)},cy and {n(k)}, oy in No with m(k) < n(k) < m(k+1) and
d(fl‘m(k), fxn(k)) >¢e and d(fxm(k), fxn(k)_l) <e, VkeN. (38)
Note that

A(fTmrys FTniy) < A(fTmiys fTniy—1) + dpy—1, Yk EN;
|A(fTm)s FTn()) — A Timrys fTne)—1)| < dny—1, Yk €N;

|d(f Ty fonm) = Af T —15 fTn)| < dmy—1. Yk EN;
|A(f )15 FTn(e)—1) — A(fZm@p)—1, fTn)| < dpy—1, Yk €N

(3.9)

On account of (3.7)-(3.9), we get that
(3.10)

Combining (3.1), (3.7), (3.10), Lemma 2.2 and (¢, @) € &1 x $2, we know that

klggoml( m(k)s Tn(k))

= lim max {d( m(k) 9n(k))s A Ty, 9Tm(k) ) AT (k)> GTn(i) )

k—o0

*( ([Tnk)s 9Tmr)) + A Tm(k)s GTn(k)))s
A Tm(k)s 9Tmk) ) A Tn(k)s GTn(k))
1 + A(fZm(kys [Tnk))
A Tm(k)s 9Tn(k) ) A f Tn(k)s 9Tm(k))
1+ d(fﬂfm(k fz (k)) ’
A(fTm(k)s 9Tmk) ) A Tn(k)s 9Tn(k))
1 + A(GT (k) gfvn(k)) ’
A(fTmk)s 9Tn(k))Af Tr(k)> Tm(k)) }
1+ d(ga? (k)> 9Tn(k))
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= lim maX{d(fxm(k:)—hfxn(k)—l)ad(fxm(kz)afxm(k)—l)vd(fxn(k)afxn(k)—l)y

k—o0

%(d(fxn(k), frm—1) + d(fTmys fTn-1));
A(f Ty fTm)—1)d(fTnky, [Tnir)—1)
L+ d(fzmys o)) ’
A(f ks FTn)—1) A Tnk)s [Tm@r)-1)
L+ d(f 2y, o))
A(fTmk)s fTmi)y—1) A Trr)s [Tnr)-1)
L+ d(fTmry—1, fTnir)—1)
A(fTrmys fTnr)—1) A fTni)s FTmr)-1)
L+ d(fomp)y—1, [Tnk)—1) }

2 2
:max{a,o,o,a,o,8 0, }

1+e "1+4¢
=c
and
€
0< / (t)dt
0
= lim sup/ (t)dt
k—o0 0

‘ ML (k) T (k)
< limsup (Oé(ml(ﬂﬁm(k),xn(k))) / @(f)dt>
0

k—o0

M (T () T (k) )
< lim sup a(m1 (@ () Tr(ry)) - lim sup/ p(t)dt
k—o0 k—oo JO

3
< lim sup af(s) / o(t)dt
0

S—¢E
£

< [ v,
0

which is a contradiction. Thus {fx,}nen, is a Cauchy sequence. It follows
from (F'3) that there exists (a,b) € g(X) x X with

lim fx, = nh_{lgo gy, = a = gb. (3.11)

n—oo
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Suppose that fb # a. In view of (3.1), (3.11), Lemma 2.2 and (y,a) €
®, x Py, we deduce that

lim mq (b, )
n—oo

= lim max{d(gb,g$n),d(fb,gb),d(fxn,gxn),

n—oo

(A7, g0) + (b, g0).

d(fb, gb)d(fxn, gxy) d(fb, gxy)d(fxn, gb)
1+d(fb, fxn) = 14+4d(fb, fx,)

d(fb, gb)d(fxn, gzn) d(fb, gzn)d(fzn, gb) }
L+d(gb,gzn) ~  1+4d(gb,gwn)

1 d(fb,a)d(a,a)
) §(d(aa a) +d(fb,a)), Tt d(fba)

d(fb,a)d(a,a) d(fb,a)d(a,a) d(fb,a)d(a, a)}
14+d(fbya) ° 1+d(a,a) = 14d(a,a)

= max {0, d(fb,a),0, %d(fb7 a),0,0,0, O}
=d(fb,a)

= max {d(a, a),d(fb,a),d(a,a)

and

d(fb,a) d(fb,fzn)
0< / @(t)dt = lim sup/ o(t)dt
0 0

n—oo

n—oo

m1(b,zn)
< limsup <a(m1(b, a:n))/ cp(t)dt)
0

m1(b,xn)
< lim sup a(mq (b, xy,)) - lim sup/ o(t)dt
0

n—oo n— oo

d(fb,a)
< limsup «a(s) / (t)dt
s—d(fb,a) 0

d(fb,a)
< / o(t)dt,
0

which is absurd. That is, a = fb = gb. It follows from (F'1) that

fa=f?b= fgb=gfb=g* = ga. (3.12)
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Suppose that a # fa. On account of (3.1), (3.12) and (p, o) € &1 x Pg, we
get that

m1(b, gb)
= e { (g P0), 0(7,), (. 0. 3L ) + (7)),

d(fb, gb)d(fgb, g*b) d(fb,g*b)d(fgb,gb)

L+ d(fo. fgb) * L+d(jb.fgb)
d(fb, gb)d(fgb, g°b) d(fb,gzb)d(fgb,gb)}
1+d(gb,g?b) 1+ d(gb,qg?b)

Cloto) g Lnto )

1
= max{d(a, fa),0,0, §(d(fa,a) +d(a, fa)),0, T+ d(a fa)' " T+ d(a, fa)

d(a,fa) d(fb,fgb)
0< / p(t)dt = / p(t)dt
0 0

m1(b,gb)
< a(mu(b, gb) / o(t)dt
0

d(a,fa) d(a,fa)
—aldafa) [ eit< [ et
0 0
which is impossible. Therefore a = fa. It follows from (3.12) that f and g
have a common fixed point @ € X. This completes the proof. O
Similar to the proof of Theorem 3.1, we have the following results and omit

their proofs.

Theorem 3.2. Let f and g be self mappings in a complete metric space (X, d)
satisfying (F'1)-(F'3) and

mi (x7y)

d(fx,fy)
/0 o(t)dt < a(d(fz, fy)) /0 ot)dt,  VayeX,  (3.3)

where (p,a) € @1 x $o. Then f and g have a unique common fized point in
X.

Theorem 3.3. Let f and g be self mappings in a complete metric space (X, d)
satisfying (F'1)-(F3) and

d(f%,fy) mi (gc,y)
[ e <ageg) [ e veyex. (1)
0 0
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where (p, ) € 1 x ®3. Then f and g have a unique common fized point in

X.

Theorem 3.4. Let f and g be self mappings in a complete metric space (X, d)
satisfying (F'1)-(F3) and

d(fz,fy) ma(z,y)
[ e < atdgo gy [ et
0 0 o) (3.15)
FBTnty) [ et ey e X,
0
where ¢ € ®1 and o, B : RT — [0,1) are two functions with
a(t)+ p(t) <1, limsup(a(s)+B(s)) <1, Vt>0. (3.16)

s—t

Then f and g have a unique common fized point in X.

Proof. First, we prove that f and g have at most one common fixed point in
X. Suppose that f and g have two different common fixed points a,b € X. It
follows from (3.15), (3.16) and ¢ € ®; that

ma(a, ) = max {d<ga, gb). d(fa, ga), d(fb, gb).

S (d(f0,90) + d(fa, gb)).
d(fa,gb)d(fa,ga) d(fb,ga)d(fb, gb)} (3.17)
2[1 +d(fa, fb)] * 2[1 +d(fa, fb)]
= max {d(a, b),0,0,d(a, b),0,0}
=d(a,b),

ma(a,b) = max {d<ga, gb), d(fa, ga)., d( b, gb),

S (d(f0,90) + d(fa, gb)).
d(fa,ga)d(fb,ga) d(fb,gb)d(fa, gb) } (3.18)
2[1 +d(ga,gb)] " 2[1+d(ga, gb)]
= max {d(a, b),0,0,d(a, b),0,0}
= d(a,b)
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and

d(a,b)
0< / (t)dt
0

d(fa,fb)
- / o (t)dt
0
msz(a,b)

ma(a,b)
a(d(fa, 1)) / o(0)dt + B(d(fa. 15)) / o

IN

d(a,b) d(a,b)
= o(d(a, b)) /0 o(t)dt + B(d(a,b)) /0 o(t)dt

d(a,b)
— (a(d(a, b)) + B(d(a, b)) / p(t)dt
d(a,b)
< /0 (),

which is a contradiction.

Next, we show that f and g have a common fixed point in X. Let xy be an
arbitrary point in X. By means of (F2), there exists a sequence {x,, }nen, in
X satisfying fz, = gx,4+1 for each n € Np.

Assume that d,,, = 0 for some ny € Ny. It follows from (F'1) that (3.2) and
(3.3) hold.

Suppose that fop,+1 # f2@ne+1. In light of (3.2), (3.3), (3.15), (3.16) and
p € &1, we infer that

mQ(fxno—H’ xno-ﬁ-l)
= max {d(gfxno—i-la g$n0+1>7 d(f2$no+1? gfxno-‘rl)a
d(fxno+17 gxn0+1)7

1
i(d(fxn0+lﬂ gf$n0+1) + d(fgxn0+17 gl’n0+1)),

A(f*Tng+1, 9Tno+1)d(f*Tng+1, 9fTng+1)
2[1 + d(fQ‘Tno-i-l? fxno-i-l)] 7
d(fTno+1, 9f Tno+1)A(fTng+1, 9Tng+1) }
2[1 + d(f2$n0+1, fxnoJrl)]
= max {d(fono-‘rla fl'no-i-l)v 0,0, d(f255n0+17 fl‘no-i-l)v 0, 0}

= d(fonO—i-l’ fxno-i-l)a

(3.19)
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m3(fxno+17 xno-ﬁ-l)
2
= max {d(gfxno—i-la gxno—i-l)v d(f Tno+1, gfxno+1)7

d(f$n0+1,g$n0+1),

1

i(d(fxn(ﬂrla gf:vn0+1) + d(f2xn0+1, gmnoJrl))a
Ad(f?Tngs1, 9f Tnot1)d(fTng1, 9 Tng+1)

2[1 + d(gf$n0+1vg$no+l)]
d(fxn0+1v gmn0+1)d(f2xno+lu gl‘no-ﬁ-l) }
2[1 + d(gfxno-i-h gxno-‘rl)]
= max {d(fono-‘rla fxno-f-l)v 0,0, d(fono-‘rla fxno-f-l)v 0, 0}

= d(f2$n0+1, fmno-i-l)

(3.20)

)

and

/d(f2xn0+17fxn0+1)

0< p(t)dt

/m2(f$n0+1,$n0+1)

0

S a(d(f2$n0+1a f$n0+1)) Qﬁ(t)dt
9 m3(fTng+1,Tng+1)
B Ty s1: FTngs1)) /0 ()it
9 d(f2xn0+1afxn0+l)
= O[(d(f Lng+1, fl‘ng—i-l)) /0 (,O(t)dt

d(f2$n0+1,fxn0+1)
B nga, fngs)) /0 o(t)dt

= (a(d(f2$no+17 fxn0+1)) + B(d(f2.%‘n0+1, f$no+1)))

d(f2$n0+17fxn0+1)

X / o(t)dt
0

d(f*Tng+1,fTng+1)

</ (),
0

which is absurd. Therefore fa,,11 = f2%n,+1, Which together with (3.2) and
(3.3) means that fx,,+1 is a common fixed point of f and g in X.
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Assume that d,, # 0 for all n € Ny. Using (3.4), we infer that
M2 (T, Trg1)

= max {d(gl‘n, gl‘n+1), d(fxna gl’n), d(fanrl’ gl’n+1),

d(fan, gTn1)d(frn, g2n)
20+ d(fzn, frnse1)]

%(d(fﬂjn+l, gﬂfn) + d(fxnv g$n+1))7

d(frni1, 9Tn)d(fTni1, 9Tni1) }
21 +d(fzn, frni1)]

= max {d(fxn—lv fl'n), d(fxrn fxn—l)a d(f$n+1, fxn)7

(fxm fxn)d(fxna fxn—l)
21 +d(fzn, frni1)]

%(d(fxn-i-la fxn—l) + d(fl‘n, fxn))’ ’

d(fxn—&-lv fxn—l)d(fxn-i-l, fxn) }

21 + d(fzn, fzni1)]
1 d
= max {dnh dnfl, dn, id(fanrl’ fxnfl), O,

=max{d,_1,d,}, Vn €N,

(fxn—i-h fxn—l)dn }
2(1+dy)

(3.21)
m3(xn> $n+1)

= max {d(g$n7 g$n+1); d(fl'n, g$n)7 d(fxn+la g$n+1)7

1 d(fl'm gmn)d(f$n+1, gﬂfn)

i(d(fxn-i-lv gxn) + d(fl‘m g$n+1))7 2[1 + d(gﬂﬁm ganrl)]

d(fl'nJrl» gl’n+1)d(fl‘n, gmn+1) }
2[1 + d(gmn, ganrl)]

Y

~ max {d(fxn_l,fmnxd(fxn, Ftn 1), d(Fesn, fin),

d(f.%‘n, fxn—l)d(fxn—l—ly fxn—l)
2[1 +d(fan—1, frn)] ’

%<d<fxn+1, frn-1) +d(fan, fon)),

d(f$n+17 fxn)d(fxna fxn) }
21+ d(frn-1, fzn)]

1
= max {dnl, dnfl, dn, id(fanrl, fl'nfl),
= max{d,—1,d,}, Vn€N.

dn1d(fTni1, fTn1) 0}
21+ dp-1) '

(3.22)
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If dy, > dp—1 for some n € N, it follows from (3.15), (3.16), (3.21), (3.22) that

dn d(frn,frnt1)
0< / o(t)dt = / o(t)dt
0 0

ma(Tn,Tn+1)
< od(fn, fEns1)) / o(t)dt
0
m3(Tn,Tnt1)
- Bd(fm, frns)) / o(t)dt
0
dn dn
=awmA @®ﬁ+BMMA o(t)dt
dn
d
<A¢@u

which is impossible. Hence the sequence {d, }nen, satisfies (3.6).

Suppose that ¢ > 0. Using (3.6), (3.15), (3.16), (3.21), (3.22), Lemma 2.2
and ¢ € ®;, we conclude that

c dn
0< / p(t)dt = limsup/ o(t)dt
0 0

n—o0

d(fxnvfl"rH—l)
= lim sup/ o(t)dt
0

n—oo

ma(Tn,Tni1)
< lim sup <a(d(fxn, fxn+1))/ p(t)dt
0

n—oo

m3(Tn,Tnt+1)
4 B(d(fns frnsn)) /0 go(t)dt)

— Jim sup <a(dn) /0 " o)t + A(dy) /0 . cp(t)dt)

n—oo

dn—1
< lim sup(a(dy) + B(dy)) - lim sup / o(t)dt
0

n—oo n—0o0

< limsup(a(s) + A(s)) - /0 Co(t)dt

s—ct

< [ e,
0
which is absurd. Therefore, ¢ = 0, that is, (3.7) holds.

Now, we claim that { fz, }nen, is a Cauchy sequence. Suppose that { fz, }nen,
is not a Cauchy sequence. It follows that there exist a constant € > 0 and two
sequences {m(k)},cy and {n(k)},cy in No with (3.8)-(3.10). It follows from
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(3.10), (3.15), (3.16), Lemma 2.2 and ¢ € ®; that

lim 19 (2, (), T (k) )

k—o00
= lim max {d(gacm( K> 9%n(k))> A Tni)s 9T m()):
d(fn k), gxn(k)),
1( A(f Ty 9Tme)) + ATy 9Tn(i)))s
d(f T i) ) (2 gl‘m(k))

2[1 +d(f$m fﬂﬁn )] ’
(fl‘n(k 9T, k)) (ffl?n(k; gn, (k))}

= lim max {d(fl“m(k)h fﬂfn(k)q), d(fxm(k)a fTmy-1),
d(f Ty, fTnik)-1),

%(d(fxn(k)a fTm@y-1) + d(fTmys [Tnm)-1)),
A(fTmys fTn(k)—1) A FTmrys FTmk)-1)
2[L +d(fTmys fTnr))] ’
A(fZnkys fTm)—1) A Tk, [Tny—1) }
(L + d(fTm(kys fTnr))]
= max{e,0,0,¢,0,0}

:E’

(3.23)

i (1) )

= lim max {d(gmm( k) 9Tn(k))s A Ton(kys 9Tm(k))s

k—o0
d(f k), gﬂcn(k)),
1( A(f @ity 97 >+d 0 9700
[1 +d(gxm( k)» g$n( ))] 7

A(fTn(kys 9Tn(k) ) A(f Tim(k)> 9Tn (k))}
2[1 + d(gT ) 9Tn (i) )]
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= lim max {d(fxm(k:)—lv frny—1)s A fTm@ys fTmr)-1),
A(fZn(k) [Tn(k)-1)

%(d(fxn(k), fTmy—1) + d(fTmys fTn-1));
A(f Ty fTm)—1)d(fTriky, [Tmr)—1)
2[1 + d(fTm)—1> fTn(k)—1)] ’
A(fZnkys fTnk)-1) A Tk, [Tnr)-1) }
2[1 + d(fTm@)—1> fTnii)—1)]
= max{¢,0,0,¢,0,0}

=&

(3.24)

and

e A(fTm (k) s [ Tn(k))
0< / e(t)dt = limsup/
0

k—00 0

p(t)dt

) M2(T (k) Tr(k))
<t sup ((dl ey Foue)) [ o

k—o0

M3 (T (k) T (k))
+ B(d(fTm(k), [Tnk))) /0 go(t)dt)

k—o0
M2 (L (k) T ()) M3 (L (k)T (k)
x lim sup max { / o(t)dt, / cp(t)dt}
k—o0 0 0

< Timsup(a(s) + A(s)) - max { [ et [ <P(t)dt}

s—eTt

</ Cp(dt,

which is a contradiction. Thus {fx,}nen, is a Cauchy sequence. It follows
from (F'3) that there exists (a,b) € g(X) x X satisfying (3.11).

Suppose that fb # a. In light of (3.11), (3.15), (3.16), ¢ € ®;1, Lemmas 2.2
and 2.3, we deduce that

li_>m ma(b, x,) = lim max{d(gb,g:rn),d(fb,gb),d(f:cn,g:vn),

n—oo

S (d(Fan,gb) + d(7b. g,)),
I

[b, gxn)d(fb, gb) d(f:vn,gb)d(fxmg:cn)}
2[L+d(fb, fxn)] 7 2[1 4 d(fb, frn)]
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5 (@) + d(7b,a).
hadh) doade) |
2[1+ d(fb,@)] " 201+ d(f5,0)]

2 a
= max {0, d(fb, (1), 07 %d<fb7a)7 m’ 0}
=d(fb,a),

= max {d(a, a),d(fb,a),d(a,a)

(3.25)

lim mg(b, l'n) = lim max {d(gb7 g$n)a d(fb7 gb)v d(fl‘n, gmn),

n—oo n—oo

2[1 + d(gb’ gxn)] ’ 2[1 + d(gb, gxn)]

~ max {d(a, a), d(fb, a), d(a, a), %(d(a, a) + d(fb, a)),

d(fb,a)d(a,a) d(a,a)d(fb,a) }
2[1 +d(a,a)] * 2[1+d(a,a)]

1
5
d(

— max {o, (b, ),0, 5d(fb,0),0, 0}

— d(fb,a)
(3.26)
and
d(fb,a) d(fb,fxn)
0< / p(t)dt = limsup/ o(t)dt
0 n—oo Jo

ma(b,xn) m3(b,zn)
< lim sup (a(d(fb, fo) /0 o(8)dt + Bd(fb, o)) /O so(t)dt)

n—o0

< limsup(a(d(fb, fzn)) + B(d(fb, f2n)))

n—o0

mQ(b,mn) mS(b,fEn)
x lim sup max { / o(t)dt, / @(t)dt}
0 0

n—o0

d(fb,a)
< limsup (a(s) + 6(s)) - / o(t)dt
s—d(fb,a) 0

d(fb,a)
< / (t)dt,
0

which is absurd. That is, a = fb = gb. It follows from (F'1) that (3.12) holds.
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Suppose that a # fa. On account of (3.12), (3.15), (3.16) and ¢ € ®;, we
deduce that

ma(b, gb) = max {d(gb, 9°b),d(fb, gb),d(fgb,g°b),

d(fgb, gb) + d(fb, g°b)),

(
(fb, g°b)d(fb, gb) d(fgb. gb)d(fgb, g°b) } (3.27)
2[1 +d(fb, fgb)] = 2[L+d(fb, fgb)]

~ max {d(a, fa),0,0, %(d(fa, o) + d(a, fa)),0, o}
= d(a, fa),

1
2
d

(b, gb) — max {d<gb, §20), d(fb, gb), d( fgb, 4°b),

d(fgb, gb) + d(fb, g°b)),

fb, gb)d(fgb, gb) d(fgb, g*b)d(fb, g*b) } (3.28)
2[1+d(gb,g%0)] ~  2[1+ d(gb,g*b)]

~ max {d(a, fa),0,0, %(d(fa, o) + d(a, fa)),0, 0}
= d(av fa)

d(a,fa) d(fb,fgb)
0 < / o(t)dt = / o()dt
0 0
m3(b,gb)

ma(b,gb)
< a(d(fb, fgb)) /0 o(t)dt + B(d(fb, fgb)) /0 o()dt

1
o
d

and

d(a,fa) d(a,fa)
— a(d(a, fa)) /O o(8)dt + B(d(a, fa)) /0 p()dt

d(a,fa)
— (ald(a, fa)) + Bd(a, fa))) /0 o(t)dt

d(a,fa)
< / o(t)dt,
0

which is impossible. Therefore a = fa = ga. Consequently, f and g have a
common fixed point ¢ € X. This completes the proof. Il
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Theorem 3.5. Let f and g be self mappings in a complete metric space (X, d)
satisfying (F'1)-(F3) and

d(fa:,fy) mg(il?,y)
/ p(t)dt < a(d(gfr,gy))/ p(t)dt
0 0 (3.29)

m3(-737y)
1 Bd(ge, gy) /O o(t)dt, Va,y€ X,

where ¢ € ®1 and o, f: RT —[0,1) are two functions with

a(t)+B(t) <1, Vt>0, limsup(a(s)+pB(s)) <1, VteR'T. (3.30)

s—t

Then f and g have a unique common fized point in X.

Proof. First, we prove that f and g have at most one common fixed point in
X. Suppose that f and g have two different common fixed points a,b € X. It
follows from (3.17), (3.18), (3.29), (3.30) and ¢ € ®; that

d(a,b) d(fa,fb)
0< / o(t)dt = / (0 dt
0 0

ma(a,b) m3(a,b)
< atatga,g) [ gty staga. g [ o
d(a,b) d(a,b)
= a(d(a,b)) /0 S(8)dt + Bd(a, b)) /0 o(t)dt

d(a,b)
— (a(d(a,b)) + B(d(a, b)) / ()t
d(a,b)
< /0 p(t)dt,

which is a contradiction.

Next, we show that f and g have a common fixed point in X. Let xy be an
arbitrary point in X. By means of (F2), there exists a sequence {x,, }nen, in
X satisfying fz, = gx,4+1 for each n € Np.

Assume that d,,, = 0 for some ng € Ny. It follows from (F'1) that (3.2) and
(3.3) hold. Suppose that fap,+1 # f2wn,+1. In light of (3.2), (3.3), (3.19),
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(3.20), (3.29), (3.30) and ¢ € @4, we infer that

0< o(t)dt

/m2(fmn0+1,rn0+1)

/d(f2xn0+17fxn0+1)
0
p(t)dt

m3(fTng+1,Zng+1)
+ 5(d(gfxno+1v gxno-i-l)) /0

< a(d(gf$n0+1, gxno-‘rl)) 0

©(t)dt

9 d(fzxn0+1»fxno+l)
— ald(f?ngs1s fEngs1)) /0 o(t)dt

9 d(f2z’ﬂ0+17f$n0+1)
+ By Songer) | (1)t

d(f*ng+1.fTng+1)
= (O‘(d(fzxno-‘rl: fxno-‘rl)) + ,B(d(f2$n0+1, fxn0+1))) / (p(t)dt

/d(fon0+1afwnO+l)

0

< o(t)dt,

0
which is absurd. Therefore fa,,11 = f2%ny+1, Which together with (3.2) and
(3.3) means that fx,,+1 is a common fixed point of f and g in X.

Assume that d,, # 0 for all n € Ny. If d,, > d,_1 for some n € N it follows
from (3.21), (3.22), (3.29), (3.30) that

dn d(fmn,f$n+l)
0 </ o(t)dt :/ o(t)dt
0 0

ma(Tn,Tnt1)
< a(d(gn; grns1)) /0 o(t)dt

m3(Zn,Tnt1)
+ B(d(g2n, gTns1)) /0 p(t)dt

dn

dn
= o(d(f s, f2a)) /0 PO+ BT, fo) [ o0

0
d"/
= (a(dn1) + Bldn1)) /0 o(t)dt
dn
< /0 (1)t

which is impossible. Hence the sequence {dy, }nen, satisfies (3.6).
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Suppose that ¢ > 0. Using (3.6), (3.21), (3.22), (3.29), (3.30), Lemma 2.2
and ¢ € ®;, we conclude that

c dn
0< / @(t)dt = lim sup/ o(t)dt
0 0

n—oo

d(fxn:fxn+l)
= lim sup/ (t)dt
0

n—o0

m2(Tn,Tnt1)
< limsup (a(d(g:vn, GTni1)) / p(t)dt
0

n—o0

m3(xn7In+1)
+ B(d(gn, gTni1)) /0 <p(t)dt>

dnfl

dn—1
— lim sup (a(d(ffcnl, Fa) [ ple)dt 4 B, o)) [

n—o00 0

<p(t)dt>

dn—l
< limsup(a(d,—1) + B(dn—1)) - lim sup/ o(t)dt
0

n—o0 n—oo

< limsup(a(s) + B(s)) / ()t

s—ct

</ (bt

which is absurd. Therefore, ¢ = 0, that is, (3.7) holds. Now we claim that
{fxn}nen, is a Cauchy sequence. Suppose that {fz,}nen, is not a Cauchy
sequence. It follows that there exist a constant ¢ > 0 and two sequences
{m(k)}peny and {n(k)},cy in No with (3.8)-(3.10). It follows from (3.10),
(3.23), (3.24), (3.29), (3.30), Lemma 2.2 and ¢ € ®; that

e d(fTm () fTn(k))
0< / e(t)dt = limsup/ o(t)dt
0

k—o0 0

‘ M2 (Tyn (k) T (k))
< limsup <a(d(9$m(k)79$n(k))) /0 p(t)dt

k—o00

M3 (Ton (k) Tn(k))
T B(d{gmay nia) /0 @(t)dt>

) mM2(Tyn (k) T (k))
= limsup (a<d(fxm(k)lygxn(k)l))/o p(t)dt

k—o0

M3 (T (k) T (k))
+ BTty Py 1) | so(t)dt)
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< limsup(a(d(fZp)—1, fTnik)-1)) + BA(f Ty —15 fTnir)-1)))

k—o0

M2 (T (k) T ()) M3 (T (k)T (k))
x lim sup max { / o(t)dt, / go(t)dt}
0 0

k—o0

< timsup(a(s) + 5(s) - max{ [ (o, [ (0ar}

</ Cg(yt,

which is a contradiction. Thus {fzy}nen, is a Cauchy sequence. It follows
from (F'3) that there exists (a,b) € g(X) x X satisfying (3.11).

Suppose that fb # a. In light of (3.11), (3.25), (3.26), (3.29), (3.30), ¢ € &4,
Lemmas 2.2 and 2.3, we deduce that

d(fb,a) d(fb,fxn)
0< / p(t)dt = lim sup/ o(t)dt
0 0

n—oo

ma(b,zn) m3(b,zn)
< lim sup <a(d(gb,gfcn)) /O e(t)dt + B(d(gb, gzn)) /O @(t)dt>

n—oo

< lim sup(a(d(gb, gzn)) + B(d(gb, gzn)))

n—oo

ma(b,xn) ms3(b,xn)
x lim sup max { / p(t)dt, / cp(t)dt}
0 0

n—oo

d(fb,a) d(fb,a)
< limsup(a(s) + 5(s)) - /0 e(t)dt < /0 o(t)dt,

s—0t

which is absurd. That is, a = fb = gb. It follows from (F'1) that (3.12) holds.
Suppose that a # fa. On account of (3.12), (3.27)-(3.30) and ¢ € &1, we
deduce that

d(a,fa) d(fb,fgb)
0 dt = d
< /0 o(t)dt /0 o(t)dt
ma(b,gb) m3(b,gb)
< a(d(gh, g0)) / o(0)dt + B(d(gb, g°0)) / o(t)dt
0 0
d(a,fa) d(a,fa)
— a(d(a, fa)) / S(t)dt + B(d(a, fa)) / o(t)dt
0 0

d(a,fa)
— (ald(a, fa)) + Bd(a, fa))) /0 o()dt

d(a,fa)
<[ et
0
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which is impossible. Therefore a = fa = ga. Consequently, f and g have a
common fixed point @ € X. This completes the proof. O

Remark 3.6. In case gr = z for all z € X and «a(t) = ¢ for all t € RT,
where ¢ € (0,1) is a constant, then Theorems 3.1-3.3 reduce to results, which
generalize Theorem 1.1. Example 3.7 shows that Theorems 3.1-3.3 extend
indeed Theorem 1.1 and differ from Theorem 1.2.

Example 3.7. Let X = R be endowed with the Euclidean metric d(z,y) =
|z —y| for all z,y € X and f: X — X be defined by

- {y e

First, we prove that Theorems 1.1 and 1.2 cannot be used to prove the
existence of fixed points of the mapping f in X. Suppose that there exist
¢ € ®; and ¢ € (0,1) satisfying the conditions of Theorem 1.1. It follows that

1 d(f2,f3) d(2,3) 1 1
/ p(t)dt = / p(t)dt < c/ p(t)dt = c/ p(t)dt < / o(t)dt,
0 0 0 0

which is impossible.
Suppose that there exist ¢ € ®; and a € P, satisfying the conditions of
Theorem 1.2. It follows that

1 d(f2,f3) d(2,3)
Aw®ﬁ=A w@ﬁ§%M3»A o(t)dt

1 1
—MUAw®ﬁ<Aw®%

which is absurd.

Next,, we prove the existence of fixed points of the mapping f in X by
using Theorems 3.1- 3.3, respectively. Define g: X — X, a: Rt — [0,1) and
¢ : Rt = RT by

1, Ve X\ {3,6),
g(x) =46, =3,
2, =6,
1+t
a(t):ri_t and  o(t) = 2t, VicR*.

Obviously, (p,a) € &1 x &3, f(X) = {1,2} C {1,2,6} = g(X), g(X) is
complete, f and g are weakly compatible in X and « is increasing in (0, 4+00).

Let z,y € X with < y. In order to verify (3.1), we have to consider four
possible cases as follows:
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Case 1. z,y € X \ {3}. It is clear that

d(fl‘vfy) d(l,l) mi1 (33,:11)
/ o(t)dt = / S(1)dt = 0 < a(mi(z,y)) / (1)t
0 0 0

Case 2. x = 3 and y = 6. Note that
mi(z,y) > d(gz, gy) = d(6,2) =4 (3.31)

and

d(fz,fy) d(2,1) 1 40
/ o(t)dt = / p(t)dt = / pt)dt =1< —
0 0 0 3

4 mi(z,y)
=a@) [ et < ame) [ el

Case 3. z =3 and y € (3,6) U (6,+00). It follows that
mi(z,y) > d(gz, gy) = d(6,1) = 5 (3.32)

and

d(fz,fy) d(2,1) 1 150
/ o(t)dt = / (t)dt = / pt)dt =1< —
0 0 0 7

5 mi(z,y)
=a®) [ el <atmiey) [T e
0 0
Case 4. x < 3 and y = 3. It is easy to see that
mi(z,y) > d(gz,gy) = d(1,6) =5 (3.33)

and

d(fz.fy) d(1,2) 1 150
/ o(t)dt = / o(t)dt = / pt)dt =1< —
0 0 0 7

5 mi(z,y)
— a(5) /0 (D)t < a(m(z,y)) /O o(t)d.

Hence (3.1) holds. It follows from Theorem 3.1 that f and g have a unique
common fixed point 1 € X, that is, f has a fixed point 1 € X.
In order to verify (3.13), we have to consider four possible cases as follows:
Case 1. z,y € X \ {3}. It is clear that

d(fz,fy) d(1,1) m1(z,y)
/ o(t)dt = / S(O)dt = 0 < a(d(fz, f1)) / (1)t
0 0 0
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Case 2. x = 3 and y = 6. It follows from (3.31) that
d(fz,fy) d(2,1) 1 32
/ w(t)dt—/ w(t)dt—/ o(t)dt =1 < 32
0 0 0 3
4 mi(z,y)
—a() [ ettt <ara ) [ et
Case 3. x =3 and y € (3,6) U (6,400). In light of (3.32), we deduce that
d(f=,fy) d(2,1) 1 50
/ cp(t)dt:/ cp(t)dt:/ o(B)dt =1 <20
0 0 0 3
5 m(z,y)
=a() [ear < atdsn ) [ e
Case 4. x < 3 and y = 3. On account of (3.33), we have
d(fz,fy) d(1,2) 1 50
/ p(t)dt = / o(t)dt = / pt)dt=1< —
0 0 0 3

5 mi(z,y)
~ o(1) /0 o(t)dt < a(d(fz, fy) /O o(t)d.

Hence (3.13) holds. It follows from Theorem 3.2 that f and g have a unique

common fixed point 1 € X, that is, f has a fixed point 1 € X.
In order to verify (3.14), we have to consider four possible cases as follows:

Case 1. z,y € X \ {3}. It is clear that

d(fz,fy) d(1,1) m1(x,y)
/0 o(t)dt = /0 S(B)dt = 0 < a(d(gz, gy)) /0 o(t)dt:

Case 2. x = 3 and y = 6. It follows from (3.31) that

d(fz,fy) d(2,1) 1 40
/ p(t)dt = / p(t)dt = / pt)dt=1< —
0 0 0 3
4 mi(z,y)
—a() [ ettt <aldgrgn) [ el

Case 3. x =3 and y € (3,6) U (6,400). In light of (3.32), we deduce that

d(fz,fy) d(2,1) 1 150
/ (p(t)dt — / (p(t)dt = / (p(t)dt =1< —
0 0 0 7

5 m(z,y)
—a(s) [ gttt < aldlgman)) [ el
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Case 4. x < 3 and y = 3. On account of (3.33), we have
d(f=,fy) d(1,2) 1 150
/ p(t)dt = / p(t)dt = / pt)dt =1 < —
0 0 0 7

5 mi(z,y)
— o(5) /0 o(t)dt < al(d(gz, gy)) /0 (1),

Hence (3.14) holds. It follows from Theorem 3.3 that f and g have a unique
common fixed point 1 € X, that is, f has a fixed point 1 € X.

Remark 3.8. Example 3.9 shows that Theorems 3.4 and 3.5 differ from The-
orem 1.3.

Example 3.9. Let X = R be endowed with the Euclidean metric d(z,y) =
|z —y| for all z,y € X and f: X — X be defined by

-

Now we prove that Theorem 1.3 cannot be used to prove the existence of
fixed points of the mapping f in X. Suppose that there exist ¢ € ®; and
a, B: Rt — [0,1) satisfying the conditions of Theorem 1.3. It follows that

1 d(f5,f6)
/ p(t)dt = / p(t)dt
0 0

d(5,f5) d(6,6)
< a(d(5,6)) /0 o(t)dt + B(d(5,6)) /0 ()t
1

1 1
—04(1)/0 sO(t)dtJrﬁ(l)/O w(t)dt</0 p(t)dt,

which is a contradiction.

Next, we prove the existence of fixed points of the mapping f in X by using
Theorems 3.4 and 3.5, respectively. Define g: X — X, o, 3: Rt — [0,1) and
¢ : Rt = RT by

4, Vze X\ {6,8},

@) =410, z=6,
5, x =8,
t
t) = t)=—— and o(t)=t VteR".
o) = 55 B =1 and el =t, Ve

Obviously, (¢,a) € By x B, f(X) = {4,5) C {4,510} = g(X), g(X) is
complete, f and g are weakly compatible in X, (3.16) and (3.30) hold.

Let z,y € X with < y. In order to verify (3.15), we have to consider four
possible cases as follows:
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Case 1. z,y € X \ {6}. It is clear that

d(fz,fy)
/ (1)t
0

d(4,4)
= / e(t)dt =0
0
m3(z,y)

ma(z,y)
< o(d(fz, fy)) /0 o(t)dt + Bd(fe. f4) /0 ()t

Case 2. x = 6 and y = 8. Note that
ma(z,y) = d(gz, gy) = d(10,5) =5,

(i, y) > dlg, gy) = d(10,5) = 5 (334
and
d(fz,fy)
/O p(t)dt
d(5.4) ! 1125
= /0 p(t)dt = /0 p(t)dt = 5<T13
5 5
=l d d
o(1) [ e+ p01) [t
ma(xz,y) m3(z,y)
< oc(d(fx,fy))/ @(t)dt+ﬂ(d(fx,fy))/ p(t)dt;
0 0
Case 3. z =6 and y € (6,8) U (8,+00). It follows that
ma(z,y) > d(gz, gy) = d(10,4) = 6, .
ms(z,y) > d(gz, gy) = d(10,4) =6 (3.35)
and
d(fz,fy)
/0 p(t)dt
d(5,4) 1 1
= /0 o(t)dt = /0 o(t)dt = 5 < 15
6 6
=l d d
a(1) [ etodt+501) [ ety
ma(xz,y) m3(z,y)
<atatse o) [ et s ) [ st
0 0
Case 4. x < 6 and y = 6. It is easy to see that

ma(z,y) > d(gz, gy) = d(4,10) = 6
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and

d(fz,fy)
/ (1)t
0

d(4,5)
=/ (1)t
0

1 1
:/ p(t)dt = - < 15
0 2
6 6
—a) [ e+ o) [ oo

m3 (z,y)

mQ(xvy)
Scmafafwyé w@ﬁﬁ+ﬁ«ﬂﬁufwyé p(t)dt.

Hence (3.15) holds. It follows from Theorem 3.4 that f and g have a unique
common fixed point 4 € X, that is, f has a fixed point 4 € X.

In order to verify (3.29), we have to consider four possible cases as follows:
Case 1. z,y € X \ {6}. It is clear that

d(fz,fy)
/ ()t
0

d(4,4)
- / S()dt = 0
0
mg(:v,y)

ma(z,y)
SaM@%M»A y¢®ﬁ+ﬂW@LwD/ (1)t

0

Case 2. x =6 and y = 8. It follows from (3.34) that

d(fz,fy)
/ (1)t
0

d(5.4) ! 1 1025
= t)dt = t)dt = - < ——
| et = [ etta=5 < 25

=04(5)/0 w(t)dt+6(5)/o o(t)dt

ma(z,y) ma(z,y)
SaM@%w»A "o+ patgrgn) [ et

0
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Case 3. x =6 and y € (6,8) U (8,400). In light of (3.35), we deduce that

d(fz,fy)
/ p(t)dt
0

d(5,4) 1 1 495
= t)dt = t)ydt = = < —
| etmae= [ ewi =5 <

6 6
—al©) [ o(0ar+56) [ el

ma(z,y) m3(z,y)
SaW@%w»A @@ﬁ+ﬂ@@%%ﬂA (1)t

Case 4. x < 6 and y = 6. On account of (3.36), we have

d(fz,fy)
A o(t)dt
d(4,5) 1 1 495
:/0 gp(t)dt:/o oty = < o
6 6
ZMQAwwﬁ+M®A¢®ﬁ

ma(z,y) ma(z,y)
SaW@%w»A waﬁ+6W@LwDA " oty

Hence (3.29) holds. It follows from Theorem 3.5 that f and g have a unique
common fixed point 4 € X, that is, f has a fixed point 4 € X.
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