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Abstract. An essential numerical method for solving ordinary differential and differential
algebraic equations is the implicit midpoint rule. Comparing the rate of convergence of the
implicit midpoint rules by using numerical examples is common in the literatures. Under
suitable conditions imposed on the control parameters, it is shown in this paper that certain
two implicit iterative sequences converge to the same fixed point of a nonexpansive mapping
in uniformly smooth Banach spaces. Moreover, analytical comparison for the rate of con-
vergence of the implicit iterative sequences to a fixed point of a nonexpansive mapping in
uniformly smooth Banach spaces is presented. The implicit iterative sequence which con-
verges faster is determined by an analytical method which is more general than the numerical

methods.

1. INTRODUCTION

In 2000, Moudafi [11] introduced a well-known iterative method known as
the viscosity approximation method for approximating fixed points of a non-
expansive mapping. Later in 2004, Xu [20] applied a technique which uses
(strict) contractions to regularize a nonexpansive mapping for the purpose of
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selecting a particular fixed point of the nonexpansive mapping and studied the
sequence

Tpt1 = anf(xn) + (1 —ap)Tzy, n €N, (1.1)
where f is a contraction on K and the nonexpansive mapping T : K — K
is also defined on K, which is a nonempty closed convex subset of a real
Hilbert space H. Xu [20] showed that under suitable conditions imposed on
the parameters, the iterative sequence {z,} -, generated by (1.1), converges
strongly to a fixed point p of a nonexpansive mapping 7" in Hilbert spaces that
also solves the following variational inequality

(I = fp,x—p) >0, Ve F(T), (1.2)

where F'(T') is the set of fixed points of mapping 7.
Recently, Xu et al. [22] introduced the implicit midpoint procedure

2

where f is a contraction and T is a nonexpansive mapping. They proved a
strong convergence theorem for the sequence {xy} - to a fixed point p of T
which also solves the variational inequality (1.2) in Hilbert spaces. Yao et al.
[24] extended the work of Xu et al. [22] and considered the implicit midpoint
sequence

Tpi1 = anf(zn) + (1 — an)T <x"+x”+1> . nEN, (1.3)

2

where T" and f are as defined in (1.1) and ay,+ B, +7, = 1 for all n € N. Under
certain conditions on the parameters, they obtained that the sequence {z,},~,
generated by (1.4) converges strongly to p = Pp(7)f(p). In other words, the
sequence {z,},-; generated by (1.4) converges in norm to a fixed point p of
T, which is also the unique solution of the variational inequality (1.2). Luo
et al. [9] studied the convergence of the sequence (1.3) in uniformly smooth
Banach spaces. Furthermore, they used a numerical example to compare the
rate of convergence of the sequences (1.1) and (1.3). Also, in uniformly smooth
Banach spaces, numerical methods were used by Aibinu et al. [1] to compare
the rate of convergence of the iteration procedures (1.3), (1.4) and

Tn +
Tnt+1 = Olnf(xn) =+ Bnl‘n + ’YnT (nn—&-l) ,neN, (1'4)

2

where T is a nonexpansive mapping and {ay} -, C (0,1), introduced by
Alghamdi et al. [3] in 2014. Ke and Ma [8] chose {d,},—; C (0,1) and
generalized the viscosity implicit midpoint rules of Xu et al. [22] and Yao et
al. [24] to the two viscosity implicit rules

Tntl = anf(xn) + (1 - an)T (5711'71 + (1 - 5n)xn+1) , n €N, (1'6)

Tpt1 = (1 — an)ryn + T (W) , n €N, (1.5)
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and

Yn+1 = anf(yn) + BnYn + T (5nyn + (1 - 5n)yn+1) , nEN, (1-7)

where {an }or 1 {Bn}rey» { ey C [0, 1] with e+ B+, = 1. It was shown
that the sequences generated by (1.6) and (1.7) converge strongly to a fixed
point p of the nonexpansive mapping 7', which solves the variational inequal-
ity (1.2). Extension of the main results of Ke and Ma [8] from Hilbert spaces
to uniformly smooth Banach spaces was considered by Yan et al. [23]. Aib-
inu and Kim [2] recently studied the viscosity implicit iterative algorithms for
nonexpansive mappings in Banach spaces (see also [17], [18]). Suitable condi-
tions were imposed on the control parameters to prove a strong convergence
theorem for the considered iterative sequence. Then, the following questions
arise are of interest for the consideration in this paper:

Question 1.1. Do the sequences (1.6) and (1.7) always converge to the same
fixed point of a nonexpansive mapping?

Question 1.2. Can one give an analytical proof, which is more general than
numerical ezamples to show which sequence converges faster between (1.6) and

(1.7)7

In this paper, an affirmative answers are given to those questions raised
above. Under suitable conditions imposed on the control parameters, the
analytical proof is given to show that the two sequences converge to the same
fixed point of a nonexpansive mapping. Moreover, it is shown analytically
that the sequence (1.7) converges faster than (1.6) in approximating a fixed
point of a nonexpansive mapping.

2. PRELIMINARIES

A normed linear space F is said to be uniformly smooth whenever given
€ > 0 there exists 6 > 0 such that for all z,y € F with ||z|| =1 and ||y|| < 6,
then
lz +yll + llz —yll <2+ €yl

Let K be a nonempty closed convex subset of a real Banach space F and
T be a self-mapping of K. The set of fixed points of T" will be denoted by
F(T):={pe K :Tp=p}.Recall that T : K — K is said to be L-Lipschitzian
if there exists a constant L > 0 such that for all x,y € K,

[Tz — Ty|| < Lflz — y|.

If 0 < L < 1, then T is a contraction and it called nonexpansive mapping if
L=1.
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Definition 2.1. ([4]) Let {uy},-, and {v, },-; be two sequences of real num-
bers that converge to u and v respectively, and assume that
[un — ul

[ = lim
n—00 |Un — U|

exist. (2.1)

[eS)
n=1

(i) The sequence {u, }
to v, if [ = 0.
(i) The sequences {uy},-; and {v,}
gence rate, if 0 <[ < oo.
(iii) The sequence {v,},-, is said to be convergent faster to v than {u,}-
to u.

is said to be convergent faster to u than {v,} 2

[e.9]

n—1 are said to have the same conver-

Definition 2.2. ([4]) Let {z,},, and {yn},-, be two fixed point iteration

n=1
procedures that converge to the same fixed point p on a normed space X such
that the error estimates

[z, —pll < up, n €N (2.2)
and

1y — pll < vy, n €N (2.3)
are available, where {u,} -, and {v,} -, are two null sequences of positive
numbers (that is, sequences of positive numbers that have zero as their limit).

The sequence {z,},., is said to be convergent faster to p than {y,} -, if

{un} 2| converges faster than {v,} -, .

The following lemma will also be needed in the sequel.

Lemma 2.3. ([21]) Assume {an},-, is a sequence of nonnegative real numbers
such that

an+1 = (1 - Un)an + 030, n >0,

where {on}7, is a sequence in (0,1) and {8, },~ | is a real sequence such that
o0
(i) Z Op = 00,
n=1

e o]
(i) limsupd, <0 or Zon|5n| < 0.
n=1

n—oo

Then lim a, = 0.
n—o0
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3. MAIN RESULTS

3.1. Analytical analysis for the convergence of sequences (1.6) and
(1.7) to the same fixed point of a nonexpansive mapping.

Here, the analytical proof is given to ascertain that the implicit iterative
sequences (1.6) and (1.7) converge to the same fixed point of a nonexpansive
mapping in uniformly smooth Banach spaces.

Theorem 3.1. Let K be a nonempty closed convexr subset of a uniformly
smooth Banach space E, T be a nonexpansive self-mapping defined on K
with F(T) # 0 and f : K — K, be a c-contraction mapping. Suppose that
{an} 2y ABn}oey and {yn},— are sequences in [0,1] with
(a) an + Bn+ v = 1;
o0

(b) Z ay = 00;
n=1
Bn

© 1% o, =

Then (1.7) converges in norm to p if and only if (1.6) converges in norm to p.

Proof. 1t is shown that the implicit iterative sequences (1.6) and (1.7) converge
to the same fixed point of a nonexpansive mapping 7.

[Yn+1 = Zntall = l|anf(Yn) + Bayn + T (0nyn + (1 = 6n)Ynt1)
— (anf(2n) + (1 — )T (6nzn + (1 = 0p)xnt1)) |
= ||an(f(yn) = f(@n)) + Bu(yn — T(6nzn + (1 = 6n)Tnt1))
+ Y (T(6nyn + (1 = 0)yn+1) — T(0nTn + (1 — 6p)Tn+1)) ||
< an|lf(yn) = f@a)ll + Bn lyn — T(6nxn + (1 — 6n)znt1)||
+ Y0 T (Onyn + (1 = 0n)ynt1) — T(0nrpn + (1 — 6p)Tnr1)||
< can||yn — znl| + B llyn — T(0nzn + (1 — 0n)@pnt1) ||
+ W 100 (Yn — 2n) + (1 = 00) (Yn+1 — Tnt1)||
< can||yn — znl| + B llyn — T(0nzn + (1 — 0n)@pnt1) ||
+ Mn0nllyn = znll + (1 = o) lynt1 — ot |
< (can + )|y — Zall + Bn llyn — T(Onwn + (1 — 0n)Tnt1) ||
+ (1 = 0n)[yn+1 — Tna -
Note that {y,},—; and {T(dnzn + (1 — 0p)zpt1)},—; are bounded [23], let
M = S%p [yn = T(onan + (1 = 6n)Tns1)| -

Then we have
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Hyn+1 - $n+1||

e e L
R Y
=L e el
(- i—fffa"w") el e
§<1_1 1_C >|y" x””“—%ﬁ(?—%)M
:<1—1 >|Iyn ﬂfn||+1_(17;(?ién5n) (1 —BZ)anM

= (1 = on)llyn — zal| + ondd, o

(1 C) Qn

where o, = % Notice that hmsupﬁ—n < 0. Then, we can apply

n—
Lemma 2.3 to (3.1) in order to deduce that Hyn Zn|| = 0 as n — oo.
Furthermore, suppose ||, — p|| — 0 as n — oo, we have that

Hyn_pH = Hyn_xn"i‘xn_pH

< Nlyn — znll + ||z7 — pl|
— 0 asn — oo.
0

Similarly, suppose ||y, — p|| = 0 as n — oo, it is obtained that

lzn =Dl = |lzn — yn +yn — pl|
S Hmn_ynH"i_Hyn_pH
— 0 asn — oo.

This completes the proof. Il

3.2. Comparison of the rate of convergence

The terminologies and definitions of Berinde [4] will be adopted and the
methodology used in Ding et al. [7] and Olaleru ([12], [13], [14]), Yildirim and
Abbas [25] will be applied to compare the rate of convergence of the iterative
sequences (1.6) and (1.7).

The next result deals with the rate of convergence of implicit iterative se-
quences.
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Theorem 3.2. Let K be a nonempty closed convexr subset of a uniformly
smooth Banach space E, T be a nonexpansive self-mapping defined on K with
F(T)# 0 and f : K — K be a c-contraction mapping. Let {6, },; C (0,1)
and {on}o2 1 ABntoey  {mtney C [0,1] be real sequences which satisfy the
following conditions:

(i) an+Bn+mm =1,
[e.e]
(ii) nli_g)loozn =0, Zan = 09,
)

n=1

(iii) lm |Bny1 — Bn| =0, 0 < liminf B, <limsup S, < 1,
n—o0 n—o0 N—s00
(iv) 0 < €< by < dpt1 <1 foralln € N.

Then for arbitrary x1,y1 € K with 1 = y1, the iterative sequence (1.7) con-
verges faster than (1.6).

Proof. Suppose p € F(T), it can be obtained from the iterative scheme (1.6)
that

[#n41 = pll = [lon (f(zn) = p) + (1 = an) (T (6pn + (L = 6n)@ns1) — p) ||
= ||an (f(zn) = f(p)) + an (f(p) — p)
+ (1= an) (T(nzn + (1 = 6n)Tns1) — p) ||
< al|f(zn) — F(O)I] + an|f(p) — pl|
+ (1 = an)[|T(0nzn + (1 — 6n)2nt1) — p|
< capllzn — pl| + anl|f(p) — pl|
+ (1 = an)l|6pzn + (1 — dn)zns1 — pl|
< capllzn — pl| + anl|f(p) — pl|
+ (1 = ) [bn||zn — pll + (L = 6n)||2nt1 — pll]
= (can + 0n(1 — an))|lzn — pl|
+ anl|f(p) = pll + (1 — an)(L = 6n)|[zn+1 — pll.

N2

This leads to

(1= (1= an)1 = d)l[lzns1 — pll < (can + 6n(1 — an)) ||z — pl|
+ ol f(p) — pl|-

Equivalently,
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con + 0p(1 — ay)

_ < _
HxTH-l p” = 1_<1_an)(1_5n)|’xn p||
On

can + (1 — ay)
S T-a—ai—oy 2l
Mg e el
B 1—(1-c)ay,
T (a1 gyl
T aa—sy e el (3.2)
Then from (3.2), we obtain that
e =51l € ==y o 7!
1 1—(1=c)an—1
e e N ey ¢ s ve Ll
Qn—1
+ 1— (1 _ an—l)(l . 5n—1) Hf(p) _pH ]
SR Lt -
IT a-0—-ap—4)
j=n—1
+— foct 1£() — ol
[T =0 —ap—4)))
j=n—1
T aya @ -l
Since {an}oo and {0,}-; are in (0,1), we have
n—1 n
[Ta-0-apa-6)=J[0-0-a)a-35) >o.
j=1 j=1

Then, we obtain
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|[Zn+1 — p|
< tolzdens oy
] - -a)a-g)
j=n—1
>
+ 1£(p) — 2l
IT a-0a-a)a-g)
j=n—1
<— . [
I a-a-apa-¢)
j=n—1
>
+ 1£(p) - pl
H (1= —ay)(1—=95))
j=n—1
1 1—(1—c)ap—2

Qp—2
+1_(]—_an—2)(]— 571— )Hf(p)_pH]
2
R 17 = p
H (1= (1 —ay)(1—=95))
j=n—1
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n
D

j=n—1

T 1/ (p) — pl|
[T 0 -0—-a)a—s)
j=n—1
! [ 1- (1 — C)an—Q
ﬁ A-Goap—gy T
j=n—1
+ Soc? 1)~ pll ]

1= (1 - an*Z)(l - 5n72)

n
D

j=n—1

T 1£(p) — pl|
I[[ - —ap—4))
j=n—1
It
II 0-0-apa-s)
j=n—2
z et 1£() — pll
H (1= (1 —ay)(1=6))
Jj=n—2
20
e 1) -l
[T - a-apa-s)
j=n—1
R TP
II a-a-apa-4)
j=n—2
2o
+ — 1£(p) — pll
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Hence, by induction, we have

1—(1—
lonps —pl| < T ETOM )
[Ta-a-apa-s)
7=1
>
=1
4 1 £(p) — pl|- (3.3)

H (1—(1—a;)(1—4;)
7j=1

From (1.7), we have that

| Yn+1 — Pl
= Han (f(yn) - p) + Bn(Yn — P) + (T((Snyn +(1 - 5n)yn+1) — D) H
= [lan (f(yn) — f(0)) + a0 (f(P) — P) + Bu(yn — p)
+ T (T((Snyn +(1 - 5n)yn+1) - D) H
< anl|f(yn) — FW| + anllf(p) — Pl + Ballyn — |
+ ’YnHT((Snyn + (1 - 5n)yn+1) - pH
< canllyn — pll + anllf(p) — Pl + Bullyn — |
+ ’YnH(Snyn + (1= 6n)Yn+1 — pH
< (can + Bu)llyn — pll + £ () = Pl + 00l lyn — 2|
+ (1 = 6n)l[ynt1 — ]
= (can + Bn + ) |[yn — pl| + anl| f(p) — pl|
+ (1 = ) |[Ynt1 — pl|-

This leads to

[1 =3 (1 = 0n)ll[Yynt1 = pll < (can + B +vndn) llyn — pl| + anl[f(p) = pl|-

From o, + B, + v» = 1, we obtain that
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o =all < Sy, )+ ) =
_ cant (I—an—9) +mdn
= (- Ay
+1_(1_an“_”ﬁn)(1_6 )Hf(p)—pll
R e s L
o0 e _’gn) N 5n)||f( p) — pll
_ 1_(1_0)0471_'771(1_571)
T 11— an)(1=0,) + Bl — 5n)|’y” el
1—(1=c)an —yn(l —0dy)
< 17(170%)(175”) ||yn_p’|
Hoa—aa e ol (3.4
Clearly, it follows from (3.4) that
2041 — pl|
< g e ol T e
1 1-— (1 - c)an_l — ’yn_l(l — 571—1)
T a6 | Iy et =l
Ap—1
+ 1— (1 — an—l)(l — 5n71) ”f(p) _pH ]
— 1-— (i_ C>an—1 - Vn—l(l - 5n—1) Hyn_1 —pH
(1= (1 —a;)(1-9;)
j=n—1
+ Sl 1£(p) — pll

I a-0—-apa-g)

Jj=n—1
Qn

1—(1—apn)(1—9,)

+ 1f(p) — pll-
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Since {an},{0n} C (0,1). we know that

n—1 n
[[a-0-a)n >J[-1-a)1-6)) >
j=1 Jj=1

Therefore, we have

1—(1—=¢)ap_1 — 1(1 —6pq
st —pl) < L= = 1= s = 0ur)

H (1= (1 —a;)(1 =d5))

j=n—1
pog
+ 1£(p) - pll-
IT - -a)a-g))
j=n—1

Hence, in a similar manner to (3.3) and by induction,

1—(1—c)ar—n(l—d)
[Ta-0-a)a-g)
7j=1

Z%‘
. = 1£(p) - pll.
H 1—(1—a;)(1=945))
‘]:

lyn1 —pll < [y = pll

147

(3.5)

Since y1(1 —01) >0, 0<1—(1—-c)ag —7(1—01) <1—(1—c)ay. Hence

1—(1=c¢)ag — (1 —461) - 1—(1-c)a
1—(1—-a;)(1-95) 1—(1—ay)(1—95)

it implies that for all n > 0,
1—(1—6)&1—’)/1(1—(51) < 1—(1—6)@1
(1= (1 —oy)(1=05)" (1= (1= a5)(1—=0;)"

Let for all n > 0,

1—-(1-c)a

[JTa-0-apa-s)
j=1

Up, >0
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and
1—(1- —m(l—-4
Uy = — ( c)ar — 71 ( 1) > 0.
[Ja-0—-apa-g¢)
j=1
Then we have
lim % = 0.
n—r00 Uy,
It follows from (3.3), (3.5) and Definition 2.2 that the iterative scheme (1.7)
converges faster than (1.6). O

In view of Theorems 3.1 and 3.2, the following results hold.

Corollary 3.3. Let K be a nonempty closed convex subset of a uniformly
smooth Banach space E, T be a nonexpansive self-mapping defined on K with
F(T)#0 and f : K — K be a c-contraction mapping. Let {on}, 1 ,{Bn}rey
and {y}o, be real sequences in [0,1] which satisfy the following conditions:

(i) an+ Bn+ v =1,
0

(ii) nh_)rrolo apn =0, E:lan = 00,
n=
(iii) lim |Bh41 — Bn| =0, 0 < liminf 3, <limsup S, < 1,
n—oo n—oo N—300

Then for arbitrary x1,y1 € K with x1 = y1, the iterative sequence (1.4), given
by

Tp+
Tn4+1 = anf(xn) + /ann + "YnT <nzn+1) , ne N,

converges faster than (1.3), given by

Tnt+1 = anf(xn) + (1 - an)T <«77n+2«77n+1> , neN.

Proof. The desired result follows from Theorem 3.2 by taking 6, = % for all
n € N. g

4. APPLICATIONS

The results in this section show an improvement and generalization of the
main results of Xu et al. [22], Yao et al. [24] and Ke and Ma [8]. It will
be assumed that the real sequences {an}oo 1, {Bntrey, {Intne; C [0,1] and
{0n}72 1 € (0,1) satisfy the following conditions:

(i> an"‘ﬁn""')/n:lv
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o0
(i) lim o, =0, E Q= 00,
n— oo —1

(iii) lm |Bn41 — Bn| =0, 0 <liminf g8, <limsup 3, < 1,
n—oo n—oo n—oo
(iv) 0 < e <dp <dpt1 < 1forallneN.

4.1. Finite combination of nonexpansive mappings

The proof of the proposition below is given in Wong et al. [19].

Proposition 4.1. Let K be a nonempty closed convexr subset of a strictly
convex and uniformly smooth Banach space E and let 6; >0 (1 =1,2,...,71)

such that Zﬁi = 1. Let T1,15,...,T, : K — K be nonexpansive mappings
i=1 :
with N_yF(T;) # 0 and let T = Z 0, T;. Then T is nonexpansive from K into
i=1
itself and F(T') = N[_, F(T;).
Therefore the following result holds.

Corollary 4.2. Suppose K is a nonempty closed conver subset of a strictly
convex and uniformly smooth Banach space E, f: K — K is a c-contraction
T

and let0; >0 (i=1,2,...,7) such thatzei =1. LetT),Ts,...., T, : K - K
i=1

be nonexpansive mappings with Ni_F(T;) # (. Then the iterative sequence

{xn}o2 | which is defined from an arbitrary 1 € K by

Tn+1 = O‘nf(wn) + BnTn + Tn Z 0;T; (6nxn + (1 - 5n)xn—i-l) ) (41)
i=1
converges strongly to a fixed point p € Ni_, F(T;), which solves the variational
inequality
(I = f)p, (@ —p) 2 0, for all @ € M, F(T,). (4.2)

T
Proof. Define T := Z 0;T;. 1t suffices to show that T is a nonexpansive map-
i=

1
ping and N}_, F(T;) € F(T). This is true by Proposition 4.1. O

4.2 Composition of finite family of nonexpansive mappings

Corollary 4.3. Suppose K is a monempty closed convexr subset of a umni-
formly smooth Banach space E and {Tl}f\;l a finite family of nonexpansive
self-mappings of K such that F = NN F(T;) # 0. Let f : K — K be a
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c-contraction. Then the iterative sequence {xy,},. | which is defined from an
arbitrary x1 € K by

Tn4+l1 = anf(xn) + /ann + VnTNTNflTn—Q---Tl (6nxn + (1 - 5n)xn+l) ,
converges strongly to a fixed point p € F, which solves the variational inequality
(I - f)p,J(x—p)) >0, forall x € F. (4.3)

Proof. 1t is known that a composition 7' of finite family of nonexpansive self-
mappings {Tl}fil on K is nonexpansive with F(T) 2 N, F(T;) # 0. O

4.3 Monotone mappings

Let E be a real Banach space with the duality pairing (.,.) and norm ||.]|.
The dual of E is denoted by E*. Let A be a set-valued mapping and denote
the domain and range of A by D(A) and R(A), respectively. The set G(A)
defined by

G(A) ={(u,v) e EX E*:u € D(A),v € R(A)}
is called the graph of A.
A mapping A is said to be monotone if
(u—v,x—y) =0, (u,x),(v,y) € G(A).

A is said to be maximal monotone if it is not properly contained in any other
monotone mapping. Monotone mappings have been studied extensively (see,
e.g., Bruck [5], Chidume [6], Martinet [10], Reich [15], Rockafellar [16]) due to
their role in convex analysis, in nonlinear analysis, in certain partial differential
equations and optimization theory. For a maximal monotone mapping A :
D(A) — 2F", we define the resolvent of A by

JA = (J+tA)7LJ t>0, (4.4)
It is well known that J# : E — D(A) is nonexpansive, and F(J) = A710,
where F(J') denotes the set of fixed points of J{.
We have the following.

Corollary 4.4. Suppose K is a nonempty closed convex subset of a uniformly
smooth Banach space E, f : K — K is a c-contraction and 0; > 0 (i =
T

1,2,...,7r) such that ZQi = 1. Let {A;} C E x E* be a family of maximal
=1

monotone mappings with resolvent JtAi fort > 0 such that m;zlAglo # (). Then

the iterative sequence {xy}- | which is defined from an arbitrary z, € K by

Tn4+l = anf(xn) + ann + vn Z ethAl (5n$n + (1 - 5n)xn+1) s

=1
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converges strongly to a unique point p € ﬂ;-”:lAZﬂO, which solves the variational
inequality problem: find p € ﬂ;-":lA;IO such that

(I = Fp, J((x —p)) >0 for all x € N[_; A7 0.
Proof. Define T := Z Hz-JtA ¢, Then T is nonexpansive self-mapping of K and
i=1
F(T) 2 Mi_ F(J{") # 0. O
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