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Abstract. This paper proposes the common fixed point theorems and its proof for two self-
mappings on some contraction mappings in quasi ab-metric space, through the coincidence
point and the weakly compatible mapping.

1. INTRODUCTION

We know that b-metric space was introduced by Bakhtin in 1989 [1], and
then in 1993 Czerwik [2] used this space to show the properties of fixed point of
functions on some types of contraction mapping. However, many authors used
b-metric space to show the existence and uniqueness of common fixed point on
contraction mapping or expansive mapping [3, 4, 5, 6, 14], even with using the
notion of incidence point and weakly compatible functions [7, 8]. This space
developing continuously to become quasi b-metric space, this space is obtained
with omitting the symmetric property in b-metric space conditions, and many
authors used as dislocated quasi b-metric space to show the existence of fixed
point on some contraction mappings [9, 10, 11]. While, quasi b-metric space
is extension of quasi b-metric space [12, 13].
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The aim of this paper is to show the existence and uniqueness of common
fixed point in quasi ab-metric space for some contraction mappings, by using
coincidence and weakly compatible functions property.

2. PRELIMINARIES

Definition 2.1. ([1, 2]) Let X be a nonempty set and let b > 1 be a given real
number. Let d: X x X — [0,00) be a mapping on X and for all z,y,z € X
the following conditions are satisfied:

(1) d(z,y) = d(y,z) = 0 if and only if x = y;
(2) d(z,y) = d(y,z);
(3) d(z,y) < bld(z,z) + d(z,y))-

Then d is called a b-metric on X and (X,d) is called a b-metric space. And
(X, d) is a called quasi b-metric space, if the conditions (1) and (3) hold. From
the definition of b-metric shows that every b-metric is a quasi b-metric, but
the converse is not true.

Now we introduce a generalization of quasi b-metric space by modifying the
triangle inequality condition in quasi b-metric space.

Definition 2.2. ([12]) Let X be a nonempty set, 0 < o < 1 and b > 1 be
given real number. Let d : X x X — [0,00) be a mapping on X and for all
x,y,z € X the following conditions are satisfied:

(1) d(z,y) = d(y,x) = 0 if and only if z = y;
(2) d(z,y) < ad(y,x)+ %b(d(w, 2)+d(z,y)). (2.1)

Then d is called a b-metric on X and (X,d) is called a b-metric space. And
(X,d) is called a quasi b-metric space, if the conditions (1) and (3) hold. From
the definition of b-metric shows that every b-metric is a quasi b-metric, but
the converse is not true.

Example 2.3. ([12, 13]) Let X = R and defined d : X x X — R" as

222 + %, ifx#y
d(v,y) = :
0, ife=y
For the first condition of quasi ab-metric, it is clear from definition of function
d. While for the second condition, we have to show as follows: For all x,y, z €
X and x # y, we have
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d(z,y) = 22° + 3

5
% 297 4 322

IN

2
%(gyZ +22) + (222 4 22) + (222 +1?))
%d(y7$) =+ ;(d(l‘, Z) + d(z,y))

So we get

A(r,y) < 5y ) + 5 (d(x, 2) + d(z, ).

Hence d is a quasi ab-metric with a = % and b= 2.

Definition 2.4. ([12, 13]) Let (X,d) be a quasi ab-metric space. Then a
sequence {x,} in (X,d) is said to be convergent to x € X if lim d(z,,x) =
n—oo

lim d(x,z,) =0, we write lim z, = x.

n—00 n—00

Definition 2.5. ([12, 13]) Let (X,d) be a quasi ab-metric space. Then a
sequence {z,} in (X,d) is said to be Cauchy in X if lim d(z,,zn) =

n,m—00

lim d(xy,,x,) = 0.
n,m—00

Definition 2.6. ([12, 13]) Let (X, d) be a quasi ab-metric space. Then (X, d)
is said to be complete if every Cauchy sequence in X is convergent in X.

Definition 2.7. ([2]) Let X be a nonempty set and let 7' be a self-mapping
on X. Then x € X is called a fized point of T, if Tx = xz. We define for all
ze X, TTm Vg = Tz with Tz = .

Definition 2.8. ([7, 8]) Let X be a nonempty set and 77,72 : X — X be
self-mapping. If Thx = Thx = y for some =z € X, then y is called a point of
coincidence of T1 and T5, and z is called a coincidence point of T1 and Tb.

Definition 2.9. ([7, 8]) Let X be a nonempty set and 77,75 : X — X be
self-mapping. The pair {11, T2} is called weakly compatible, if for all z € X,
Tix = Tox then ToTix = TiTh.

For the proof of main theorems, we need a lemma regarding sufficient con-
ditions for the Cauchy sequence in quasi ab-metric space, this lemma has been
proved in [12] as follows:
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Lemma 2.10. ([12]) Let (X,d) be a quasi ab-metric space with 0 < o < 1
and b > 1, and let {z,,} be a sequence in X such that

h_>m d(zp, Tnt1) = hm d(Zp41,2n) = 0.

Then {z,} is a Cauchy sequence in X.

3. MAIN RESULTS

Now, we give the main results in this paper.

Theorem 3.1. Let (X,d) be a quasi ab-metric space with 0 < o < 1 and

b>1. Let T1 and Ts be self-mappings on X such that

(pd(Tox, Tz )d(Tox, Thy) + qd(Tiz, Toy)d(Tiy, Toy))
(1+d(Tow, Thy) + d(Thz, Toy))

forallx,y € X, where 0 < p,q < 1. If {T1,T>} is weakly compatible, T1(X) C

T5(X) and Ty (X) is complete, then Ty and Ty have a unique common fized
point in X.

d(Thz, Tvy) <

(3.1)

Proof. Let g € X. Then Tixzy € T1(X), it follows from T (X) C To(X) that
there exists 1 € X such that Thzg = Tex;. Since z; € X, Tix; € T (X).
Similarly we have Tix1 = Thxo for some xo € X. With repeating this process,
we can define a sequence {x,} such that Thx, = Tix,_1 for n = 1,2,3,---
By using (3.1) we have
d(Tan, T233n+1)
= d(Tlxnfla Tlxn)
pd(T2$n 1,T1$n 1)d(Toxy 1, Trwy)
d(TQJJ‘nfla Tlxn)
pd(Toxy, 1, TQJ?n) (Toxn—1, Towpy1)
14+ d(Toxn—1,Toxn41)
_ pd(Tewy 1, Toxy)d(Toxn 1, Tovn 1)
1+ d(Toxn—1,Toxn41)
< pd(T2~Tn—1> Tan)

Thus we get

qd(Tl.CL‘nfl, TQ.%‘n)d(T1$n, T2$n)
(Tll'n 1,T21’n)

qd(Toxy, Toxy )d(T12p, Toxy,)
qd(Toxy, Toxy,)

++++

d(Towpn, Towpy1) < pd(Toxn—1, Towy).
Repeating this process for n =1,2,3,---, then we get
d(TQ.CCn, TQ.CCn+1) S pnd(Ton, TQ.CCl).

Now we calculate for d(Thzy41, Toxy)
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d(T2$n+1, TQ.’En)
= d(leCn, Tll‘nfl)
< pd(TQCL‘n, Tll‘n)d(TQIL'n, Tlxnfl) + qd(T15Un, Tgxnfl)d(Tll‘nfl, TQCEn,l)
- 1+ d(Tan, Tl:zn_l) + d(Tla;n, Tgﬂjn_l)

pd(TQCL‘n, TQl‘nJrl)d(TQ:En, TQ(En) + qd(TQl‘nJrl, Tgl‘n,l)d(Tgﬂfn, Tgﬂfn,l)
N 1+ Cl(Tgl‘n, Tgﬁn) + d(Tan_H, T2$n_1)

qd(TQCL‘nJrl, TQ.CL'nfl)d(TQfL'n, TQQ?n,l)
B 1+ d(T2:Cn+]_7 TQCCn,l) '

Thus we get
d(Toxpt1, Toxy) < qd(Toxy, Toxp—1).
Continuing in this process for n =1,2,3,---, then we get
d(Toxpt1, Toxy) < ¢"d(Tox1, Toxo)
Thus we obtain
d(Toxy, Toxni1) < p"d(Tozg, Tox:)
and
d(Toxpy1, Toxy) < q"d(Tox1, Toxp). (3.2)
Since 0 < p,q < 1, it implies from (3.2) that for n — oo
d(Toxy, Toxpni1) — 0
and
d(Toxpt1, Toxy) — 0. (3.3)

Thus by using (3.3) and Lemma 2.10, we obtain that {Tbz,} is a Cauchy
sequence in T5(X). Since T5(X) is complete, there exists y* € T»(X) such
that

d(T2x'm y*) — 0
and
d(y*, Toxy) — 0, (3.4)

for n — oo. Since y* € T»(X), there is * € X such that y* = Toz*.
We claim that d(Tyz,, Thz*) — 0 and d(T12*, Tixy,) — 0.
From (3.1) we have
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d(T’léﬂn7 Tlx*)
< pd(Toxy, Thvx,)d(Tox,, Tix*) + qd(Thxy, Tox™)d(Tox™, Thx*)
- 1+ d(TgSEn, TlSU*) + d(Tlxn, T2x*)
(pd(Toxp, Toxp1)d(Toxy, Tha™) + qd(Toxp+1, y*)d(y*, Thz*))
(14 d(Toxy, Thaz*) + d(Toxn41,Y*))
_ pd(Toxy, Toxny1)d(Towy, Tiz™) qd(Toxp 41,y )d(y*, Thx*)
1 + d(TQCCn, TlSL‘*) + d(Tan+l, y*) 1+ d(TQCL‘n, Tll‘*) + d(TQ$n+l, y*)
pd(TQZEn, TQ:,UnJrl)d(TZ.In, Tl:L‘*)
~ 1+ d(Toxn, Tix*) + qd(Toxni1, y*)d(y*, Tix*)
< pd(Town, Toxns1) + qd(Toxptr, y*)d(y™, Tiz™).

Thus we have

d(Tvzn, Th2") < pd(Toxn, Toxni1) + qd(Toxp 1, y")d(y™, Trz™).

By using (3.2), we get
d(Tyzn, Tyx*) < p"rd(Taxo, Tox1) + qd(Tozny1, y*)d(y*, Tiz*)
Since 0 < p < 1, d(Toxp, y*) — 0, d(y*, Toxy,) — 0 for n — oo, then we obtain
d(TlfL‘n, Tlx*) — 0. (3.5)
And we have
d(Thz*, Tixy,)
< pd(Tox™*, Tyx*)d(Tox™, Thxy) + qd(Tix*, Towy,)d(T xy, Toxy,)
- 1+ Cl(Tgx*, TliL‘n) + d(Tlx*, Tgxn)
_ pd(y*, Tva*)d(y*, Toxns1) + qd(Tha*, Tox,)d(Toxpi1, Toxy)
1+d(y*, Tixn) + d(Thz*, Toxy,)
_ pd(y*, T1x*)d(y*, Toxn 1) qd(Thz*, Toxy,)d(Toxy, Toxn41)
1+d(y*, Thay) + d(Tix*, Toxy,) 1+ d(y*, Thzy,) + d(Tix*, Toxy,)
<pd(y*,T1$*)d(y*7T21?n+1) qd(Trz*, Towy)d(Toxn, Toxny1)
- 1+d(y*, Thzy) 1+ d(Tyx*, Toxy,)
< pd(y*, Toxny1) + d(Toxn, Toxni1)-

By using (3.2), we get
d(Thz*, Thxy) < d(y*, Toxps1) + qp"d(Tazo, Toxy).
Since 0 < p < 1, (Toxp,y*) — 0,d(y*, Tox,) — 0 for n — oo, then we obtain
d(Thz*, Tyx,) — 0. (3.6)

We will show that y* is a coincidence point of T} and Th. From (2.1) we have



Some properties of common fixed points in quasi ab-metric space 181

d(Tlx*, Tgl‘*)
= d(Tlx*7 y*)

< ad(y*, Tiz™) + g(d(m*, Tizn) + d(Tizn, y*))
= ad(y*, Tyx*) + g(d(Tlx*, Tixy) + d(Toxni1,y%))
< alad(Tiz*,y") + g(d(y*, Toxpt1) + d(Tixn, Tiz™))]
+ g(d(Tlm*, Tixy) + d(Toxni1,y")).
Thus we get

b
d(Tiz”,y") < afad(Tia”,y") + 5 (d(y", Taezn+1) + d(Tizn, Trz"))]
b

+ i(d(Tla:*, Tlxn) + d(TQl‘n—Ha y*))

By using (3.4), (3.5), (3.6) and y* = Tha™ then we get for n — oo,
d(T1$*, T2$*) — 0.

Then we obtain d(Thz*,Thz*) = 0. Thus we have Tiz* = Tha* = y*, this
means that y* is a coincidence point of 17 and T5.

We will show that T} and T5 have only one coincidence point. Suppose there
is another coincidence point w* such that Tix = Tex = w* for some z € X.
Then we have

d(y*,w*) = d(Tyz*, Tix)
< pd(TQJE*, Tlx*)d(TQx*, Tl.%') + qd
- 1+ d(TQJ?*, Tl.%') +d
B pd(TQ.TU*, TQ.CIZ*)d(TQ.Q?*, Tl.%') + qd
N 1+ d(Tox*, Tyx) +d

Tl.l‘*, TQ.CI})d(Tll', TQJE)
Tx*, TQ.%’)
)
)

Tl.l‘*, TQ.CC
Tyx*,Tox

d(TQI’, TQ.TU)

e PN P

=0.
Thus we have y* = w*. Therefore T} and 75 have only one coincidence point
in X.
Next, we show that 77 and 75 have a unique common fixed point. Since

T1 and Ty is weakly compatible, from Tiz* = Thx* = y*, we have T1Thz* =
ToyThx*. Thus we get

le* = TITQ:C* = TQTl.%'* = Tgy*.
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Therefore from (3.1) we have
d(y*, Tiy") = d(Tvz", Thy")
< pd(Tox”, Thz*)d(Tox™, Try”) + qd(Tyz™, Toy™)d(Thy", Toy”)
- 1+ d(Tox*, Tyy*) + d(Tha*, Toy*)
_ pd(y",y")d(y", Thy") + qd(y™, Toy™)d(Toy™, Toy”)
1+d(y*, Tvy*) + d(Tya*, Toy*)

=0.

Thus we get d(y*, T1y*) = 0, it implies that y* = T1y* is a fixed point of T}.
Since Ty* = Try*, we have y* = T1y* = Toy*. Hence, y* is a common fixed
point of 17 and T5.

Furthermore, we will show that 7} and 75 have a unique common fixed
point in X. Suppose there is another common fixed point s* such that T} s* =
Tys* = s*. Then, from (3.2) we have

d(y*a S*) = d(le*v Tls*)
< pd(y*, y*)d(Toy*, T1s*) + qd(Try*, Tos™)d(s*, s*)
- 1+ d(Tgy*, Tls*) + d(le*, TQS*)

=0.
Thus we get d(y*, s*) = d(Tyy*,T1s*) = 0, it implies y* = s*. Hence 77 and
T have a unique common fixed point in X. O

Theorem 3.2. Let (X,d) be a quasi ab-metric space with 0 < a < 1 and
b>1. Let Ty and Ty be self-mappings on X such that T1(X) C To(X), T2(X)
be complete and

d(Tvz, Tvy) < pd(Tex, Toy) + qd(Ty, Tox) (3.7)

for all x,y € X, where p,q > 0, p+q < 1. If {Th, Tz} is weakly compatible,
then T1 and Ty have a unique common fized point in X.

Proof. Let zp € X. Then Thzy € T1(X), it implies there exists x; € X
such that Thxzy = Thxy, from T7(X) C T»(X). Since z1 € X, Thzy € T1(X).
Similarly we have T1x1 = Thxo for some x5 € X. With repeating this process,
we can define a sequence {x,} such that Tha, = Tz, for n = 1,2,3,---.
By using (3.7) we have that
d(TQCUna Tan-i-l) = d(Tl.’L’n_l, Tlxn)
< pd(Toxp—1,Toxy) + qd(Toxy, Toxn_1)
and
d(T2xn+l’ T2xn) = d(Tlxna Tlxn—l)
< pd(Toxy, Toxn—1) + qd(Toxn—1, Toxy).
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So we have
d(Towp, Towpy1) + d(Towpy1, Toxn)
< (p+ @) (d(Toxn—1,Toxyn) + qd(Toxy, Toxn—1)).
Continuning this process, we get
d(Toxn, Toxp 1) + d(Toxp 1, Toxy) < (p4q)" (d(Toxo, Toxr) + qd(Tox1, Toxg)).
Thus we have
d(Taxn, Tozni1) < (p+ q)"(d(Tawo, Tax1) + qd(Tax1, Taxo))
and
d(Tawpi1, Toxn) < (p+ )" (d(Tozo, Tox1) + qd(Toxy, Toxo)).
From 0 < p+ ¢ < 1, for n = oo, we get
d(TQiL’n, T21’(n+1)) — 0, d(TgfL‘(n_H), TQQ?n) — 0. (3.8)

By using Lemma 2.10, we get that {Thz,} is a Cauchy sequence in T»(X).
And since T»(X) is complete, there exists y* € T»(X) such that for n — oo

d(Toxy,y*) =0, d(y*, Toxy,) — 0. (3.9)
Since y* € T5(X), there is z* inX such that y* = Thx*.

Claim that d(Tyx,, T12*) — 0 and d(Ty2*, Thzy,) — 0.
From (3.7) we have

ATy, Tiz™) < pd(Toxy, Tox™) + qd(Tox™, Toxy,)
and

d(Thz*, Thxy) < pd(Tox™, Toxy,) + qd(Toxy, Tox™).
Thus we have

d(Thxy, Tvx™) + d(T12", Thzy,) < (p+ @) (d(Toxn, Tox™) + d(Tox™, Toxy,))
= (p+ Q) (d(Town, y") + d(y", Toan)).

Thus we get

d(Tyzn, Tiaz®) < (p+ @)(d(Toxn, y") + d(y*, Taay))
and

ATz, Then)) < (p+ @) (d(Toxn, y") + d(y", Toxn)).

By using (3.9), for n — oo we get

d(Tyxy, Tiz*) — 0 and d(Thz*, Thz,) — 0. (3.10)
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From (2.1) we have
d(T]_$ ,T2$ ) < mi(d(y ,T2$n+]_) +d(T]_iL'n,T]_ZU ))
b

+ §(d(T1.TU*, Tlxn) + d(Tan-‘rlv y*))

Thus by (3.9), (3.10) and for n — oo, we get d(T12*,Thx*) = 0, this means
that T1x* = Tox* = y*. Thus T1 and T» have coincidence point in X.

Next, we show the uniqueness of the coincidence point of T and T5. Suppose
there is another coincidence point w* such that Thx = Tox = w* for some
x € X. Then we have

d(y*,w*) = d(Thz*, Thx)

< pd(Thx™, Tox) + qd(Tox, Tox™)

= pd(y*, w*) + qd(w", y")d(w", y")

< pd(w*,y*) + qd(y”, w”).
Thus we have

d(y*,w*) + d(w*,y") < (p+ @) (d(y", w") + d(w", y")).
Thus we get
(1 =p—g)(d(y",w) +d(w",y")) <0.

Since p + ¢ < 1, we get d(y*,w*) = 0, this means that y* = w*.

Claim that T} and T have a unique common fixed point in X. From (3.7)
we have

d(y*7 le*) = d(Tlx*a le*)
< pd(Tax™, Toy*) + qd(Tay*, Tox™). (3.11)

Since {T1,T»} is weakly compatible, from Tiz* = Tha* = y*, we can have
Ty Tox* = ToTix*. Thus we get

Tvy* =T Thx" = ToyTix* = Thy™. (3.12)
Hence, from (3.11) we get
d(y*, Try*) < pd(Tox™, Toy™) + qd(T2y*, Tox™)
=pd(y*, Thy") + qd(Try", y").

Similarly, we have

ATy, y*) < pd(Ty*,y*) + qd(y*, T1y").
Thus we have

(1-p—qdy*, Tiy") +d(Try*,y")) < 0.
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Since p + q < 1, we get d(y*,Thy*) = 0 and d(T1y*,y*) = 0, this means that
y* = Thy*. From using (3.12) we get Toy* = Thy* = y*. Thus y* is a unique
common fixed point of 77 and 5. O

Theorem 3.3. Let (X,d) be a quasi ab-metric space with 0 < o < 1 and

b>1. Let Ty and Ty be self-mappings on X such that T1(X) C To(X), T ( )

be complete and

pd(Tax, Tyy) + qd(Tiz, Toy)d(Trx, Try)
1+ d(Tl.’E, Tgy) + d(TQQ?, le)

for all z,y € X, where p,q >0, p+q < 1. If {T1, T} is weakly compatible,

then Th and Ty have a unique common fized point in X.

d(Thz, Tvy) <

(3.13)

Proof. Let xy € X, then Tixg € T1(X), it implies there exists 1 € X such that
Tixg = Tz, since T1(X) C To(X). From z; € X, Tyx; € T1(X). Similarly
we have Tix1 = Thxo for some xo € X. With repeating this process, we can
define a sequence {z,} such that Tox,, = Thzp—1 for n = 1,2,3,---. So by
using (3.13) we have

d(Toxn, Towp 1)

= d(Tlxn—la Tlxn)
qd(Thxp—1, Toxy)d(Toxn—1, Th2y)
1+ d(Thzp—1, Toxy) + d(Toxn—1, Tizy)
qd(Toxp, Toxy)d(Toxn 1, Trzy,)
1 + d(TQJIn, Tglin) + d(TQl’n 1, Tll’n)

< pd(Toxp_1, Toxy) +

< pd(Toxp_1, Toxy,) +

= pd(Toxp—1, Toxy).
Continuning this process, we get
d(Toxn, Tox(ny1y) < p"d(Taxo, Tax1).
And also we consider that
d(Toxp41, Toxy,)
=d(Tvzn, Thxn-1)
qd(T1 2y, Toxy—1)d(Toxn, T1Tn—1)
L4 d(Tywn, Town—1) + d(Ton, Tiz(,-1))
qd(Thxy, Toxp—1)d(Toxy, Toxy,)
1+ d(Thxn, Toxn—1) + d(Toxn, Toxy,))

< pd(Toxy, Toxn—1) +

< pd(T2$n7 Tan—l) +

= pd(Taoxy, Tox,—1).
Continuing this process, we get

d(Tgan, TQ%n) S pnd(TQxl, Tgxo).
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Since 0 < p+q < 1, for n — oo we get
d(Toxn, Tox(n41)) — 0 and  d(Tow(n41), T27n) — 0.
So from Lemma 2.10, we know that {T>x,} is a Cauchy sequence in T5(X).
Since T5(X) is complete, there exists y* € T5(X) such that for n — oo
d(Toxy,y") — 0, d(y*,Tax,) — 0. (3.14)
Since y* € T5(X), there is z* € X such that y* = Tha™.
We will show that for n — oo,
d(Thzp, Tiz*) - 0 and d(Tiz*,Tiz,) — 0.
From (3.13) we have
qd(Thxy, Tox™)d(Toxy, T1z*)
1+ d(Than, Tox*) + d(Toxy, Tiz*)
qd(Thxy, Tox™)d(Toxy, Th2*)
1+ d(Toxy, Tyx*)
< pd(Toxn, Tox™) + qd(Tiazn, Trx™)
= pd(Tozn, y*) + qd(Trzn, y*).
By using (3.14), for n — oo, we get
d(Thxy,, T1x™) — 0. (3.15)

d(Thxy,, Thiz™) < pd(Toxy, Tox™) +

< pd(T2$n, TQx*) +

From (3.13) we have
qd(Thz*, Toxy )d(Tox*, Thzy,)
1+ d(Tlx*, Tgfl‘n) + d(Tgx*, Tla:n)
qd(Thz*, Toxy )d(Tox*, Thzy,)
1+ d(Tvx*, Toxy,)
< pd(y", Tawn) + qd(y*, Toxn+1).
By using (3.14), for n — oo, we get
d(Tla:*, Tl.an) — 0. (316)
Claim that T} and 75 have only one coincidence point.
From (2.1), for y* = Tha*, we can have
1 ab

d(Tha®, Thx") < m;(d(y*,ﬂm(nﬂ)) + d(Tizn, Tha™))

d(Thz*, Tyxy) < pd(Tox™, Toxy,) +

< pd(Tox™, Tox,) +

b . \
+5d(Te”, Tizp) + d(Tat (i), y7))-
Then by using (3.14), (3.15), (3.16) and for n — oo, we obtain
d(Tlx*,Tga;*) =0.
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Thus we have T1x* = Tox* = y*. This means that y* is a coincidence point of
T1 and TQ.

Suppose there is another coincidence point w* such that Tix = Thxr = w*
for some x € X. Then we have

d(y*,w*) = d(Tyx*, Th)

qd(Tyx*, Tox)d(Tox*, Tix)
1+ d(Tyx*, Tox) + d(Tox*, Tix)
qd(y”, w*)d(y*, w")
1+ d(y*, w*) + d(y*, w*)
< pd(y*, w") + qd(y*, w*).

< pd(Tox™, Tox) +

= pd(y*, w") +

Thus we get

(I—=p—q)d(y*,w") <0.
Since 0 < p+¢q < 1, we get d(y*,w*) = 0. This means that y* = w*. Therefore
Ty and T> have only one coincidence point in X.

Claim that 77 and 75 have a unique common fixed point in X. From (3.14)
we have

d(y", Tvy") = d(Thz™, Thy")

qd(Thx*, Toy*)d(Tox™, Try") (3.17)
1+ d(TlﬂS*, Tgy*) + d(Tgl‘*, le*) '
Since {717, T»} is weakly compatible, from T} z* = Thx™ = y*, we have T1Tox* =
ToThx*. Thus we get

< pd(Tox™, Toy™) +

le* = Tngl‘* = TQTll‘* = Tgy*. (318)
Thus from (3.17) and (3.18) we get
qd(Tyx*, Tyy*)d(Tox™, Try™)
L+ d(Tha*, Try*) + d(Tex*, Thy*)

=pd(y", T +
Pl 1) T T T + dy Do)

< pd(y*, Tvy") + qd(y*, Try").

d(y*, Tvy") < pd(Toz™, Thy") +

Thus we get

(1=p—q)d(y", Tiy") <0.
Since 0 < p+ ¢ < 1, we get d(y*,T1y*) = 0. This means that y* = Tyy*. So
by using (3.18), we get Toy* = Thy* = y*. Hence y* is a unique common fixed
point of T7 and T5. O
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