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Abstract. A brief comparison of various contractive conditions in a b-metric space is made,
and two generalized fixed point theorems are established. One for a Nesic type contraction,
and the other involving a generalized class of auxiliary functions. Also, contractive fixed

points in a b-metric space are obtained for some contractive conditions.

1. INTRODUCTION

Let X be a nonempty set and d : X x X — [0,00) be a mapping satisfying
the conditions:

(ml) d(z,z) =0 for all z € X,

(m2) d(z,y) = 0 implies that x =y for all z,y € X,
(m3) d(z,y) = d(y,z) for all x,y € X,
(m4) d(z,y) < d(x,z) +d(z,y)] for all z,y,z € X.
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Then the pair (X, d) is called a metric space with metric d. A quasi-metric
space [27] satisfies the conditions (ml), (m2) and (m4), while for a metric-
like space [2] (or dislocated metric space [11]), (m2), (m3) and (m4) hold.
Replacing the triangle inequality (m4) with a generalized one, we have the
following notion of a b-metric space:

Definition 1.1. Let s > 1, X be a nonempty set and ps : X x X — [0, 00) be
a mapping satisfying the conditions:

(b1) ps(z,x) =0 for all z,y € X,

(b2) ps(z,y) = 0 implies that z =y for all z,y € X,

(b3) ps(z,y) = ps(y, x) for all z,y € X,

(b4) ps(z,y) < slps(w,2) + ps(z,y)] for all z,y € X.
Then p; is called a b-metric on X, and (X, ps) denotes a b-metric space.

The notion of b-metric space was introduced by Bakthin [5] in 1989. Later,
in 1993, two generalizations of Banach’s contraction mapping theorem were
obtained by Czerwik [8] in b-metric space with s = 2. Every metric space is a
b-metric space with s = 1. A b-metric ps is not continuous (See [28]), though
a metric d is known to be continuous. A space X, satisfying (bl), (b2) and
(b4) is known as a quasi b-metric space, which was introduced by Shah and
Hussain [26] in 2012. While, Alghamdi et al. [1] introduced a b-metric-like
space (or dislocated b-metric space [11]), as a generalization of b-metric space,
by dropping (b1) in b-metric space. Further, replacing (b4) with the following
stronger form:

(bk) For k =1,2,3,... and all z,y1,y2,..., Yk, y € X,

ps(z,y) < slps(@,y1) + ps(y1,92) + -+ + ps(Yk, y)]- (1.1)

Khamsi [12] in 2010, defined a metric-type space (X, ps, s), with continuity
of ps, and y1, 4o, ..., Yy need not be distinct. However, for a fixed k, if each
of y1, y2, ..., Y is distinct from x and y in (1.1), we obtain the recent notion
of a by(s)-metric space, due to Mitrovic and Radenovic [16]. When k = 1, a
bi(s)-metric space reduces to a b-metric space, and k = 2 gives a rectangular
b-metric space, introduced by George et al [10] in 2015.

Let (X, ps) be a b-metric space. The family of all b-balls in X, given by

B, (z,r) ={y € X : ps(w,y) <r}, (1.2)

forms a base topology, called the b-metric topology 7(ps) on X. A sequence
{z,} C X is said to be b-convergent with limit p € X, if it converges to p in
7(ps). While, {z,} C X is said to be b-Cauchy, if limy, ;00 ps(Zn, zm) = 0.
A b-metric space X is said to be b-complete, if every b-Cauchy sequence in X
is b-convergent in it. Also, a b-convergent sequence has a unique limit, and is
necessarily b-Cauchy.
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2. A BRIEF COMPARISON OF CONTRACTION CONDITIONS

In 2013, Kir and Kiziltunc [13] established the following Banach’s and Kan-
nan contraction mapping theorems in a b-metric space, respectively:

Theorem 2.1. Suppose that (X, ps) is a complete b-metric space with constant
s, and f is a self-map on X satisfying the condition

ps(f, fy) < apy(a,y) for all 2,y € X, (2.1)
where 0 < a < 1/s. Then f has a unique fized point p.

Theorem 2.2. Let (X, ps) be a complete b-metric space with constant s, and
f: X — X satisfy the condition

ps(fx, fy) < Blps(x, f) + ps(y, fy)] for all z,y € X, (2.2)
where 0 < 8 < 1/2. Then f has a unique fixed point p.

Remark 2.3. If « = 0 and 8 = 0, with y = fz, (2.1) and (2.2) imply that
ps(fx, f2x) = 0 for each x € X. That is, the fixed point of f is not unique
in the sense that each y = fx is a fixed point. Therefore, the contraction
constants in Theorem 2.1 and Theorem 2.2 should be positive.

Given below is a result also proved in [13]:

Theorem 2.4. Suppose that (X, ps) is a complete b-metric space with constant
s, and f is a self-map on X satisfying the condition

ps(fz, fy) < vlps(x, fy) + ps(y, fz)] for all x,y € X, (2.3)

where 7y is a real number such that 0 < vs < 1/2. Then f has a unique fized
point p.

Sarwar and Rahman [17] proved the following theorem:

Theorem 2.5. Let f be a self-map on a complete b-metric space (X, ps) with
coefficient s > 1 such that

ps(fx, fy) < aps(z,y) + bps(z, fx) + cps(y, fy) for all z,y € X,  (2.4)

where a, b and ¢ are non-negative real numbers, not all being zero, such that
s(a+b)+c<1. Then f has a unique fized point.

Mishra et al. [15] proved the following theorem:

Theorem 2.6. Let f be a self-map on a complete b-metric space (X, ps) with
coefficient s > 1 such that

ps(fx, fy) < aps(w,y) + bps(z, fx) + cps(y, fy)
+eps(z, fy) + hps(y, fx) for allz,y € X, (2.5)
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where a, b, ¢, e and h are non-negative real numbers such that
0<s(a+b+c+e+h)<1/2
Then f has a unique fixed point.

Remark 2.7. When s = 1, the contraction conditions (2.1), (2.2), (2.3),
(2.4) and (2.5) reduce to Banach, Kannan, Chatterjea, Reich, and Hardy-
Roger’s contractions respectively. However, the constants in Hardy-Roger’s
contraction on metric space are such that 0 <a+b+c+e+h < 1. Also, a
Banach’s contraction is uniformly continuous on X, while Kannan contraction
is discontinuous. Rhoades [24], in his comparative study of various contraction
conditions in metric spaces, established that Banach and Kannan contractions
are independent of each other. Kannan implies Reich, but not the converse
and Chatterjea implies Hardy-Roger’s contraction, but not the converse.

Remark 2.8. With b = ¢ =0, (2.4) reduces to a Banach’s contraction (2.1).
Hence Theorem 2.1 follows from Theorem 2.5 as a special case. While, writing
a =0 and ¢ = b in (2.4), we obtain (2.2), but the choice of the contraction
constant is restricted to 0 < b < 1/(s + 1), since s > 1. Thus Theorem 2.2
follows from Theorem 2.5 as a special case with this restriction.

Remark 2.9. Writing b =c=e = h =0, (2.5) reduces to a Banach contrac-
tion (2.1), under the restricted choice 0 < a < 1/2s. Thus Theorem 2.1 follows
from Theorem 2.6 as a special case under the restriction that 0 < a < 1/2s.
While writing a = e = h = 0 and ¢ = b, (2.5) reduces to (2.2). Hence
Theorem 2.2 follows from Theorem 2.6 as a special case under the restric-
tion 0 < b < 1/4s, where [ is replaced with b. While, with a = b = ¢ =0
and h = e in (2.5), we get (2.3), but the contraction constant is restricted to
0 < e < 1/4s. In other words, Theorem 2.4 follows from Theorem 2.6 under
the restriction 0 < e < 1/4s, where 7 is replaced with e.

Definition 2.10. ([6, 7]) Let (X, p) be a metric space. A self-map f on X is
said to be a weak contraction, if

p(fz, fy) < cp(z,y) + pp(z, fy) for all z,y € X (2.6)
where 0 < ¢ <1 and u > 0.

In view of symmetry (b2), (2.6) implicitly includes its dual form
p(fz, fy) < cp(z,y) + pp(y, fr) for all z,y € X. (2.7)

Therefore, in order to check whether f is a weak contraction on X, it is
necessary that both (2.6) and (2.7) hold. When p = 0, weak contraction
reduces to a Banach’s contraction. However, a Banach’s contraction need not
be a weak contraction [7]. Weak contraction in a b-metric space (X, ps) is
defined in a similar way as in metric space (X, d), by just replacing the metric
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d with b-metric ps. It may be noted that a Banach’s contraction is also a weak
contraction in a b-metric space. Further, a Kannan contraction on a metric
space (X, p), with the choice

p(fz, fy) < klp(z, fz) + p(y, fy)] for all z,y € X, (2.8)

is a weak contraction [6], where ¢ = k/(1 —k) and p = 2k/(1 — k). However, a
Kannan contraction (2.2) on a b-metric space (X, ps) will be a weak contraction
[13], only when 0 < s < 1/2. On the other hand, a Chatterjea contraction
(2.3) on a b-metric space (X, ps) will also be a weak contraction [13] with
c=7v/(1—~)and g =2v/(1—7). For s =1, (2.3) on a b-metric space (X, ps)
reduces to a Chatterjea contraction on a metric space (X, p) with the choice

p(fx, fy) <vip(z, fy) + ply, fr)] for all z,y € X, 0 <v <1/2,  (2.9)

which, in accordance with [6], is a weak contraction on X. It may be noted
that Chatterjea contraction (2.3) on a b-metric space (X, ps) uses the stronger
condition that 0 < sy < 1/2 than 0 <y < 1/2.

3. CONTRACTIVE FIXED POINT

Let f be a self-map on a metric space (X,d) and z9p € X. The orbit
Oy (xo) at o is the sequence of f-iterates xo, fxo, ..., f"xo,.... A fixed point
p of f is known to be a contractive fixed point, if every Oy(zg) converges to
p. Existence of contractive fixed points in metric spaces was investigated by
Edelstein [9], Leader and Hoyle [14] and Reich [23]. Contractive fixed points
in G-metric spaces were investigated in [3], [19], [20], [21], [22] and [25].

Definition 3.1. Let f be a self-map on a b-metric space (X, ps) and z¢ € X.
A fixed point p of f is said to be a b-contractive fixed point, if for every zy € X,
the f-orbit O¢(zo) = (xo, fxo, ..., f"T0,...) converges to p.

Since a convergent sequence in metric space has a unique limit, a contractive
fixed point is also a unique fixed point. However, a unique fixed point need
not be a contractive fixed point in a b-metric space as shown in the following
example:

Example 3.2. Let X = [0,1] and ps(z,y) = |z — y|? for all z,y € X. Then
(X, ps) is a b-metric space with coefficient s = 2, which is not a metric space.
Define f: X — X by

1/2 1/2
fom 2wt/ (3.1)

1, x>1/2
We see that = 1 is the unique fixed point of f. But for 0 < 9 < 1/2, the
f-orbit Of(mo) = (%,1,...) = 1/2, while for zy > 1/2, Op(z0) = (1,1,...) — 1.

In other words, 1 is not a contractive fixed point of f.
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Now, we prove that unique fixed point is also a b-contractive fixed point for
certain contraction conditions in a b-metric space.

Theorem 3.3. Let (X, ps) be a b-metric space with constant s, and p be
a unique fized point of a Kannan contraction f on X satisfying the condi-
tion (2.2), with an additional condition that 0 < Bs < 1/2. Then p is a
b-contractive fized point.

Proof. Let zo € X be arbitrary. Writing z = f" 'z and y = p in (2.2), then
from (b3), we see that

ps(f"wo,p) = ps(f"x0, ")
< Blos(f" ' xo, fx0) + ps(f* 0, )]
< Bslps(f" w0, p) + ps(p, f 20)]

or

ps(f"xo,p) < <1E%5> pS(fnile,p).

Hence, by induction on n, (3.2) gives

ps(f"w0,p) < (£25) " ps(0, ). (3:2)
Hence, it follows from (b3) and (2.2) that
ps(x0,p) < slps(zo, fxo) + ps(fzo, fp)] (3-3)

< sps(xo, fxo) + Bs[ps(xo, fzo) + ps(ps f)]
= s(1+ B)ps(zo, fzo).
Substituting (3.3) in (3.2), we get

polf"n0.p) < (1255) " 5(1+ B)ps(wo. f0) (3.4)

for xop € X,n = 1,2,.... Since [Bs/(1 — Bs)]" — 0 as n — oo, (3.4), implies
that ps(f"xo,p) — 0 as n — oo for all zg € X. In other words, p is a
b-contractive fixed point. O

Theorem 3.4. Let (X, ps) be a b-metric space with constant s, and p be a
unique fized point of a Chatterjea contraction f on X satisfying the condition
(2.3). Then p is a b-contractive fized point.

Proof. Let zo € X be arbitrary. Writing z = f" 'zo and y = p in (2.3), then
from (b3),

ps(f"xo,p) = ps(f"xo, fD)
< Alps(f* wo, f'p) + ps(f* o, [ 20)]
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or
ps(f"xo, p) < (%) ps(f" w0, D).
Hence, by induction on n, (3.5) gives
n
ps(f"xo,p) < <ﬁ) ps(z0,p)- (3.5)
But again, by (b3) followed by (2.3), it follows that

ps(z0,p) < slps(wo, fro) + ps(fro, fp)]
< sps(zo, fro) + sy[ps(xo, p) + ps(p, fxo)]

< (125 psao, f20) + (125 ) ool f0, D). (3.6)
Now,
ps(fx()’p) = Ps(f$07 fp)
< 7[:08('%'07 f.’IJ()) + Ps(fl"Oa fp)]a
that is,
ps(fzo.p) < <ﬁ) ps(@o, fxo). (3.7)
Substituting (3.6) and (3.7) in (3.5), we get
ps(f"w0.p) < (125) " [225 + 25 - 15| polao, f20) (3.8)

for all zp € X, n = 1,2,3,.... Proceeding the limit as n — oo in (3.8), and
using the choice of v, we get ps(f™zo,p) — 0 as n — oo for all zyp € X. In
other words, p is a b-contractive fixed point. Il

Theorem 3.5. Let (X, ps) be a b-metric space with constant s, and p be a
unique fized point of a self-map f on X, satisfying the condition (2.4). Then
p s a b-contractive fized point.

Proof. Let z9 € X be arbitrary. Writing z = f* "'z and y = p in (2.4), then
using (b3), we get

ps(f"xo,p) = ps(f 20, fp)
< aps(f* w0, ) + bps(f" o, £ wo) + cps(p, fp)
< aps(f" wo, p) + bslps(f* o, S D) + ps (S0, fw0)]
< (1%“1,5) ps(f" " xo,p).

Hence, by induction on n,

ps(1"20,p) < (v25) " ps(o,p). (3.9)
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Hence, it follows from (b3) and (2.4) that
ps(z0,p) < slps(zo, fxo) + ps(fzo, fp)]
< sps(wo, fxo) + slaps(zo,p) + bps(xo, fzo) + cps(p, )]
= (%) ps(zo, fzo)-
With this, (3.9) becomes

ps(f"w0,p) < (F22) (£255) " polao, f20) (3.10)

for zp € X, n=1,2,3,.... Proceeding the limit as n — oo in (3.10), it follows
that ps(f™xo,p) — 0 as n — oo for all xg € X. In other words, p is a
b-contractive fixed point. O

4. GENERALIZED FIXED POINT THEOREMS

A self-map f on a b-metric space (X, ps) is called a Nesic type b-contraction,
if it satisfies the condition:

(L + pps(z, y)lps(fz, fy) < wlps(z, f2)ps(y, fy) + ps(y, f2)ps(z, fy)]

+ Amax {ps(x,y),ps(x, ff/U), ps(y7 fy)a

ps(x, fy) + ps(y, fx) }

5 (4.1)

for all xz,y € X, where p > 0and 0 < A < 1/s.

Theorem 4.1. Let f be a Nesic type b-contraction on a complete b-metric
space (X, ps). Then f has a unique fixed point.

Proof. Let xg € X be arbitrary. Define {z,} C X by
Ty = fx,_1 forn > 1. (4.2)
Now writing = x,,—1 and y = x,, in (4.1), we know that
(14 pps(Tn—1,Tn)]ps(fTn—1, fTn)
< N[Ps(xn—lu frn-1)ps(xn, frn) + ps(Tn, frn—1)ps(Tn-1, fxn)]
+ Amax {Ps(xn—la Tn), Ps(Tn—1, frn_1), ps(Tn—1, fTn_1),
5105 (@n—1, fen) + psps(en, frn1)]}

or

Ps(Tn, Tpy1) < )\max{ps(xn,l, Tn), %[IOS(wnfla Tn) + ps(Tn, $n+1)]}
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so that
Ps(Tny Tnt1) < Aps(Tp—1,zy) for n > 1.
By induction on n, it follows that
Ps(Tny Tpt1) < A'ps(zo,x1) for n > 1. (4.3)
Now for m > n, by the repeated use of (b4), we know that

ps(Tns Tm) < 8ps(Tn, Tni1) + 52 ps(Tny1, Tny2)
o 8T (T, Tn)
< (SA" 4+ AL o gmrmpAn ey (g, @)
m—n terms
= s\ (14 sA+ -+ (sN)™ " pg (g, 21)
m—n terms

< (52 (SR oo, )

< (1_58)\> A ps(zo, z1). (4.4)

Note that s/(1 — sA) is positive and finite, and A < 1. Therefore, in the limit

as n — oo, we see that ps(zy,zmy,) — 0. Thus {:cn} is a b-Cauchy sequence in
X

Since X is b-complete, we can find a point p € X such that

lim z, = lim fz,—; =p. (4.5)

n—oo n—o0
Now, writing © = ,,—1 and y = p, the inequality (4.1) gives
[1 + ,Ufps(xn—lap)]ps(fxn—h fp)
< ulps(@n—1, frn—1)ps(D, [P) + ps(Ps frn—1)ps (D, fTn-1)]
+A maX{Ps(i’n—l,p)v ps(xn—la fmn—1)7 Ps(]% fp)7
%[ps(a:n—lv fp) + Ps(P, fxn—l)]}

Taking the limit as n — oo and using (4.5), we get that

[1+ 1.0)ps(p, fp) < p[0 - ps(p, fp) + 0]
+ Amax{0, 0, ps(p, fp), L[ps(0, fp) + 0]}.

It implies that ps(p, fp) < Aps(p, fp) or ps(p, fp) = 0. That is, fp = p.
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To establish the uniqueness of the fixed point, let ¢ # p be also a fixed point
of f. Then with z = p and y = ¢ in (4.1),
[1+ pos(p, @)lps(fp, fa)
< ulps(p, fP)ps(a, fa) + ps(a; f)ps(a. fp)]

+ Amax{ps(p, q), ps(p, [D), ps(a: f0), 3[ps (P, fa) + ps(a, fr]}

which on simplifying, yields 0 < ps(p,q) < Aps(p,q) < ps(p,q). This is a
contradiction. Hence p = ¢, and the fixed point is unique. [l

Setting p = 0 in Theorem 4.1, we have the following corollary.

Corollary 4.2. Let (X, ps) be a complete b-metric space and f : X — X be a
generalized b-contraction such that

ps(f, fy) < Amax {ps(x,y), ps(x, f2), ps(y, fy), LEL0IeIIY (4 6)

for all xz,y € X, where 0 < X\ < 1/s. Then f has a unique fized point, which
18 also a b-contractive fixed point.

Proof. For arbitrary zo € X, let = f" 129 and y = p in (4.6). Then
ﬂs(fn3707p) = ps(ffnilJ:Ou fp)
< A max {ps(fn_1x07p)) ps(fn_1x07 ffn_le)’ ps(p7 fp)7

slos(f" 1o, fp) + ps(p, £ 17 m0)]}
= AMp, (4.7)

where
M,, = max {ps(fnflxg,p),ps(fnflxg, flxo)} forn=1,2,....
Suppose that M,, = ps(f" 'z0,p). Then (4.7) becomes
ps(f"x0,p) < Aps(f* " w0, p) < Asps(f" o, p).- (4.8)

On the other hand, let M,, = ps(f" 'z, f"xo). Then by (4.6) and (b3), we
know that

ps(f" o, fao) < Amax{ps(f*xo, [ o), ps(f1 @0, f 7 m0),
ps(f" o, f 7 wo),
slos(f" 2w, f 17 o) + ps (£ o, £ 2wo)]}
< Amax{ps(f" w0, f* o), ps (S w0, fM@0),
Slos(f"2xo, [ mo) + ps(f " o, [ w0)]}
= Asmax{ps(f" 2zo, [ w0), ps(f" o, f0)}
= Asps(f" 2o, f7 Lag). (4.9)
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Inserting (4.8) and (4.9) in (4.7), we get
ps(f"x0,p) < Asmax{ps(ps(f" w0, p), ps(f" w0, [ 20)}. (4.10)
Hence, by induction on n,

ps(fn$07p) < ()‘S)n_l max{Ps(f»””OaP)yPS@Oa fx(])} for all n > 1. (411)

Taking the limit as n — oo in this, it follows that ps(f"xo,p) — 0 as n — oo
for all zg € X. In other words, p is a b-contractive fixed point. O

Remark 4.3. It is not difficult to show that (2.5) implies (4.6). Hence,
Theorem 2.6 follows from Corollary 4.2, and the unique fixed point of self-
map f satisfying (2.5) is a b-contractive fixed point.

Taking s = 1 in Theorem 4.1, we get the following corollary.

Corollary 4.4 (Theorem 1, Nesic [18]). Let (X,d) be a complete metric space
and f : X — X be a Nesic contraction on X such that

[1+ pd(z,y)ld(fz, fy)
< pld(z, fx)d(y, fy) + d(y, fx)d(z, fy)]
+ Amax {d(x, y),d(x, fx),d(y, fy), w} (4.12)
forallz,y € X, where p >0 and 0 < A\ < 1. Then f has a unique fized point.

5. GENERALIZED CLASS OF AUXILIARY FUNCTIONS

Given a > 0, we consider the following generalized class of auxiliary func-
tions:

Do = {¢:[0,00) = [0,00) : $(0) = 0, p(at) < t for ¢ > O}. (5.1)

When a = 1, the class ®,, reduces to the class of contractive modulii €2, whose
members have the choice

w(0) =0and w(t) <t for t>0. (5.2)

Theorem 5.1. Suppose that (X, ps) is a complete b-metric space and f is a
self-map on X satisfying the condition

Ps(fxa fy) §¢(max {ps(.’IJ, y)v ps($, fx)aps(y7 fy)?ps(xa fy)v ps(y; f.CE)}) (53)

for all x,y € X, where ¢ € P9 is nondecreasing and upper semicontinuous.
Then f has a unique fixed point p.

Proof. Let x¢g € X be arbitrary. Define {wn} C X by
Ty = frp_1 for n>1. (5.4)
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Writing with = x,—1 and y = x,, in (5.3), we get
ps(fTn—1, f2n) §¢( max {ps(xn—la Tn),s Ps(Tn—1, fTn-1), ps(Tn, f2n),
Ps(xnfla fxn)7 ps(xna finnfl) })
——————

=0
or
Ps (:L'ny xn+1) < CZ)( max {ps(lL‘n*lv :L'n)a ps(l'na $n+1)7 ps(l‘nfla :L‘nJrl) })
< ¢(S [ps(a:n—lv Tp) + ps(Tn, xn-i—l]))-
Define

tn = ps(Tp—1,2,) for n > 1. (5.5)
Then the above inequality is written as
tn1 < ([t + tny1]) for n > 1. (5.6)

If ¢, < tjpyq for some m > 1, then t,,41 > 0. Since ¢ is nondecreasing, it
follows from (5.6) that

tmt1 < O(s[tmr1 + tma1]) < tma1,

which is a contradiction. Thus {t,,}>° is a nonincreasing sequence of nonneg-
ative real numbers, that is

tn > tpaq forn > 1. (5.7)
and hence it converges to some t > 0. Now using (5.7) in (5.6), we get
tni1 < ¢(2sty,) for n > 1.

Taking the limit superior as n — oo in this and then using the upper semi-
continuity of ¢, we obtain that

t < ¢(2st). (5.8)

If t > 0 in (5.8), then the choice of ¢ implies that ¢t < ¢(2st) < t, which is a
contradiction. Therefore, we have

t=0. (5.9)

We now prove that {xn} is a b-Cauchy sequence in X. If possible suppose

that {xn} is not b-Cauchy. Then for some ¢ > 0, we choose sequences {:):mk}
and {xnk} of positive integers such that for my > ng > k,

Ps(Zm,, Tn,) > €for k=1,2,3,.... (5.10)

Suppose that my, is the smallest integer exceeding ny satisfying (5.10). That
is

Ps(Tm,,, Tn,) > €. (5.11)
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Now by (b3), we see that
€ < ps(Tmy, Tny,) < 8[0s(Tmys Ting—1) + Ps(Tim—1, Tny )] (5.12)
But from (5.9) and (5.11) respectively, we see that

lm ps(Tmy—1,Tm,) =0 and lm pg(Tm,—1,Tm,) < €. (5.13)
k—o0 k—o0

Using (5.13) in (5.12), we get
€< klgrolo Ps(Tm,,, Tn,) < SE. (5.14)
Also by (b3), we get
PS($nk—1vxmk-) < 8[p8(xnk_17xnk) + ps(l‘nlﬂxmk)]'
As k — oo this and (5.14) give

lm ps(@n,—1,Tm,) = 2. (5.15)

k—o00

On the other hand, from (5.3) with = @, —1, ¥ = zp,—1 and (5.10), we
have

€ < ps(Tmy, Tny,)
= ps(fTmy—1, fTn,—1)
< (b(max {Ps($mk71a Trg—1)s Ps(Tmy—15 fTmp—1), Ps(Tny—1, [Tny—1),
Ps (g1, [ —1)s s (Tny—15 fTm, 1) })
= (b(max {Ps(xmk—la xnk—1)7p3(xmk—17xmk)7 PS(wnk—hxnk)a
pS(Imk:_l?x”k)’fjs(’rnk_l?xmk)})‘

Taking the limit as n — oo in this, and then using upper semicontinuity of ¢,
(5.11), (5.13), (5.14) and (5.15), we get

e < ¢(max {6,0, 0,€, 26}) = ¢(2¢) < e, (5.16)

since ¢ is nondecreasing. This is a contradiction to the choice of ¢. Hence
{a:n} must be a b-Cauchy sequence in X. Since X is b-complete, there exists
a point p € X such that {xn} is b-convergent to p. That is

lim z,—; = lim z, =p. (5.17)
n—oo n—oo
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We now establish that p is a fixed point of f. In fact, writing * = z,,—1 and
y =p in (5.10),
ps(@n, fp) = ps(frn-1, fp)
< ¢(max {ps(wn, p), ps(Tn—1, frn-1), ps(p, fp),
ps(@n-1, fp), ps(p, frn-1)})
= ¢(max {ps(zn, D), ps(Tn-1,2n), ps(p, [P),
ps(Tn-1, D), ps(P, ) }).

Taking the limit as n — oo in this and then using (5.17), we get

ps(p, fp) < ¢(max {0,0, ps(p, fp), ps(p, fp),0})
= 9(ps(p, [P))- (5.18)

If p # fp, then ps(p, fp) > 0. Since ¢ is nondecreasing, (5.18) implies that
0 < ps(p, fp) < 8(ps(p, fP)) < ps(p. fP),

which is a contradiction. Hence p = fp.
To ensure the uniqueness of the fixed point, we suppose that p and ¢ are
fixed points of f with p # ¢q. Let z = p and y = ¢ in (5.10). Then
ps(p,q) = ps(fp; fq)
< ¢(max { ps(p, ) ps(p, 1), ps(a, f@), ps(p; f0), ps(a: fp)})

= ¢(max {ps(p,q),0,0, ps(p,q), ps(¢.0) }) = ¢ (ps(p. q)),
which implies that p = gq. U

With an argument, similar to that of Theorem 5.1, the following result can
be established:

Theorem 5.2. Suppose that (X, ps) is a complete b-metric space and f is a
self-map on X satisfying the condition:

ps(fx7 fy)
< ¢(max {ps(x, fz) + ps(y, fy), ps(x, fy) + ps(y, fz) + ps(y, fy)})  (5.19)

for all z,y € X, where ¢ € ®Posy1 is nondecreasing and upper semicontinuous.
Then f has a unique fixed point p.

Acknowledgments: The authors would like to express sincere thanks to the
referee for his/her valuable suggestions in improving the paper.



[1]

Generalized fixed point theorems in a b-metric space 229

REFERENCES

M.A. Alghamdi, N. Hussain and P. Salimi, Fized point and coupled fized point theorems
in b-metric like spaces, J. Inequal. App., 2013:402 (2013).

A. Amini Harandi, Metric-like spaces, partial metric spaces and fized points, Fixed Point
Theory and Appl., 2012:204 (2012).

M. Asadi and P. Salimi, Some fized point and common fixed point theorems on G-metric
spaces, Nonlinear Funct. Anal. Appl., 21(3) (2016), 523-530.

H. Aydi, M.F. Bota, E. Karapinar and S. Mitrovic, A fized point theorem for set-valued
quasi-contractions in b-metric spaces, Fixed Point Theory and Appl., 2012:88 (2012).
I.A. Bakhtin, The contraction mapping principle in quasi-metric spaces, Funct. Anal.
Unianowsk Gos. Ped. Inst., 30 (1989), 26-37.

V. Berinde, Iterative approximation of fized points, 2nd and enlarged edition, Editura
Efemeride, Baira Mare, Romania, Springer, 2002.

V. Berinde, Iterative approximation of fized points of weak contraction using Picard
Iteration, Nonlinear Anal. Forum, 9 (2004), 43-53.

S. Czerwik, Contraction mappings in b-metric spaces, Acta Math. Inform. Univ.
Ostraviensis, 1 (1993), 5-11.

M. Edelstein, On fized and periodic points under contractive mappings, J. London Math.
Soc., 37 (1962), 74-79.

R. George, S. Radenovic, K.P. Reshma, and S. Shukla, Rectangular b-metric space and
contraction principles, J. Nonlinear Sci. Appl., 8 (2015), 1005-1013.

P. Hitzler, and A. Seda, Dislocated topologies, J. Elect. Engg., 51 (2000), 3-7.

M.A. Khamsi, Remarks on cone metric spaces and fixed point theorems of contractive
mappings, Fixed Point Theory and Appl., 2010: (2010), Article ID 315398.

M. Kir and H. Kiziltunc, On some well-known fized point theorems in b-metric spaces,
Turk. J. Anal. and Number Th., 1(1) (2013), 13-16.

S. Leader and L. Hoyle, Contractive fized points, Fund. Math., 87 (1975), 93-108.

P.K. Mishra, S. Sachdeva and S.K. Banarjee, Some fized point theorems in b-metric
space, Turk. J. Anal. and Number Th., 2(1) (2014), 19-22.

Z.D. Mitrovic and S. Radenovic, The Banach and Reich contractions in b,(s)-metric
spaces, J. Fixed Point Theory Appl., 19 (2017), 3087-3095.

Md. Sarwar and Mujeeb Ur Rahman, Fized point theorems for Ciric’s and generalized
contractions in b-metric spaces, Int. J. Anal. Appl., 7(1) (2015), 70-78.

S.C. Nesic, A theorem on contractive mappings, Math. Vesnik, 44 (1992), 51-54.

T. Phaneendra and K. Kumara Swamy, Unique fized point in G-metric space through
greatest lower bound properties, NoviSad J. Math., 43(2) (2013), 107-115.

T. Phaneendra and S. Saravanan, On G-contractive fized points, Jnanabha, 46 (2016),
105-112.

T. Phaneendra and S. Saravanan, Fized point under general contraction conditions in
G-metric space, The J. Anal., 25(2) (2017), 215-234.

M. Pitchaimani, P. Devassykutty and W. H. Lim, Fixed point theorems for multivalued
nonlinear contraction mapping in G-metricv spaces, Nonlinear Funct. Anal. Appl., 23(4)
(2018), 723-742.

S. Reich, Problem 5775, Amer. Math. Monthly, 78(1971), 84.

B.E. Rhoades, A comparison of various definitions of contractive mappings, Trans.
Amer. Math. Soc., 226 (1977), 257-290.



230 P. Swapna and T. Phaneendra

[25] S. Sedghi, N. Shobkolaei and S.H. Sadati, A generalization of Caristi Kirk‘s theorem for
common fized points on G-metric spaces, Nonlinear Funct. Anal. Appl., 20(4) (2015),
551-559.

[26] M.H. Shah and N. Hussain, Nonlinear contractions in partially ordered quasi b-metric
spaces, Commun. Korean Math. Soc., 27(1) (2012), 117-128.

[27] W.A. Wilson, On quasi-metric Spaces, Amer. J. Math., 53(3) (1931), 675-684.

[28] B. Wu, F. He and T. Xu, Common fized point theorems for Ciric type mappings

in b-metric spaces without any completeness assumption, J. Nonlinear Sci. Appl., 10
(2017), 3180-3190.



