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Abstract. In this paper, we prove the stability of functional equations related to an additive-
quartic mapping by using the fixed-point theory, which L. C adariu and V. Radu used as a

way to prove the stability of functional equations.

1. INTRODUCTION

In this paper, let V and W be real vector spaces, Y be a real Banach space,
and k be a fixed real number such that k£ # 0,£1. For a given mapping
f:V — W, we use the following abbreviations:

Af(z,y) = flz+y) — f(z) = f(y),
Qf(z,y) = flz+2y) —4f(x +y) +6f(z) —4f(x —y) + f(z — 2y) — 24 (y),
Dif(x,y) =f(ka +y) + f(ke —y) = B[z +y) = K f(z - y)
2 _
2D (P k) — k() — 26 (k) + 2021 2,
Daf(x,y) =f(ka +y) + f(ke —y) — B> f(z +y) = K f(z - y)
+ (B = 1D)(f(y) + f(=y) — (" = 2% + k) f(z) — (K" = k) f (=),
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Dsf(z,y) =f(z + ky)+flz —ky) — K> f(z +y) -k f(z —y) + 2(k* — 1) f ()

4 2 . 2
k) - 2y AR
Dyf(x,y) =f(z + ky) + flz — ky) — K2 f(z +y) — K f(z —y)
2(k3 — k)
- ﬁ(f( y) = kf(y) +2(k* = 1) f (),
Dsf(z,y) =f(z +ky) + f(x — ky) — f(kx +y) — f(kx —y) + f(kx)
4 _
Ry M R ey e D) + F(—y)

2

for all z,y € V. The stability problem of a group homomorphism was first
raised by Ulam [19]. In the next year, Hyers [10] first gave a partial solution
to Ulam’s question for the case of the functional equation related to additive
mappings. Hyers’ result has greatly influenced the study of the stability prob-
lem of the various functional equations. His result was generalized by Rassias
[17] and Gavruta [8].

A solution mapping of the functional equation Af(x,y) = 0 and a solution
mapping of the functional equation @ f(x,y) = 0 are called an additive map-
ping and a quartic mapping, respectively. A mapping f is called an additive
and quartic mapping if f is expressed by the sum of an additive mapping and
a quartic mapping. A functional equation is called an additive and quartic
functional equation provided that each solution of that equation is an additive
and quartic mapping and every additive and quartic mapping is a solution
of that equation. Many mathematicians investigated the stability of the ad-
ditive and quartic functional equations [1, 2, 7, 9, 11, 13, 14, 15, 16, 18].
They [1, 2, 3, 9, 11, 12, 13, 16, 18] showed that the functional equations
Dif(x,y) =0, (i = 1,2,4,5) are additive and quartic functional equations
when k = 2. They proved the stability of the additive and quartic functional
equations D;f(z,y) = 0 when k = 2 by handling the additive part and the
quartic part of the given mapping f, respectively.

In this paper, we will show that every solution of the functional equation
D;f(x,y) = 0 is an additive and quartic mapping and prove the stability
of the function equation D;f(z,y) = 0 when k is a real number, which is a
generalization of the function equation D; f(z,y) = 0 when k = 2. Also we will
not split the given mapping f : V' — Y into two parts to prove the stability
of the functional equations D;f(z,y) = 0. We will prove the stability of the
functional equations D; f(z,y) =0, (i = 1,2,3,4,5) at once by using the fixed
point theory in the sense of Cadariu and Radu [4, 5].

In other words, for a given mapping f that approximately satisfies the
functional equation D;f(x,y) = 0, we will show that the mapping F', which
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is the solution of the functional equation D;F(x,y) = 0, can be constructed
using the formula

. k"x —k"z k"z) — f(—=k"x
o) = iy (LI | J00) T

n—o0

or

ro) = i (5 (7 () £ () + 5 (£ G2) =7 (430))

for all x € V, and we will prove that the mapping F' exists uniquely near the
mapping f.

2. MAIN RESULTS

To prove the main theorem, we need to mention the following fixed-point
theorem of Margolis and Diaz:

Theorem 2.1. ([6]) Suppose that a complete generalized metric space (X, d),
which means that the metric d may assume infinite values, and a strictly con-
tractive mapping J : X — X with the Lipschitz constant 0 < L < 1 are given.
Then, for each given element x € X, either

d(J"z, J" ) = 400, Vn € NU{0},

or there exists a nonnegative integer k such that:

(1) d(J"z, J" tw) < +oo for alln > k;

(2) the sequence {J"x} is convergent to a fixed point y* of J;

(3) y* is the unique fived point of J inY = {y € X,d(J*z,y) < +o0};
(4) d(y,y") < (1/(1 = L))d(y, Jy) for ally €Y.

Lemma 2.2. Let i be a fized integer such that i € {1,2,3,4,5}. Then the
equalities

k341 k3 —1
f(z) - ot fkz) + Wf(—’m) =E;(z), (2.1)

o) - (5) - 55 () =miw 22)
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hold for all x € V, where f(0) = 0 and the mappings E;f,E.f : V. — W are
given by

—(k*+k+1)(k*+1)D1f(0,2) + (k* + k + 1)(k* — 1) D1 f(0, —2)

s = ikt )R :
Eyf () _ (K + 1) Dof(z, 0)44];4(]‘:3 —1)Dy f(—z, 0)7
Es(z) :(k3 — 1)D5 (0, z) ;kik?’ + 1) D3 £(0, —x),
_ (B +k+ 1)K —k—1)Dyf(0,2)

Ey(z) = T
(K + k + 1)(k? + k + 1)Dy f (0, —2)
B A(k5 1 ) ;
Es(z) _ (K +1)Ds/(x,0) ;k§k3 —1)Dsf(—=z, 0)7
/ _(k'4— k’)le (O,g)
Eyf(z) = 2% - 1) B
B f(a) =220 (),

Eif(x) =Dsf <Ov _]f) )
(k‘2 4+ k4 1)<k2 +k— 1)D4f (07 %)

Eif(z) = A(k2 + k)
(k* + k+1)(k* + k + 1)Dyf (0, 5%)
+ 4(k2 + k) ’
ELf(x) = = Dsf (.0)
forallz € V.

Now we can prove some stability results of the functional equation D; F'(z,y) =
0 (i=1,2,3,4,5) by using the fixed point theory.
Theorem 2.3. Let i be a fized integer such that i € {1,2,3,4,5} and let
©: V2% = [0,00) be a given function and |k| > 1. Suppose that the mapping
f:V =Y satisfies the inequality
1Dif (z,y)|l < ¢(z,y) (2.3)

for all xz,y € V and f(0) = 0. If there exists a constant 0 < L < 1 such that
@ has the property
p(kz, ky) < kLp(z,y) (2.4)
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for all x,y € V, then there exists a unique mapping F': V —'Y such that

D, (x)
I£@) - Fo) < 20

for allz € V and D;F(x,y) = 0 for all z,y € V, where @, : V2 — [0,00) and
®; are defined by

(2.5)

o(z,y) + p(—z, —y)

e, y) == 2 |
@ﬁuw=“¥+hzwf§@?%mwx
Bof(z) = (16 +212;pe(x, 0)7

By(z) = AL H ;)4@@(0,9;)7

By(z) = (k% + |2k|L;ri);f|e(0, 7).

O5(z) = (k> + :]2:)06($,0)'

In particular, F is represented by

. k"x —k"x k"x) — f(—k"x
) = g (LRI | S800)— fohea))

(2.6)

n—o0

forallz e V.

Proof. Let S ={g:V — Y | g(0) =0 } and introduce a generalized metric
on S by

d(g,h) = inf{K € R" | |g(z) — h(z)|| < K®;(x), x € V}.

It is easy to show that (S, d) is a generalized complete metric space. Now we
consider the mapping J : S — S, which is defined by
_ glkz) —g(—kz) g(kx) + g(—kz)

Tol@) = 2k 2
for all z € V. Let g,h € S and let K € [0,00] be an arbitrary constant with
d(g,h) < K. From the definition of d, we have

3 3 _
IJ9(e) = Ihi@)l < 5t lahe) — hiko)l + ot ko) - h(-o)]
1
< qu)z(kx)

< KL®;(z)
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for all x € V, which implies that
d(Jg, Jh) < Ld(g,h)

for any g,h € S. That is, J is a strictly contractive self-mapping of S with
the Lipschitz constant L. Moreover, by (2.1) and (2.3), we see that

1f(z) = Jf(@)|| = [|Eif ()] < ®i(z)

for all z € V. It means that d(f, Jf) < 1 < oo by the definition of d. Therefore
according to Theorem 2.1, the sequence {J"f} converges to the unique fixed
point FF : V. — Y of Jin theset T = {g € S | d(f,g9) < oo}, which is
represented by (2.3) for all z € V. Notice that

1 1

which implies (2.5). By the definitions of F, together with (2.3) and (2.4), we
have that

nl'a kny) - le(_k.n:p’ BE kn@/)

. D;(k
IDi (. 9)] = tim [ 24

2. kn
| Dif(k"z,k"y) + Dif (—k"x, —k"y) H
2 fin
R+ n.. pn n n
. (]k‘:m + 1)L
=0

for all z,y € V. So F satisfies D;F(z,y) = 0 for all z,y € V. Notice
that if F satisfies the functional equation D;F(z,y) = 0, then the equality
F(z) — JF(z) = E;F(z) implies that F' is a fixed point of J. Hence F is
unique mapping satisfying (2.5). O

Theorem 2.4. Let i be a fized integer such that i € {1,2,3,4,5} and let
0 : V2% = [0,00) be a given function and |k| < 1. Suppose that the mapping
f:V =Y satisfies the inequality (2.3) for all z,y € V and f(0) = 0. If there
exists a constant 0 < L < 1 such that ¢ has the property

o(kz, ky) < |k|*Lo(z,y) (2.7)

for all x,y € V, then there exists a unique mapping F' : V. — Y satisfying
(2.5) for all x € V and D;F(x,y) = 0 for all x,y € V. In particular, F is
represented by (2.3) for allz € V.
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Proof. Let the set (S,d) and the mapping J : S — S be as in the proof of
Theorem 2.3. Let g,h € S and let K € [0,00] be an arbitrary constant with
d(g,h) < K. From the definition of d, we have

1
1Jg(x) — Jh(z)]| < WK(I%‘(%) < KL®;(x)
for all x € V, which implies that
d(Jg, Jh) < Ld(g,h)

for any g,h € S. That is, J is a strictly contractive self-mapping of S with
the Lipschitz constant L. Moreover, by (2.1) and (2.3), we see that

1f(2) = Jf(@)]| = [[Eif (2)]| < ®i(z)

for all z € V. It means that d(f, Jf) < 1 < oo by the definition of d. Therefore
according to Theorem 2.1, the sequence {J" f} converges to the unique fixed
point ' : V. — Y of J in the set T' = {g € S | d(f,g9) < oo}, which is
represented by (2.3) for all z € V. Notice that

1 1
< — < —
which implies (2.5). By the definitions of F, together with (2.3) and (2.7), we
have that

ID: Gl < Jim G ok k) + (R, k)

3n n
< i (RP" 4 DL
n—00 2

=0

(p(z,y) + p(—2, —y))

for all z,y € V. So F satisfies D;F(z,y) = 0 for all z,y € V. Notice
that if F' satisfies the functional equation D;F(z,y) = 0 , then the equality
F(x) — JF(z) = E;F(x) implies that F is a fixed point of J. Hence F is
unique mapping satisfying (2.5). O

We continue our investigation with the next result.

Theorem 2.5. Let i be a fized integer such that i € {1,2,3,4,5} and let
¢ : V2 = [0,00) and k be a real number such that |k| > 1. Suppose that
f:V =Y satisfies the inequality (2.3) for all z,y € V and f(0) = 0. If there
exists 0 < L < 1 such that the mapping ¢ has the property

Lo(kz, ky) > |k|*o(z, ) (2.8)
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for all x,y € V, then there exists a unique mapping F : V. — Y satisfying
DyF(z,y) =0 for all xz,y € V and

<

i(2) (2.9)

1f(z) = F(a)]| <
for all x € V, where V; is defined by

E* + k) e (0,
Uy f(z) ::( +’L2D_901’( k)v

Vo f (@) :=e (%70) ;
Waf(2) =20 (0, 7))

(k2 + k| + 1)%¢. (0, %)

\IJ4f(ZE) = 2|]{22 + k‘| )

s f(x) =2pc (.0) -
In particular, F' is represented by
re =t (5 0 () ()5 0 Go)+r () 2o

forallz e V.

—_
h

Proof. Let S be the set of all mappings g : V' — Y with g(0) = 0 and introduce
a generalized metric on S by

d(g,h) = inf{K € R" | ||g(z) — h(z)|| < KV;(z), z € V}.

Now we consider the mapping J : S — S defined by

=5 (o) =0 (1) + 5 (o (7) + (1)

for all g € S and z € V. Let g,h € S and let K € [0,00] be an arbitrary
constant with d(g, h) < K. From the definition of d, we have

ke 4 o ()< (3) |+ 55 () -+ ()

< k'K, (%)
< LK, (z)

forall x € V. So
d(Jg,Jh) < Ld(g,h)
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for any g,h € S. That is, J is a strictly contractive self-mapping of S with
the Lipschitz constant L. Moreover, by (2.2) and (2.3), we see that

I1f (@) = Tf (@)l = | Eif ()] < Wi(=)

for all € V, which implies that d( f,Jf) <1 < oco. Therefore according to
Theorem 2.1, the sequence {J"f} converges to the unique fixed point F' of J
in the set T':= {g € S | d(f,g) < oo}, which is represented by (2.10) for all
reV.

Notice that

1
<
which implies (2.9). From the definition of F(z ), (2 3),

n

and (2.8), we have
7 (0 o) =20 (i —30))

an
_|_k7( lf( kyn) zf( kn’_k‘”)>H
n 4n
< W 2 vy 2 vy

3n n
W (o(z,y) + o(—z, —y))

|DiF(z,y)] = lim

< li

=0
for all z,y € V. So F satisfies D;F(z,y) = 0 for all x,y € V. Notice that if F
satisfies the functional equation D;F(z,y) = 0, then the equality

F(z) — JF(z) = EjF(z)

implies that F is a fixed point of J. O
Theorem 2.6. Let i be a fized integer such that i € {1,2,3,4,5} and let
0 : V2 = [0,00) and k be a real number such that |k| > 1. Suppose that

f:V =Y satisfies the inequality (2.3) for all z,y € V and f(0) = 0. If there
exists 0 < L < 1 such that the mapping ¢ has the property

Lo(kz, ky) > |klo(z,y) (2.11)
for all x,y € V, then there exists a unique mapping F' : 'V — Y satisfying

D;F(z,y) = 0 for all z,y € V and (2.9) for all x € V. In particular, F is
represented by (2.10) for allx € V.

Proof. Let the set (S,d) and the mapping J : S — S be as in the proof of
Theorem 2.5. Let g,h € S and let K € [0,00] be an arbitrary constant with
d(g,h) < K. From the definition of d, we have

|79(@) = Th(@)|| < [kl KW () < LEW,(z)
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forall z € V. So

d(Jg, Jh) < Ld(g, h)
for any g,h € S. That is, J is a strictly contractive self-mapping of S with
the Lipschitz constant L. Moreover, by (2.2) and (2.3), we see that

1f (@) = Jf (@)l =[|Eif ()] < Ti(x)

for all x € V, which implies that d( f,Jf) <1 < oo. Therefore according to
Theorem 2.1, the sequence {J" f} converges to the unique fixed point F' of J
in the set T := {g € S|d(f,g) < oo}, which is represented by (2.10) for all
xeV.

Notice that

1 1
A(f.F) < ([ If) <
which implies (2.9). From the definition of F(z), (2 3), and (2.11), we have
| N L Y
ID:F )l < Jim = (e () +o (=)
) k 3n + 1) L™
< lim (H2) (o(z, ) + (=2, —y))
=0

for all z,y € V. So F satisfies D;F(z,y) = 0 for all z,y € V. Notice
that if F' satisfies the functional equation D;F(z,y) = 0, then the equality
F(x) — JF(x) = E/F(x) implies that I is a fixed point of J. O
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