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Abstract. In this paper, existence and uniqueness results for the solution of a new class

of equilibrium problem is established. Using the KKM technique, we establish the existence

and uniqueness of solutions of a new generalized mixed equilibrium problem (NGMEP) with

trifunctions. Further, we propose an iterative algorithm for finding a common element in

the solution set of the NGMEP and a fixed point set of a nonlinear mapping. We proved

the strong convergence of the algorithm to a common element in the solution set of a system

of NGMEP and a fixed point set of a countable family of totally quasi-φ-asymptotically

nonexpansive mapping in the framework of a real uniformly convex and uniformly smooth

Banach space. Our result generalize many other results obtained recently in this direction.

1. Introduction

The theory of variational inequality plays a very important role in many fields
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such as mechanics, physics, structural analysis, nonlinear programming, trans-
portation, sciences and engineering. Because of their wide range of applica-
tions, variational inequality problems have been extensively studied, extended
and generalized since its introduction in the sixties by Stampacchia [33]. One
of the most important of such generalizations is the equilibrium problems.

Monotonicity and generalized monotonicity are very important tools in the
study of equilibrium problems, mixed equilibrium problems and generalized
mixed equilibrium problems. In recent years, there has been lots of research
carried out on the existence results of the solutions of equilibrium prob-
lems, mixed equilibrium problems and generalized mixed equilibrium problems
based on the different generalizations of monotonicity such as pseudomono-
tonicity, quasimonotonicity, relaxed monotonicity and relaxed semimonotonic-
ity and so on (see [3, 4, 5, 14, 15, 16, 18, 35, 36]), and the references therein.

Karamardian and Schaible [20] introduced various kinds of generalized mono-
tone mappings. This opened the door of many pieces of research papers aimed
at extending the idea of Karamardian and Schaible for bifunctions to study
equilibrium problem. In 2003, Fang and Huang [10] introduced the concept
of variational-like inequalities with the relaxed η-α monotone and relaxed η-α
semimonotone mappings. They obtained the existence results for variational-
like inequalities with realxed η-α monotone and relaxed η-α semimonotone
mappings in Banach spaces. Later, Bai et al extended this concept to η-α
pseudomonotone mappings and obtained solutions for variational-like inequal-
ities.

For equilibrium problems, Mahato and Nahak [24] introduced the concept
of relaxed α-monotonicity bifunctions. They proved the existence of solutions
for mixed equilibrium problems with the relaxed α-monotone bifunction in
reflexive Banach space by using the KKM technique.

On the other hand, the iterative approximation of fixed point of totally
quasi-φ-aymptotically nonexpansive mapping have been considered in the lit-
erature. In 2013, Saewan et al. [32], introduced an hybrid projection algorithm
by the use of generalized f -projection for a countable family of totally quasi-
φ-asymptotically nonexpansive mappings in a uniformly smooth and strictly
convex Banach space. They proposed and proved the strong convergence of the
following algorithm under appropriate conditions on the control parameters
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to a point p = πf∩∞i=1F (Ti)
x1 in the fixed point of Ti for all i :

yn,i = J−1(αnJxn + (1− αn)JTixn),

Cn+1,i = {u ∈ Cn : G(u, Jyn,i) ≤ G(u, Jxn) + γn},
Cn+1 =

⋂∞
i=1Cn,i,

xn+1 = πfCn+1
x1.

Furthermore, the problem of finding a common point in the set of solutions
of different variations of an equilibrium problem and the fixed point set of
a nonlinear mapping have been considered in several recent articles in the
literature, see ([11, 12, 13, 21, 25, 26, 31, 34, 37, 39]) and the references therein.

In 2010, Petrot et al. [26] introduced an hybrid projection iterative algo-
rithm for approximating a common element of the set of solutions of a gen-
eralized mixed equilibrium problem and the set of fixed points of two quasi-
φ-nonexpansive mappings T and S in a real uniformly convex and uniformly
smooth Banach space.

Recently, Saewan and Kumam [31] presented a new hybrid Ishikawa itera-
tion process for finding a common solution of the fixed points for two countable
families of weak relatively nonexpansive mappings and the set of solutions of
the system of generalized equilibrium problems in a uniformly convex and
uniformly smooth Banach space.

Very recently, Mahato et al [23] proposed a hybrid iterative algorithm by
using a generalized f -projection operator to find a common element of the
solutions of a system of trifunction equilibrium problems and the set of fixed
points of an infinite family of quasi-φ-nonexpansive mappings. They obtained
a strong convergence of the proposed method under generalized relaxed α-
monotonicity of the trifunctions in the framework of a uniformly convex and
uniformly smooth Banach space. To be precise, they proposed the following
algorithm:



x0 = x ∈ C, C0 = C, Q0 = C,

zn = J−1 (αn0Jxn +
∑∞

i=1 αniJTixn) ,

yn = J−1(δnJxn + (1− δn)Jzn),

un = T
ψj
rj,nT

ψj−1
rj−1,n · · ·T

ψ2
r2,nT

ψ1
r1,nyn,i,where

T
ψj
rj,nyn,i = {z ∈ C : ψj(y, z; z) +

1

rj,n
〈y − z, Jz − Jyn〉 ≥ 0, ∀y ∈ C},

Cn = {w ∈ Cn−1 : G(w, Jun) ≤ G(w, Jyn) ≤ G(w, Jxn), n ≥ 1}, (1.1)

Qn = {w ∈ Qn−1 : 〈xn − w, Jx− Jxn〉+ ρf(w)− ρf(xn) ≥ 0}, n ≥ 1,

xn+1 = πfCn∩Qn
x.
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They proved that {xn} converges to a point πfFx under suitable conditions,
where F is the set of solutions of the considered problem and J is the normal-
ized duality mapping.

Motivated by the above results and the current research interest in this
direction, our main purpose of this paper is as follows:

• to introduce a new class of generalized mixed equilibrium problem;
• to obtain the existence result for this new generalized mixed equilib-

rium problem using the KKM technique;
• to propose an iterative algorithm and prove its strong convergence to

a common element in the solution set of a system of the equilibrium
problems and fixed point set of a countable family of totally quasi-φ-
asymptotically nonexpansive mappings.

Our results extend and improve the result of Mahato et al. [24] and other
results in the literature.

2. Preliminaries

Let C be a nonempty, closed and convex subset of a real smooth, strictly
convex and reflexive Banach space E with dual space E∗. Let ϕ : C →
R ∪ {∞} be a real valued function, A : C → E∗ be a nonlinear mapping and
ψ : C × C × C → R be a trifunction. Then, for r > 0 and z ∈ C, the New
Generalized Mixed Equilibrium Problem (NGMEP) consists of finding a point
x ∈ C such that

ψ(y, x;x) + 〈Ax, y − x〉+ ϕ(y)− ϕ(x)〉 ≥ 0, ∀y ∈ C; (2.1)

and find x ∈ C such that

ψ(y, x; y) + 〈Ay, y − x〉+ ϕ(y)− φ(x) ≥ α(x, y), ∀y ∈ C. (2.2)

The solution set of (2.1) will be denoted by Ω, that is

Ω = {x ∈ C : Ψ(y, x;x) + 〈Ax, y − x〉+ ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C}. (2.3)

If ψ(·, ·; ·) = ψ(·, ·), then (2.1) reduces to the GMEP which is to find a point
x ∈ C such that

ψ(x, y) + 〈Ax, y − x〉+ ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C. (2.4)

Let E be a real Banach space and B = {x ∈ E : ||x|| = 1} be a unit sphere.
The modulus of convexity of E is the function δE : (0, 2]→ [0, 1] defined by

δE(ε) = inf

{
1− 1

2
||x+ y|| : ||x|| = ||y|| = 1, ||x− y|| ≥ ε

}
. (2.5)
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Recall that E is said to be uniformly convex if δE(ε) > 0 for any ε ∈ (0, 2]. E

is said to be strictly convex if
||x+ y||

2
< 1 for all x, y ∈ E with ||x|| = ||y|| = 1

and x 6= y. It is known that every uniformly convex Banach space is strictly
convex and reflexive [27].

A Banach space E is said to be smooth if the limit

lim
t→0

||x+ ty|| − ||x||
t

exists for all x, y ∈ B. It is said to be uniformly smooth if the limit is attained
uniformly, x, y ∈ B. We denote by J the normalized duality mapping from E
to 2E

∗
defined by

Jx = {x∗ ∈ E∗ : 〈x, x∗〉 = ||x||2 = ||x∗||2}, ∀x ∈ E.

It is widely known that if E is uniformly smooth, then the duality mapping
J is norm-to-norm continuous on each bounded subset of E. The following are
some important and useful properties of J, for further details, see [1, 36]:

• For every x ∈ E, Jx is nonempty, closed, convex and bounded subset
of E∗.
• If E is smooth or E∗ is strictly convex, then J is single valued. Also,

if E is reflexive, then J is onto.
• If E is strictly convex, then J is strictly monotone, that is

〈x− y, Jx− Jy〉 > 0.

• If E is smooth, strictly convex and reflexive and J∗ : E∗ → 2E is the
normalized duality mapping on E∗, then J−1 = J∗, JJ∗ = IE∗ and
J∗J = IE , where IE and IE∗ are the identity mappings on E and E∗

respectively.
• If E is uniformly convex and uniformly smooth, then J is uniformly

norm-to-norm continuous on bounded subsets of E and J∗ = J−1 is
also uniformly norm-to-norm continuous on bounded subsets of E∗.

Next, we recall the concept of generalized f -projection operator.
Let G : C × E∗ → R be a function defined as follows:

G(a, b) = ||a||2 − 2〈a, b〉+ ||b||2 + 2ρf(a), (2.6)

where a ∈ C and b ∈ E∗, ρ is a positive number and f : C → R ∪ {∞} is
proper, convex and lower semi-continuous. From the definition of G and f,
the following properties are easy to see:

(i) G(a, ·) is convex and continuous in the second variable with a fixed;
(ii) G(·, b) is convex and lower semi-continuous in the first variable, with

b fixed.
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Definition 2.1. ([38]) Let C be a nonempty, closed and convex subset of a

real Banach space E with its dual space E∗. The operator πfC : E∗ → 2C

defined by

πfCb = {u ∈ C : G(u, b) = inf
a∈C

G(a, b)} ∀b ∈ E∗,

is called the generalized f -operator.

Wu and Huang [38] proposed and proved the following theorem for the
generalized f -projection operator.

Lemma 2.2. Let C be a nonempty, closed and convex subset of a real reflexive
smooth Banach space E. Then the following statements hold:

(i) πfCb is a nonempty, closed and convex subset of C for all b ∈ E∗.
(ii) If E is smooth, then for all b ∈ E∗, x ∈ πfCb if and only if

〈x− y, b− Jx〉+ ρf(y)− ρf(x) ≥ 0, ∀y ∈ C.

(iii) If E is strictly convex and f : C → R ∪ {∞} is positive homogeneous
i.e (f(tx) = tf(x), for all t > 0 such that tx ∈ C with x ∈ C), then

πfC is a single valued mapping.

Recall that the normalized duality mapping J is single valued when E is a
smooth Banach space. There exists a unique element b ∈ E∗ such that b = Jx
where x ∈ E. This substitution in (2.6), yields

G(a, Jx) = ||a||2 − 2〈a, Jx〉+ ||x||2 + 2ρf(a).

Now, we consider another type of generalized f -operator in Banach spaces
given in [22].

Definition 2.3. Let C be a nonempty, closed and convex subset of real smooth

Banach space E. We say that πfC : E → 2C is generalized f -projection operator
if

πfCx = {u ∈ C : G(u, Jx) = inf
a∈C

G(a, Jx)}, ∀x ∈ E.

Lemma 2.4. ([22]) Let C be a nonempty, closed and convex subset of a real
reflexive smooth Banach space E. Then the following statements hold:

(i) πfCx is a nonempty, closed and convex subset C for all x ∈ E.
(ii) For all x ∈ E, x̂ ∈ πfCx if and only if

〈x̂− y, Jx− Jx̂〉+ ρf(y)− ρf(x) ≥ 0, ∀y ∈ C.

(iii) If E is strictly convex, then πfC is a single valued mapping.
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Lemma 2.5. ([8]) Let E be a Banach space and f : E → R ∪ {∞} be a
proper lower semi-continuous convex functional. Then there exists x∗ ∈ E∗

and α ∈ R such that

f(x) ≥ 〈x, x∗〉+ α.

Let C be a closed and convex subset of E and T : C → C be a mapping.
A point x ∈ C is called a fixed point of T, if x = Tx. A point p ∈ C is
called an asymptotic fixed point of T (see [30]), if C contains a sequence {xn}
which converges weakly to p such that ||xn−Txn|| → 0 as n→∞. We denote

the set of fixed points and asymptotic fixed points of T by F (T ) and F̂ (T )
respectively.

A mapping T : C → C is said to be

(1) relatively nonexpansive, if F̂ (T ) = F (T ) and

φ(p, Tx) ≤ φ(p, x), ∀ x ∈ C, p ∈ F (T ); (2.7)

(2) relatively asymptotically nonexpansive [2], if F̂ (T ) = F (T ) and there
exists a sequence {kn} ⊂ [1,+∞) with kn → 1 as n→∞ such that

φ(p, Tnx) ≤ knφ(p, x), ∀ x ∈ C, p ∈ F (T ); (2.8)

(3) quasi-φ-asymptotically nonexpansive [40], if F (T ) 6= ∅ and

φ(p, Tx) ≤ φ(p, x), ∀ x ∈ C, p ∈ F (T ); (2.9)

(4) quasi-φ-asymptotically nonexpansive [40], if F (T ) 6= ∅ and

φ(p, Tnx) ≤ knφ(p, x), ∀ x ∈ C, p ∈ F (T ); (2.10)

(5) totally quasi-φ-asymptotically nonexpansive, if F (T ) 6= ∅ and there
exist nonnegative real sequences {λn}, {µn} with λn → 0, µn → 0 as
n → ∞ and a strictly increasing continuous function ϑ : R+ → R+

with ϑ(0) = 0 such that

φ(p, Tnx) ≤ φ(p, x) + λnϑ(φ(p, x)) + µn, ∀ x ∈ C, p ∈ F (T ). (2.11)

Remark 2.6. It is clear that the class of relative nonexpansive mapping is con-
tained in the class of relative quasi-nonexpansive mapping, the class of quasi-
φ-nonexpansive mapping is contained in the class of quasi-φ-asymptotically
nonexpansive mapping and the class of quasi-φ-asymptotically is contained in
the class of totally quasi-φ-asymptotically nonexpansive mapping. The con-
verses are not true.

If f(y) > 0 for all y ∈ C with f(0) = 0, then the definition of totally quasi-
φ-nonexpansive mapping T is equivalent to the following: If F (T ) 6= ∅ and
there exist nonnegative real sequences {λn}, {µn} such that λn → 0, µn → 0
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as n→∞ and a strictly continuous function ϑ : R+ → R+ with ϑ(0) = 0 such
that:

G(p, JTnx) ≤ G(p, Jx) + λnϑ(G(p, Jx)) + µn, ∀ x ∈ C, p ∈ F (T ).

Lemma 2.7. ([39]) Let E be a uniformly convex Banach space, r > 0 be a
positive number and Br(0) be a closed ball of E. Then, for any given {xn}∞n=1 ⊂
Br(0) and a given sequence {λn}∞n=1 of positive number with

∑∞
n=1 λn = 1,

there exists a continuous strictly increasing and convex function g : [0, 2r] →
[0,∞) with g(0) = 0 such that for any i, j ∈ N, with i < j∥∥∥∥∥

∞∑
n=1

λnxn

∥∥∥∥∥
2

≤
∞∑
n=1

λn||xn||2 − λiλjg(||xi − xj ||).

Lemma 2.8. ([19]) Let C be a nonempty, closed and convex subset of a real

reflexive smooth Banach space E, let x ∈ E and x̂ ∈ πfCx. Then

φ(y, x̂) +G(x̂, Jx) ≤ G(y, Jx), ∀y ∈ C. (2.12)

Lemma 2.9. ([19]) Let E be a smooth and uniformly convex Banach space and
let {xn} and {yn} be two sequences in E such that {xn} or {yn} is bounded.
If lim

n→∞
φ(xn, yn) = 0, then lim

n→∞
||xn − yn|| = 0.

Lemma 2.10. ([29]) Let C be a nonempty, closed and convex subset of a
uniformly convex and smooth Banach space and let T be a closed and quasi-φ-
nonexpansive mapping from C into itself. Then F (T ) is a closed and convex
subset of C.

Recall that an operator A : C → E∗ is κ-inverse strongly monotone, if

〈x− y,Ax−Ay〉 ≥ κ||Ax−Ay||2, (2.13)

for all x, y ∈ C and κ > 0.

Throughout this paper, unless otherwise stated, C is a nonempty, closed
and convex subset of a smooth strictly convex and reflexive Banach space E
with dual E∗.

Definition 2.11. A function ψ : C × C × C → R is said to be generalized
relaxed α-monotone if for any x, y ∈ C, we have

ψ(y, x; y) ≥ ψ(y, x;x) + α(x, y), (2.14)

where lim
t→0+

α(x, x− t(x− y))

t
= 0.
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If α ≡ 0 in Definition 2.11, we say that the function ψ is generalized mono-
tone.

Remark 2.12. (i) If in Definition 2.11, α(x, y) = β(y − x), where β : C → R
with β(tz) = tpβ(z), for t > 0, p > 1, then we say ψ is relaxed β-monotone.

For an example of a generalized relaxed α-monotone mapping, we refer the
reader to [28].

Definition 2.13. A real valued function ψ on C is said to be hemicontinuous
if lim
t→0+

ψ(y, x;x− t(x− y)) = ψ(y, x;x), for each x, y ∈ C.

Definition 2.14. Let F : C → 2E be a multi-valued mapping. Then F is said
to be a KKM mapping if for any sequence {yi}ni=1 of C, we have co{yi}ni=1 ⊂
∪ni=1F (yi), where co{yi}ni=1 is the convex hull of {yi}ni=1.

Lemma 2.15. ([9]) Let M be a nonempty subset of a Hausdorff topological
vector E and let F : M → 2E be a KKM mapping. If F (y) is closed in E for
all y ∈M, then ∩y∈MF (y) is nonempty.

Lemma 2.16. ([29]) Let C be a closed convex subset of a uniformly convex
and smooth Banach space and T a closed and quasi-φ-nonexpansive mapping
from C into itself. Then F (T ) is a closed and convex subset C.

Let T : C → C be a nonlinear mapping. T is said to be uniformly asymp-
totically regular on C if

lim
n→∞

(
sup
x∈C
||Tn+1x− Tnx||

)
= 0.

T is said to be closed, if for any sequence {xn} ⊂ C such that lim
n→∞

xn = p

and lim
n→∞

Txn = q, then Tp = q.

Lemma 2.17. ([7]) Let C be a nonempty, closed and convex subset of a real
uniformly smooth and uniformly convex Banach space E. Let T : C → C
be a total quasi-φ-asymptotically nonexpansive mapping with nonnegative real
sequences {λn}, {µn} such that λn → 0, µn → 0 as n→∞. Let ϑ : R+ → R+

be a strictly increasing continuous function with ϑ(0) = 0. If µ1 = 0, then
F (T ) is a closed and convex subset of C.

Assumption A: In what follows, the trifunction ψ : C × C × C → R will be
assumed to satisfy the following:

(i) ψ(y, x; ·) is hemicontinuous;
(ii) ψ(·, x; z) is convex and lower semicontinuous;
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(iii) ψ(x, x; z) = 0;
(iv) ψ is generalized relaxed α-monotone;
(v) ψ(x, y; z) + ψ(y, x; z) = 0;

(vi) α(·, y) is lower semicontinuous.

3. Existence results

First, we prove the following lemma which shows the equivalence of Problem
(2.1) and (2.2).

Lemma 3.1. Let C be a nonempty, closed, convex and bounded subsets of a
smooth, strictly convex and reflexive Banach space E. Let ψ : C ×C ×C → R
be a function satisfying (i)-(iv) of Assumption A, A : C → E∗ be a nonlinear
mapping and ϕ : C → R ∪ {∞} be a real valued function. Then the Problems
(2.1) and (2.2) are equivalent.

Proof. Let x ∈ C be a solution of (2.1). Then, from the generalized α-
monotonicity of ψ, we have

ψ(y, x; y) + 〈Ay, y − x〉+ ϕ(y)− ϕ(x) ≥ ψ(y, x;x) + α(x, y)

+ 〈Ax, y − x〉+ ϕ(y)− ϕ(x)

≥ α(x, y). (3.1)

Hence x ∈ C is a solution of (2.2). Conversely, let x ∈ C be a solution of
(2.2) and let y ∈ C be any point with ϕ(y) < ∞. It follows from (2.2) that
ϕ(x) <∞. Let yt = (1− t)x+ ty, for all t ∈ (0, 1). Then we have yt ∈ C. Since
x ∈ C is a solution of (2.2), it follows that

ψ(yt, x; yt) + 〈Ayt, yt − x〉+ ϕ(yt)− ϕ(x) ≥ α(x, yt). (3.2)

By conditions (i) and (ii), we have the following estimates:

ψ(yt, x; yt) ≤ tψ(y, x; yt) + (1− t)ψ(x, x; yt) = tψ(y, x; yt),

ψ(yt, x; yt) ≤ ψ(y, x; yt),

〈Ayt, yt − x〉 = 〈Ayt, (1− t)x+ ty − x〉
= t〈Ayt, y − x〉,

ϕ(yt)− ϕ(x) = φ((1− t)x+ ty)− φ(x)

≤ (1− t)ϕ(x) + tψ(y)− ϕ(x)

= t(ψ(y)− ψ(x)). (3.3)

From (3.2) and (3.3), we have

tψ(y, x; yt) + t〈Ayt, y − x〉+ t(ϕ(y)− ϕ(x)) ≥ α(x, yt).
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Hence,

ψ(y, x; yt) + 〈Ayt, y − x〉+ ϕ(y)− ϕ(x) ≥ α(x, yt)

t
.

By (i) and letting t→ 0, we get

ψ(y, x;x) + 〈Ax, y − x〉+ ϕ(y)− ϕ(x) ≥ 0. (3.4)

Thus, x ∈ C is a solution of (2.1). �

Theorem 3.2. Let C be a nonempty, bounded, closed and convex subsets of a
smooth, strictly convex and reflexive Banach space E. Let ψ : C ×C ×C → R
be a trifunction satisfying (i), (ii) and (iv)-(vi) of Assumption A, A : C → E∗

be an inverse strongly monotone operator and ϕ : C → R be a proper lower
semicontinuous mapping. Then Problem (2.1) is solvable.

Proof. Define two multi-valued mappings F,G : C → 2E
∗

as follows:

F (y) = {x ∈ C : ψ(y, x;x) + 〈Ax, y − x〉+ ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C}
and

G(y) = {x ∈ C : ψ(y, x; y) + 〈Ay, y − x〉+ ϕ(y)− ϕ(x) ≥ α(x, y), ∀y ∈ C}.
Observe that x∗ ∈ C is a solution of (2.1) if and only if x∗ ∈ ∩y∈CF (y).

Thus, it is sufficient to show that ∩y∈CF (y) 6= ∅.
We claim that F is a KKM mapping. For if F is not a KKM mapping, then

there exists {yi}ni=1 ⊂ C such that co{yi}ni=1 6⊆ ∪ni=1F (yi), that means there

exists a x0 ∈ co{yi}ni=1, with x0 =
n∑
i=1

tiyi where ti ≥ 0, i = 1, 2 · · · , n and

n∑
i=1

ti = 1, but x0 /∈ ∪ni=1F (yi). By the defintion F, we have

ψ(yi, x0;x0) + 〈Ax0, yi − x0〉+ ϕ(yi)− ϕ(x0) < 0, i = 1, 2 · · ·n. (3.5)

From (ii) and (v), we have

0 = ψ(x0, x0;x0) + 〈Ax0, x0 − x0〉+ ϕ(x0)− ϕ(x0)〉

≤
n∑
i=1

tiψ(yi, x0, x0) +

n∑
i=1

ti〈Ax0, yi − x0〉+

n∑
i=1

tiϕ(yi)− ϕ(x0)

=

n∑
i=1

ti[ψ(yi, x0, x0) + 〈Ax0, yi − x0〉+ ϕ(yi)− ϕ(x0)] < 0, (3.6)

which is a contradiction. Hence F is a KKM mapping.
Next, we show that F (y) ⊂ G(y) for all y ∈ C. For any given y ∈ C, let

x ∈ F (y). Then

ψ(y, x;x) + 〈Ax, y − x〉+ ϕ(y)− ϕ(x) ≥ 0.
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Since ψ is a generalized relaxed α-monotone, we have

ψ(y, x; y) + 〈Ay, y − x〉+ ϕ(y)− ϕ(x) ≥ ψ(y, x;x) + α(x, y)

+ 〈Ax, y − x〉+ ϕ(y)− ϕ(x)

≥ α(x, y). (3.7)

Therefore F (y) ⊂ G(y) for all y ∈ C. This implies that G is also a KKM
mapping.
Let {xn} be any sequence in G(y) such that xn ⇀ x as n→∞. It follows that

ψ(y, xn; y) + 〈Ay, y − xn〉+ ϕ(y)− ϕ(xn)〉 ≥ α(xn, y). (3.8)

By (ii), continuity of J, lower semicontinuity of || · ||2 and α, we have

0 ≤ lim sup
n→∞

[−α(xn, y) + ψ(y, xn; y) + 〈Ay, y − xn〉+ ϕ(y)− ϕ(xn)

≤ lim sup
n→∞

(−α(xn, y)) + lim sup
n→∞

ψ(y, xn, y)

+ lim sup
n→∞

〈Ay, y − xn〉+ lim sup
n→∞

[ϕ(y)− ϕ(xn)]

≤ − lim inf
n→∞

α(xn, y) + lim sup
n→∞

ψ(y, xn; y)

+ lim sup
n→∞

〈Ay, y − xn〉+ lim sup
n→∞

[ϕ(y)− ϕ(xn)]

≤ − lim inf
n→∞

α(xn, y) + lim sup
n→∞

ψ(y, xn; y)

+ lim sup
n→∞

〈Ay, y − xn〉+ lim sup
n→∞

[ϕ(y)− ϕ(xn)]

≤ −α(x, y) + ψ(y, x; y) + 〈Ay, y − x〉+ ϕ(y)− ϕ(x),

which implies

ψ(y, x; y) + 〈Ay, y − x〉+ ϕ(y)− ϕ(x) ≥ α(x, y). (3.9)

This shows that x ∈ G(y), and hence G(y) is closed for all y ∈ C.
Since C is a closed, bounded and convex subset of a reflexive Banach space

E, it is weakly compact. Hence G(y) is also weakly compact. Thus, all
conditions of Lemma 2.15 are satisfied. Therefore, by Lemma 2.15 and (2.1),
we get

⋂
y∈C F (y) =

⋂
y∈C G(y) 6= ∅. Hence the Problem (2.1) is solvable. �

Definition 3.3. Let C be a nonempty, bounded, closed and convex subset of
a smooth, strictly convex and reflexive Banach space E. Let ψ : C×C×C → R
be a trifunction satisfying conditions (i),(ii) and (iv)-(vi), A : C → E∗ be a
nonlinear mapping and ϕ : C → R ∪ {∞} be a proper lower semicontinuous
function. Assume that (2.1) has a unique solution, for each r > 0 and x ∈ E.
This unique solution is Tψr and is called the resolvent operator associated with
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(ψ,A, ϕ) of order r at x ∈ E. In other words, the resolvent operator associated

with (ψ,A, ϕ) is the multi-valued mapping Tψr : E → 2C defined by

Tψr (x) := {z ∈ C :ψ(y, z; z) + 〈Az, y − z〉+ ϕ(y)− ϕ(z)

+
1

r
〈y − z, Jz − Jx〉 ≥ 0, ∀y ∈ C}, (3.10)

for all x ∈ E.

Under the assumptions of Theorem 3.2, we have the unique existence of

Tψr (x). Hence, Tψr (x) is well defined. We give the following fundamental prop-

erties of the resolvent operator Tψr . First, we give the following useful defini-
tion.

Definition 3.4. Let E be a Banach space. A nonlinear mapping T : E → E
is said to be firmly nonexpansive type if

〈Trx− Try, JTry − Jy〉 ≥ 〈Trx− Try, JTrx− Jx〉, x, y ∈ E. (3.11)

Lemma 3.5. Let C be a nonempty, bounded, closed and convex subset of a
smooth, strictly convex and reflexive Banach space E. For r > 0, z ∈ C, let
ψ : C×C×C → R be a trifunction satisfying the assumptions of Theorem 3.2,
A : C → E∗ be a κ-inverse strongly monotone operator and ϕ : C → R∪{∞} be
a proper lower semicontinuous mapping. In addition, let α(x, y)+α(y, x) ≥ 0,

for all x, y ∈ C and Tψr : E → 2C be defined as (3.10). Then the following
hold:

(a) Tr(x) is single valued;

(b) Tr(x) is firmly nonexpansive, that is,

〈Tr(x)− Tr(y), JTrx− Jx〉 ≤ 〈Tr(x)− Tr(y), JTry − Jy〉;

(c) F (Tr) = GMEP (ψ,A, ϕ) = Ω;

(d) φ(q, Trx) + φ(Trx, x) ≤ φ(q, x), q ∈ F (T ), x ∈ E;

(e) GMEP (ψ,A, ϕ) is closed and convex.

Proof. (a) For x ∈ E, let z1, z2 ∈ Tr(x). Then,

ψ(z2, z1; z1)+〈Az1, z2 − z1〉+ϕ(z2)− ϕ(z1)+
1

r
〈z2 − z1, Jz1 − Jx〉 ≥ 0
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and

ψ(z1, z2; z2)+〈Az2, z1 − z2〉+ϕ(z1)− ϕ(z2)+
1

r
〈z1 − z2, Jz2 − Jx〉 ≥ 0.

Adding the two inequalities above, we obtain

ψ(z2, z1; z1) + ψ(z1, z2; z2) + 〈Az2, z1 − z2〉+ 〈Az1, z2 − z1〉

+
1

r
〈z2 − z1, Jz1 − Jx〉+

1

r
〈z1 − z2, Jz2 − Jx〉 ≥ 0,

− ψ(z1, z2; z1) + ψ(z1, z2; z2) + 〈Az2 −Az1, z1 − z2〉

+
1

r
〈z2 − z1, Jz1 − Jz2〉 ≥ 0,

ψ(z1, z2; z2)− ψ(z1, z2; z1) + 〈Az2 −Az1, z1 − z2〉

+
1

r
〈z2 − z1, Jz1 − Jz2〉 ≥ 0,

ψ(z1, z2; z1)− ψ(z1, z2; z2) + 〈Az1 −Az2, z1 − z2〉

− 1

r
〈z2 − z1, Jz1 − Jz2〉 ≤ 0,

α(z2, z1) + 〈Az1 −Az2, z1 − z2〉 −
1

r
〈z2 − z1, Jz1 − Jz2〉 ≤ 0,

it implies that

α(z2 − z1) + κ||z1 − z2||2 −
1

r
〈z1 − z2, Jz1 − Jz2〉 ≤ 0.

Hence we have

〈z2 − z1, Jz1 − Jz2〉 ≥ rα(z2, z1). (3.12)

By interchanging the role of z1 and z2 in (3.12), we get

〈z1 − z2, Jz2 − Jz1〉 ≥ rα(z1, z2),

that is,

〈z2 − z1, Jz1 − Jz2〉 ≥ rα(z1, z2). (3.13)

Adding (3.12) and (3.13), we have

2〈z2 − z1, Jz1 − Jz2〉 ≥ r(α(z2, z1) + α(z1, z2)),

it implies that

〈z2 − z1, Jz1 − Jz2〉 ≥ 0.

Since J is monotone and E is strictly convex, we get z1 = z2. Hence Tr(x) is
single valued.
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(b) For x, y ∈ C, let z1 = Trx and z2 = Try, we have

ψ(z2, z1; z1)+〈Az1, z2 − z1〉+ϕ(z2)− ϕ(z1)+
1

r
〈z2 − z1, Jz1 − Jx〉 ≥ 0

and

ψ(z1, z2; z2)+〈Az2, z1 − z2〉+ϕ(z1)− ϕ(z2)+
1

r
〈z2 − z1, Jz1 − Jy〉 ≥ 0.

By adding the two inequalities, we obtain

ψ(z2, z1; z1) + ψ(z1, z2; z2) + 〈Az1, z2 − z1〉+ 〈Az2, z1 − z2〉

+
1

r
〈z2 − z1, Jz1 − Jx〉+

1

r
〈z1 − z2, Jz2 − Jy〉 ≥ 0,

that is

ψ(z1, z2; z2) + ψ(z2, z1; z1) + 〈Az2 −Az1, z1 − z2〉

+
1

r
〈z2 − z1, (Jz1 − Jx)− (Jz2 − Jy)〉 ≥ 0,

which implies

1

r
〈z2 − z1, (Jz1 − Jx)− (Jz2 − Jy)〉 ≥ −ψ(z1, z2; z2)− ψ(z − 2, z1; z1)

+ 〈Az1 −Az2, z1 − z2〉,
that is,

1

r
〈z2 − z1, (Jz1 − Jx)− (Jz2 − Jy)〉

= ψ(z2, z1; z2)− ψ(z2, z1, z1) + κ||Az1 −Az2||2

= α(z1, z2) + κ||Az1 −Az2||2

≥ α(z1, z2). (3.14)

By interchanging the role of z1 and z2 in (3.14), we obtain

1

r
〈z1 − z2, (Jz2 − Jy)− (Jz1 − Jx) ≥ α(z2, z1). (3.15)

Adding (3.14) and (3.15), we obtain

2〈z2 − z1, (Jz1 − Jx)− (Jz2 − Jy)〉 ≥ r(α(z2, z1) + α(z1, z2)),

that is,

〈z2 − z1, (Jz1 − Jx)− (Jz2 − Jy)〉 ≥ 0, (3.16)

which implies

〈Try − Trx, (JTrx− Jx)− (JTry − Jy)〉 ≥ 0.
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Hence,

〈Trx− Try, JTrx− Jx〉 ≤ 〈Trx− Try, JTry − Jy〉.

(c) Let p ∈ F (Tr). Then, p = Trp, so we have

ψ(y, p; p) + 〈Ap, y − p〉+ ϕ(y)− ϕ(p) +
1

r
〈y − p, Jp− Jp〉 ≥ 0, ∀y ∈ C,

it implies that

ψ(y, p; p) + 〈Ap, y − p〉+ ϕ(y)− ϕ(p) ≥ 0, ∀y ∈ C.
Hence we have p ∈ GMEP (ψ,A, ϕ). So F (Tr) ⊂ GMEP (ψ,A, ϕ). By the
same way, we can prove that GMEP (ψ,A, ϕ) ⊂ F (Tr). Hence we have

F (Tr) = GMEP (ψ,A, ϕ). (3.17)

(d) From (b), we have for x, y ∈ C,
〈Trx− Try, JTrx− Jx〉 ≤ 〈Trx− Try, JTry − Jy〉.

Moreover,

φ(Trx, Try)+φ(Try, Trx) = 2||Trx||2−2〈Trx, JTry〉−2〈Try, JTrx〉+2||Try||2

= 2〈Trx, JTrx− JTry〉+ 2〈Try, JTry − JTrx〉
= 2〈Trx− Try, JTrx− JTry〉

and

φ(Trx, y) + φ(Try, x)− φ(Trx, x)− φ(Try, y)

= ||Trx||2 − 2〈Trx, Jy〉+ ||y||2 + ||Try||2 − 〈Try, Jx〉
+ ||x||2 − ||Trx||2 + 2〈Trx, Jx〉 − ||x||2

− ||Try||2 + 2〈Try, Jy〉 − ||y||2

= 2〈Trx, Jx− Jy〉 − 2〈Try, Jx− Jy〉
= 2〈Trx− Try, Jx− Jy〉.

Hence, we have

φ(Trx, Try) + φ(Try, Trx) ≤ φ(Trx, y) + φ(Try, x)

− φ(Trx, x)− φ(Try, y). (3.18)

Set y = q ∈ F (Tr), we obtain

φ(q, Trx) + φ(Trx, x) ≤ φ(q, x).

(e) Finally, we show that GMEP (ψ,A, ϕ) is closed and convex. Observe from
(3.18) that

φ(Trx, Try) + φ(Try, Trx) ≤ φ(Trx, y) + φ(Try, x). (3.19)
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Set y = q ∈ F (Tr), we have

φ(q, Trx) ≤ φ(q, x), (3.20)

which shows that Tr is quasi-φ-nonexpansive. Using Lemma 2.16, it follows
that F (Tr) is closed and convex. Consequently by (c), GMEP (ψ,A, φ) is
closed and convex. �

4. Convergence analysis

In this section, we prove a strong convergence theorem for finding a com-
mon element in the solutions of a system of new generalized mixed equilibrium
problem (NGMEP) and the set of fixed points of a countable family of closed
and uniformly totally quasi-φ-asymptotically nonexpansive mapping in a uni-
formly smooth and uniformly convex Banach space.

Theorem 4.1. Let C be a nonempty, closed and convex subset of a uniformly
convex and uniformly smooth Banach space E. For any j = 1, 2 . . .m, let
ψj : C × C × C → R satisfy all the conditions of Assumption A and Lemma
3.5 and ψj(y, ·; y) be continuous, let Aj : C → E∗ be a κ-inverse strongly
monotone mapping and ϕj : C → R ∪ {+∞} be a lower semicontinuous and
convex function. Let Ti : C → C, (i = 1, 2, . . . ) be a countable family of closed
and uniformly totally quasi-φ-asymptotically nonexpansive mappings with non-
negative real sequences {λn}, {µn} such that λn → 0, µn → 0 as n → ∞. Let
ϑ : R+ → R+ be a strictly increasing continuous function with ϑ(0) = 0 and
asumme Ti is uniformly asymptotically regular for all i ≥ 1 with ∩∞i=1F (Ti) 6= ∅
and such that

Γ := ∩∞i=1F (Ti)
⋂

(∩mj=1Ωj) 6= ∅.
Let f : E → R be a convex lower semicontinuous mapping with C ⊂ int(D(f)).
Let {xn} be a sequence generated by x0 = x ∈ C, C0 = C, Q0 = C,

yn,i = J−1(αn0Jxn +
∑∞

i=1 αniJT
n
i xn),

zn = J−1(βnJxn + (1− βn)Jyn,i),

un = Tψm
rmn

T
ψm−1
rm−1,n · · ·T

ψ2
r2,nT

ψ1
r1,nzn,

Cn = {w ∈ Cn−1 : G(w, Jun) ≤ G(w, Jzn) ≤ G(w, Jxn) + γn}, n ≥ 1,

Qn = {w ∈ Qn−1 : 〈xn − w, Jx− Jxn〉+ ρf(w)− ρf(xn) ≥ 0}, n ≥ 1,

xn+1 = πfCn∩Qn
,

(4.1)

where γn =
∑∞

i=1(λnϑ sup(G(p, Jxn)) + µn), J : E → E∗ is the normalized
duality mapping, {βn} and {αni}∞i=0 are sequences in (0, 1) such that

(a)
∑∞

i=0 αni = 1, ∀ n ≥ 0;
(b) lim sup

n→∞
βn < 1;
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(c) lim inf
n→∞

αn0αni > 0, ∀i;
(d) {rj,n} ⊂ [ε,∞), for some ε > 0.

Then {xn} converges strongly to πfΓx, where πfΓ is the generalized f -projection
of E onto Γ.

Proof. Define H(y, z; z) = ψ(y, z; z) + 〈Az, y − z〉 + ϕ(y) − ϕ(z), y ∈ C. It
is easy to see that H satisfies the conditions of Assumption A and we define
THr : E → C by

THr (x) = {z ∈ C : H(y, z; z) +
1

r
〈y − z, Jz − Jx〉 ≥ 0, ∀ y ∈ C}. (4.2)

Therefore, the NGMEP (2.1) can be rewritten as the problem: find z ∈ C
such that

H(y, z; z) ≥ 0,

for all y ∈ C. Furthermore, the resolvent (3.10) reduces to (4.2).

We shall split the rest of the proof into four steps.

Step 1: We first show that Cn∩Qn is closed and convex for each n ∈ N. From
the definition of Qn, it is clear that Qn is closed and convex for each n ∈ N.
From the definition of C0, it is clear that C0 is closed and convex. Suppose Ck
is closed and convex for a positive integer k. For any w ∈ Ck, we know that

G(w, Juk) ≤ G(w, Jxk) + γk

is equivalent

2〈w, Juk − Jxk〉 ≤ ||xk||2 − ||uk||2 + γk. (4.3)

Hence Ck+1 is closed and convex. This shows that Cn is closed and convex for
all n. Therefore, the sequence {xn} given by Algorithm (4.1) is well defined.

Step 2: We show that the Γ ⊂ Cn ∩ Qn. Clearly, Γ ⊂ C0 = C. Assume

that Γ ⊂ Cn−1 for some n ≥ 1. Let p ∈ Γ. Since un = Ωm
n zn, where Ωj

n =

Tψm
rmn

T
ψm−1
rm−1,n · · ·T

ψ2
r2,nT

ψ1
r1,n , j = 1, 2 . . .m and Ω0

n = I then

G(p, Jun) = G(p, JΩm
n zn)

≤ G(p, Jzn)

= G(p, βnJxn + (1− βn)Jyn,i)

= ||p||2 − 2〈p, βnJxn + (1− βn)Jyn,i〉
+||βnJxn + (1− βn)Jyn,i||2 + 2ρf(p)

= ||p||2 − 2βn〈p, Jxn〉 − 2(1− βn)〈p, Jyn,i〉
+βn||xn||2 + (1− βn)||yn,i||2

−βn(1− βn)g(||Jxn − Jyn,i||) + 2ρf(p)

≤ βnG(p, Jxn) + (1− βn)G(p, Jyn,i), (4.4)
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and

G(p, Jyn,i) = G(p, αn0Jxn +

∞∑
i=1

αniJT
n
i xn)

= ||p||2 − 2〈p, αn0Jxn +
∞∑
i=1

αniJT
n
i xn〉

+||αn0Jxn +
∞∑
i=1

αniJT
n
i xn||2 + 2ρf(p)

≤ ||p||2 − 2αn0〈p, Jxn〉 − 2
∞∑
i=1

αni〈p, JTni xn〉

+αn0 ||xn||2 +
∞∑
i=1

αni ||Tni xn||2 + 2ρf(p)

= αn0(||p||2 − 2〈p, Jxn〉+ ||xn||2 + 2ρf(p))

+
∞∑
i=1

αni(||p||2 − 2〈p, JTni xn〉+ ||Tni xn||2 + 2ρf(p))

= αn0G(p, Jxn) +
∞∑
i=1

αniG(p, JTixn)

= αn0G(p, Jxn) +

∞∑
i=1

αni(G(p, Jxn) + λnϑ((Gp, Jxn)) + µn)

≤ αn0G(p, Jxn) +

∞∑
i=1

G(p, Jxn)

+

∞∑
i=1

αni(λnϑ(G(p, Jxn)) + µn)

≤ G(p, Jxn) + γn. (4.5)

This shows that p ∈ Cn. Since p ∈ Γ is arbitrary, we have Γ ⊂ Cn, ∀n ∈ N.
Next we show by induction that Γ ⊂ Cn ∩Qn, for all n ∈ N. From Q0 = C,

we have Γ ⊂ C0 ∩Q0. Suppose that Γ ⊂ Cn ∩Qn for some n ∈ N. Then there
exists xn+1 ∈ Cn ∩Qn such that

xn+1 = πfCn∩Qn
x,

that is,

〈xn+1 − w, Jx− Jxn+1〉+ ρf(w)− ρf(xn+1) ≥ 0, ∀n ∈ Cn ∩Qn,



292 O. K. Oyewole and O. T. Mewomo

it implies that

〈xn+1 − p, Jx− Jxn+1 + ρf(p)− ρf(xn+1) ≥ 0, ∀p ∈ Γ ⊂ Cn ∩Qn.

This means that

p ∈ Qn+1.

So, we have Γ ⊂ Qn+1. Therefore, we obtain Γ ⊂ Cn+1 ∩Qn+1. Thus, we have
that Γ ⊂ Cn ∩Qn, for all n ∈ N.
Step 3: We show that the sequence {xn} ⊂ C is Cauchy and that

lim
n→∞

G(p, Jx) = a,

for some a ∈ R. Since f : E → R is convex and lower semicontinuous, from
Lemma 2.5, we have that there exist x∗ ∈ E∗ and α ∈ R such that

f(u) ≥ 〈u, x∗〉+ α, u ∈ E.

Since xn ∈ E, we have

G(xn, Jx) = ||xn||2 − 〈xn, Jx〉+ ||x||2 + 2ρf(xn)

≥ ||xn||2 − 2〈xn, Jx〉+ ||xn||2 + 2ρ〈xn, x∗〉+ 2ρα

= ||xn||2 − 2〈xn, Jx− ρx∗〉+ 2ρα

≥ ||xn||2 − 2||xn||||Jx− ρx∗||+ 2ρα

= (||xn|| − ||Jx− ρx∗||)2 + ||x||2 + 2ρα− ||Jx− ρx∗||2.

For any p ∈ Γ, we have from xn+1 = πfCn∩Qn
x0, that

(||xn|| − ||Jx− ρx∗||)2 + ||x||2 + 2ρα− ||Jx− ρx∗||2 ≤ G(xn, Jx) ≤ G(p, Jx).

That is,

(||xn|| − ||Jx− ρx∗||)2 ≤ G(p, Jx)− ||x||2 − 2ρα+ ||Jx− ρx∗||2

≤ G(p, Jx) + ||Jx− ρx∗||2.

This implies that {xn} is bounded. Consequently {G(xn, Jx)}, {yn,i}, {un}
and {zn} are bounded. Since xn+1 = πfCn∩Qn

x ∈ Cn ∩Qn and xn ∈ πfQn
x, we

have

G(xn, Jx) ≤ G(xn+1, Jx), ∀n ∈ N.

Therefore, {G(xn, Jx)} is nondecreasing. So there exists a ∈ R such that

lim
n→∞

G(xn, Jx) = a. Using xn = πfQn
x and Lemma 2.8, for any given m ∈ N,

we have

φ(xn+m, xn) ≤ G(xn+m, Jx)−G(xn, Jx), ∀n ∈ N.



Trifunction equilibrium problem 293

Letting n→∞ in the above, we obtain φ(xn+m, xn)→ 0, ∀m ≥ 1. By Lemma
2.9, we obtain

lim
n→∞

||xn+m − xn|| = 0,

for all m ∈ N. This implies {xn} is a Cauchy sequence in C. Without loss of
generality, we can assume lim

n→∞
xn = x̄.

Step 4: Next we show that

x̄ ∈ (∩∞i=1F (Ti))
⋂

(∩mj=1Ωj).

First, we show that x̄ ∈ (∩∞i=1F (Ti)). Taking m = 1 in Step 3, we have

lim
n→∞

φ(xn+1, xn) = 0.

By Lemma 2.9, we get

lim
n→∞

||xn+1 − xn|| = 0. (4.6)

Note that since {xn} is bounded, γn → 0 as n→∞. Since xn+1 = πfCn∩Qn
x ∈

Cn ∩Qn ⊂ Cn, we obtain by the definition of Cn, that

G(xn+1, Jun) ≤ G(xn+1, Jxn) + γn,

= ||xn+1||2 − 2〈xn+1, Jxn〉
+ ||xn||2 + 2ρf(xn+1) + γn,

= φ(xn+1, xn) + 2ρf(xn+1) + γn,

Hence, we have

φ(xn+1, un) ≤ φ(xn+1, xn) + γn.

Taking limit n → ∞, we obtain φ(xn+1, un) → 0, as n → ∞ and by Lemma
2.9, we obtain

lim
n→∞

||xn+1 − un|| = 0. (4.7)

It follows immediately by using triangular inequality on (4.6) and (4.7), that

lim
n→∞

||xn − un|| = 0.

Since J is norm-to-norm continuous on bounded subsets of E, we have

lim
n→∞

||Jxn − Jun|| = 0. (4.8)

Taking T0 = I (Identity element), we have from Lemma 2.7, that
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G(p, Jyn,i) = G(p, αn0Jxn +
∞∑
i=1

αniJT
n
i xn)

= ||p||2 − 2〈p, αn0Jxn +

∞∑
i=1

αniJT
n
i xn〉

+ ||αn0Jxn +

∞∑
i=1

αniJT
n
i xn||2 + 2ρf(p)

≤ ||p||2 − 2

∞∑
i=0

αni〈p, JTni xn〉+

∞∑
i=0

αni ||JTni xn||2

− αniαnjg(||JTni xn − JTnj xn||)

=

∞∑
i=0

αniG(p, JTni xn)− αniαnjg(||JTni xn − JTnj xn||). (4.9)

Substituting (4.9) in (4.4), we have

G(p, Jun) ≤ βnG(p, Jxn)

+ (1− βn)[G(p, Jxn) + γn − αniαnjg(||JTni xn − JTnj xn||)],

which implies

(1− βn)αniαnjg(||JTni xn − JTnj xn||)
≤ βnG(p, Jxn) + (1− βn)G(p, Jxn) + γn(1− βn)−G(p, Jun)

≤ G(p, Jxn)−G(p, Jun) + γn(1− βn).

Taking j = 0, for any i, we have

(1− βn)αn0αnjg(||JTni xn − Jxn||)
≤ G(p, Jxn)−G(p, Jun) + γn(1− βn). (4.10)

Since

G(p, Jxn)−G(p, Jun) = ||xn||2 − ||un||2 + 2〈p, Jxn − Jun〉
≤ ||xn − un||(||xn||+ ||un||) + 2||p||||Jxn − Jun||,

we have from ||xu − un|| → 0 and ||Jxn − Jun|| → 0 as n→∞, that

lim
n→∞

{G(p, Jxn)−G(p, Jun)} = 0, (4.11)

which implies that

lim
n→∞

{φ(p, xn)− φ(p, un)} = 0. (4.12)
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Hence, from condition (b), (4.10) and (4.11), we obtain

lim
n→∞

{g(||JTni xn − Jxn||) = 0}. (4.13)

Since g is continuous and strictly increasing, g(0) = 0 and J−1 is uniformly
norm-to-norm continuous on any bounded subset of E, we obtain for each i,
that

lim
n→∞

||Tni xn − xn|| = 0. (4.14)

Now,

||Tni xn − x̄|| ≤ ||Tni xn − xn||+ ||xn − x̄|| → 0, as n→∞. (4.15)

Using this and the uniformly asymptotically regularity of T, we have

||Tn+1
i xn − x̄|| ≤ ||Tn+1

i xn − Tni xn||+ ||Tni xn − x̄|| → 0, as n→∞. (4.16)

That is Tn+1
i xn = Ti(T

n
i )xn → x̄ as n → ∞. From Tixn → x̄ as n → ∞ and

the closedness of Ti, we obtain x̄ = Tix̄, for each i. We see that x̄ ∈ F (Ti) for
all i, which implies x̄ ∈

⋂∞
i=1 F (Ti).

Next, we show that x̄ ∈ (
⋂m
j=1 Ωj). From un = Ωm

n zn, where

Ωj
n = T

ψj
rj,nT

ψj−1
rj−1,n · · ·T

ψ2
r2,nT

ψ1
r1,n , we get that

φ(p, un) = φ(p,Ωm
n zn)

≤ φ(p,Ωm−1
n zn)

≤ φ(p,Ωm−2
n zn)

...

≤ φ(p,Ωj
nzn).

Using Lemma 3.5 (d), it follows that

φ(Ωj
nzn, zn) ≤ φ(p, zn)− φ(p,Ωj

nzn)

≤ φ(p, xn)− φ(p,Ωj
nzn)

= φ(p, xn)− φ(p, un).

By equation (4.12), we have that φ(Ωj
nzn, zn) → 0, as n → ∞. Using Lemma

2.9, we obtain

lim
n→∞

||Ωj
nzn − zn||, ∀j = 1, 2 · · ·m. (4.17)

Since xn+1 = πfCn∩Qn
x ∈ Cn ∩Qn ⊂ Cn, it follows that

G(xn+1, Jzn) ≤ G(xn+1, Jxn) + γn,

which is equivalent to

φ(xn+1, zn) ≤ φ(xn+1, xn) + γn.
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Therefore, by using Lemma 2.9 and the boundedness of {xn}, we obtain

lim
n→∞

||xn+1 − zn|| = 0.

We can easily obtain

lim
n→∞

||xn − zn|| = 0, (4.18)

using triangular inequality on ||xn − zn|| and applying (4.6) and (4.18).

Since xn → x̄ and ||xn − zn|| → 0, we obtain zn → x̄ as n → ∞. We have
therefore by (4.17) and triangular inequality, that

lim
n→∞

||x̄− Ωj
nzn|| ≤ lim

n→∞
(||Ωj

nzn − zn||+ ||zn − x̄||) = 0, (4.19)

for all j = 1, 2 · · ·m. Consequently,

lim
n→∞

||Ωj
nzn − Ωj−1

n zn|| = 0, ∀j = 1, 2 · · · ,m. (4.20)

Since {rj,n} ∈ [ε,∞), we have

lim
n→∞

||Ωj
nzn − Ωj−1

n zn||
rj,n

= 0. (4.21)

Noticing that un = T
ψj
rj,nT

ψj−1
rj−1,n · · ·T

ψ2
r2,nT

Ψ1
r1,nzn, we have

Hj(y,Ω
j
nzn; Ωj

nzn) +
1

rj,n
〈y − Ωj

nzn, JΩj
nzn − JΩj−1

n zn〉 ≥ 0, ∀y ∈ C,

for any j. Using the generalized relaxed α-monotonicity of Hj for each j,
we obtain

||y − Ωj
nzn||

||JΩj
nzn − JΩj−1

n zn||
rj,n

≥ 1

rj,n
〈y − Ωj

nzn, JΩj
nzn − JΩj−1

n zn〉

≥ −Hj(y,Ω
j
nzn; Ωj−1

n zn)

≥ αj(Ωj
nzn, y)−Hj(y,Ω

j
n; y).

Taking n→∞ in the above inequality and (4.21), we get

αj(x̄, y)−Hj(y, x̄; y) ≤ 0, ∀y ∈ C.
For t ∈ (0, 1] and y ∈ C, set yt = ty + (1− t)x̄. Then yt ∈ C, therefore

αj(x̄, yt)−Hj(yt, x̄; yt) ≤ 0,

it implies that,

αj(x̄, yt) ≤ Hj(yt, x̄; yt)

≤ tHj(y, x̄; y) + (1− t)Hj(x̄, x̄; yt)

= tHj(y, x̄; yt)
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Hence, we have

Hj(y, x̄; yt) ≥
αj(x̄, yt)

t
. (4.22)

Since ψ(y, x; ·) is hemicontinuous, taking t→ 0, we obtain

Hj(y, x̄; x̄) ≥ 0.

Hence x̄ ∈ (∩mj=1Ωj). Therefore, x̄ ∈ Γ = (∩mj=1Ωj) ∩ (∩∞i=1F (Ti)). �

5. Some consequences of main results

In this section, we give some consequences of our main Theorem 4.1. We
have the following result with A = 0, ϕ = 0.

Corollary 5.1. Let C be a nonempty, closed and convex subset of a uniformly
convex and uniformly smooth Banach space E. For any j = 1, 2 . . .m, let ψj :
C×C×C → R satisfy all the conditions of Assumption A and Lemma 3.5 and
ψj(y, ·; y) be continuous. Let Ti : C → C, (i = 1, 2, . . . ) be a countable family
of closed and uniformly totally quasi-φ-asymptotically nonexpansive mapping
with nonnegative real sequences {λn}, {µn} such that λn → 0, µn → 0 as
n → ∞. Let ϑ : R+ → R+ be a strictly increasing continuous function with
ϑ(0) = 0 and asumme Ti is uniformly asymptotically regular for all i ≥ 1 with
∩∞i=1F (Ti) 6= ∅ and such that

Γ = ∩∞i=1F (Ti)
⋂

(∩mj=1Ωj) 6= ∅.

Let f : E → R be a convex lower semicontinuous mapping with C ⊂ int(D(f)).
Let {xn} be a sequence generated by x0 = x ∈ C, C0 = C, Q0 = C,

yn,i = J−1(αn0Jxn +
∑∞

i=1 αniJT
n
i xn),

zn = J−1(βnJxn + (1− βn)Jyn,i),

un = Tψm
rmn

T
ψm−1
rm−1,n · · ·T

ψ2
r2,nT

ψ1
r1,nzn,

Cn = {w ∈ Cn−1 : G(w, Jun) ≤ G(w, Jzn) ≤ G(w, Jxn) + γn}, n ≥ 1,

Qn = {w ∈ Qn−1 : 〈xn − w, Jx− Jxn〉+ ρf(w)− ρf(xn) ≥ 0}, n ≥ 1,

xn+1 = πfCn∩Qn
,

(5.1)

where γn =
∑∞

i=1(λnϑ sup(G(p, Jxn)) + µn), J : E → E∗ is the normalized
duality mapping, βn and {αni}∞i=0 are sequences in [0, 1] such that

(a)
∑∞

i=0 αni = 1, ∀ n ≥ 0;
(b) lim sup

n→∞
βn < 1;

(c) lim inf
n→∞

αn0αni > 0, ∀i;
(d) {rj,n} ⊂ [ε,∞), for some ε > 0.
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Then, {xn} converges strongly to πfΓx, where πfΓ is the generalized f -projection
of E onto Γ.

The following result coincides with Theorem 4.1 given in [23], with Ti being
quasi-φ-nonexpansive for all i, A = 0, ϕ = 0 and γn = 0 in Theorem 4.1.

Corollary 5.2. Let C be a nonempty, closed and convex subset of a uniformly
convex and uniformly smooth Banach space E. For any j = 1, 2 . . .m, let
ψj : C × C × C → R satisfy all the conditions of Assumption A and Lemma
3.5 and ψj(y, ·; y) be continuous. Let Ti : C → C, (i = 1, 2, . . . ) be a countable
family of closed quasi-φ-nonexpansive mapping. Assume

Γ = ∩∞i=1F (Ti)
⋂

(∩mj=1Ωj) 6= ∅.

Let f : E → R be a convex lower semicontinuous mapping with C ⊂ int(D(f)).
Let {xn} be a sequence generated by x0 = x ∈ C, C0 = C, Q0 = C,

yn = J−1(αn0Jxn +
∑∞

i=1 αniJTixn),

zn = J−1(βnJxn + (1− βn)Jyn),

un = Tψm
rmn

T
ψm−1
rm−1,n · · ·T

ψ2
r2,nT

ψ1
r1,nzn,

Cn = {w ∈ Cn−1 : G(w, Jun) ≤ G(w, Jzn) ≤ G(w, Jxn)}, n ≥ 1,

Qn = {w ∈ Qn−1 : 〈xn − w, Jx− Jxn〉+ ρf(w)− ρf(xn) ≥ 0}, n ≥ 1,

xn+1 = πfCn∩Qn
,

(5.2)

where J : E → E∗ is the normalized duality mapping, βn and {αni}∞i=0 are
sequences in [0, 1] such that

(a)
∑∞

i=0 αni = 1, ∀ n ≥ 0;
(b) lim sup

n→∞
βn < 1;

(c) lim inf
n→∞

αn0αni > 0, ∀i;
(d) {rj,n} ⊂ [ε,∞), for some ε > 0.

Then, {xn} converges strongly to πfΓx, where πfΓ is the generalized f -projection
of E onto Γ.

6. Conclusion

This work aimed at theoretically and analytically study the existence of
solutions for new generalized mixed equilibrium problem (NGMEP) under re-
laxed α-monotonicity in real uniformly smooth and uniformly convex Banch
space. We proposed an iterative algorithm for approximating a common ele-
ment in the solution of the NGMEP and fixed point set of a countable family of
totally quasi-φ-asymptotically nonexpansive mapping. Our results generalize
the one considered in [23] and many other related results in literature.
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