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Abstract. In this paper, we introduce a-admissible mappings on product spaces and obtain
F-contraction results for a-admissible Presi¢ type operators. Our results extend, unify and
generalize some known results of the literature. We illustrate an example for support our

results.

1. INTRODUCTION

The Banach contraction principle [2] is one of the most important analytical
results and considered as the main source of metric fixed point theory. It is the
most widely applied fixed point result in many branches of mathematics. This
result has been generalized in many different directions. Subsequently, in 2012,
Wordowski [16] introduced the concept of F-contraction which generalized the
Banach contraction principal in many ways.

In 2016, Shuklaa and Shahzad [14] introduced a-admissible mappings on
product spaces and obtain fixed point results for a-admissible Presi¢ type op-
erators. Abbas et al. [1] introduced the convergence of the Presi¢ type k-step
iterative process for a class of operators f : X* — X satisfying Presi¢ type
F-contractive condition in the setting of metric spaces. Gopal et al. [4] intro-
duced new concepts of a-type F-contractive mappings which are essentially
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weaker than the class of F-contractive mappings given in [17]. Padcharoen
et al. [6] introduced the concept of a-type F-contraction in the setting of
modular metric spaces and establish fixed point and periodic point results for
such a contraction. In [5], Jain et al. presented a new approach to study
the existence of fixed points for multivalued F-contraction in the setting of
modular metric spaces. Moreover, In [15], Sumalai, modified and prove some
common fixed point theorems by using the (CLRg)-property along with the
weakly compatible mapping. Padcharoen et al. [7] introduced some results on
the existence of coincidence and periodic point of F-contractive mappings in
the framework of modular metric spaces endowed with a graph.

Following this direction of research, in this paper, we define a-admissible
mappings on product spaces and obtain F-contraction results for a-admissible
Presic type operators. Some examples are provided, which illustrate the results
proved herein and show the applicability of results.

2. PRELIMINARIES

We give some definitions and their properties for our main results.

Theorem 2.1. ([8, 9]) Let (X,d) be a complete metric space and let k be a
positive integer. If f : X* — X satisfies the following contractive condition:
d(f(:cl, xo. .. ,:ck), f(xg, xs3. .. ,xk+1)) < Ozld($1, $2) +--+ akd(xk, xk+1),
forallxy,zo ..., 2541 € X, a1,09,...,ap € RT and aj+as+- - +ap = a < 1.
Then we have the followings:
(i) f has a unique fixed point x* € X such that f(z*,z*,... %) = z*;

(ii) of z1,22,...,x are arbitrary points in X and if for all n € N,
Ttk = [(Tn, Tnt1, - Tnik—1), then the sequence {x,} is convergent
and limz, = f(limz,,limx,,...,limz,).

Theorem 2.1 was proved in Rus [11], see also [12], for operators f fulfilling
the more general condition:
d(f(xla T2, ... 7'%'/6)? f(.%'Q, xr3,. .- axk-i-l)) < gO(Oéld(iL'l, 1‘2), cee 7ak’d(xk7 xk—i—l))v

for all z1, 29, ..., 2k+1 € X, where ¢ : RT" — R* satisfies certain conditions.
Another important generalization of Presi¢ Theorem 2.1 result was recently
obtained by Ciri¢ and Presi¢ in [3].

Theorem 2.2. ([3]) Let (X,d) be a complete metric space and let k be a
positive integer. If f : X* — X satisfies the following contractive condition:

d(f(z1, x2, ... xp), f(X2, 3, . . ., pr1)) < Amax{aid(z1,22),. .., akd(Tk, Txi1)},

where A € (0,1) is constant and x1,2,...,Txr1 are arbitrary elements in X.
Then there exists a point x* in X such that f(z*,x*,... %) = x*. Moreover,
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if T1,x9, ...,z are arbitrary points in X and for n € N,
Ttk = f(Tn,Tnt1,.--, Tnrk—1) then the sequence {x,} is convergent and
limz, = f(limx,,limz,, ..., li;mx,).

Other general Presi¢ type fixed point results have been very recently ob-
tained by the first author in [14]. The main result in [10] is the following fixed
point theorem.

Theorem 2.3. ([10]) Let (X,d) be a complete metric space, k be a positive
integer, a € R be a constant such that 0 < ak(k +1) <1 and f: X¥ — X be
an operator satisfying the following condition:

k+1
d(f(w1, @, o), fw, s, ee)) < a Y dw, [z, w), (2.1)
=1
for all x1,xa,... 211 € X. Then we have the followings:

(i) f has a unique fixed point x* € X such that f(z*,z*,... %) = x*;
(ii) the sequence {yn}n>0 defined by Yni1 = f(Yn,Yns--->Yn), n > 0, con-
verges to x*;
(iii) the sequence {xp}n>0 with xo,z1,..., 21 € X and
T = f(@p—kyTn—ktls-.-sTn_1), n > k, also converges to x*, with a
rate estimated by
d(xps1,2") < MO™, n >0,
for a positive constant M and a certain 6 € (0,1).

In [13], Samet et al. presented the concept of a-admissible mappings as the
following:

Definition 2.4. ([13]) Let f: X — X and o : X x X — [0,«0). Then f is
called a-admissible if for all z,y € X with a(x,y) > 1 implies a(fz, fy) > 1.

Definition 2.5. ([13]) Let f : X — X and o : X x X — [0,00). Then f is
called a triangular a-admissible mapping if

(i) f is a-admissible;
(ii)) a(x,2z) > 1 and «a(z,y) > 1 imply a(z,y) > 1.
Wardowski [16] introduce a new type of contractions which is called F-

contraction and proved new fixed point theorems concerning F'-contraction
(see [1, 4, 6, 7, 15]).

Definition 2.6. ([16]) Let F be the collection of all mappings F : Rt — R
that satisfy the following conditions:

(i) F is strictly increasing on RY;
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(ii) For every sequence {a,} of positive real numbers, lim a, = 0 and

n—o0
lim F(a,) = —oco are equivalent;
n—o0
(iii) There exists k € (0, 1) such that lim, aFF(a) = 0.
a—0

Definition 2.7. ([16]) Let (X, d) be a metric space. A mapping f: X — X
is called an F-contraction on X if there exist F' € F and 7 > 0 such that for
all x,y € X with d(fz, fy) > 0, we have

T+ F(d(fx, fy)) < F(d(z,y)).
Note that every F-contraction is continuous (see [16]).

Theorem 2.8. ([10]) Let (X,d) be a complete metric space and f : X — X
be an F-contraction. Then there exists a unique © € X such that z = f(x).
Moreover, for any xg € X, the iterative sequence {x,} defined by x, 41 = f(xy)
converges to x.

Let f: X¥ — X, where k > 1 is a positive integer. A point z* € X is called
a fixed point of f if x* = f(a*, a*, ... x*).
Consider the k-th order nonlinear difference equation:

Tonik = [(Tn, Tng1y s Tnak-1), n=12.... (2.2)
with the initial values z1, ...,z € X. Equation (2.2) can be studied by means
of fixed point theory in view of the fact that * in X is a solution of (2.2) if
and only if z* is a fixed point of mapping T : X — X given by

T(x*) = f(z*,2%,...,2%), forall z* € X.

Pacurar [10] derived a convergence result for Presi¢-Kannan operators as
follows:

Theorem 2.9. ([10]) Let (X,d) be a complete metric space, k be a positive
integer, a € R be a constant such that 0 < ak(k +1) <1 and f: X¥ — X be
an operator satisfying the following condition:

k+1
d(f($17$27 cee ,.Tk), f(x27x3a o ,fL‘k+1)) S CLZd(ﬂfi, f(iUi,CCZ', o ,SUi)),
i=1
for any (x1,22,...,2p41) € X*F1 where ay,as,...,a, are nonnegative con-

stants such that a1 +as + -+ ap < 1. Then,
(i) f has a unique fixed point x*, that is, there exists a unique z* € X
such that f(x*,x*, ..., z*) = ¥
(ii) the sequence {yn}n>0,
Yn+1 = f(Yns Yns - - Yn), n =0,
converges to x*;
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(iii) the sequence {xy}n>0 with x1,x2,..., 2, € X and
Ttk = [(T1,Y2, -y Yntk—1), n € N, also converges to z*.

Definition 2.10. ([10]) Let (X, d) be a metric space and F' € F. A mapping
f: X* = X is said to be a-admissible Presi¢ type F-contraction if there exists
7>0and a: X x X — [0,400) such that

d(f($1,l’2, e ,l‘k), f(l‘g, T3,y... ,."L‘k+1)) >0
implies that
T 4+ min{a(x;, xip1) F(A(f (21, 22, .. ., x%), f(T2, 23, ..., Tk11))) 2.3)
< F(max{d(z;,zi+1)}), 1<1i <k, ’
for all (21,22, ...,Tpe1) € XFHL
3. MAIN RESULTS

Theorem 3.1. Let (X, d) be a complete metric space, k be a positive integer
and f : X*¥ — X be an a-Presi¢ type F-contraction. Suppose, the following
conditions are satisfied:

(i) f is an a-admissible operator ;
(ii) there exist x1,xa,..., 2% € X such that

min{a(z;, Tit1), o(wg, f(z1,22,. .., 28)) 1 1 <i <k =1} > 14
(iii) f is diagonally a-continuous.
Then f has a fized point in X.
Proof. Let x1,x2,...,z" € X such that
min{a(x;, zit1), a(xg, f(z1,22,...,2)) : 1 <i < k} > 1.

We define a sequence {z,} in X by

Toik = f(Tn, Tpg1 .oy Tpyk—1), forall n>1. (3.1)
Obviously, if there exists ng € {1,2,3,...,k} for which z,,+1 = x,,, then

xng-ﬁ-k‘ = f($no, J,‘n0+1, s 733n0+k—1) = f(xn0+k7 xno-ﬁ-k? ceey xn0+k)7
that is, .+ is a fixed point of f and the proof is finished. Thus, we suppose
that =4+ # Tpik+1 for every n > 1. We will show that {z,} is a termwise
a-sequence in X. From (ii) and (i), we get that
Oé(f(l‘l, T2y ... ,.’Ek), f(CC27.’173, cee ,ﬂfk+1)) Z 17

that is, a(Zg41, Trr2) > 1. So, min{a(x;, xiy1) : 2 < i < k+ 1} > 1. Again, as
f is an a-admissible operator, we have

OZ(f(fEQ,.’Eg, v 7xk+1>7f<$37$4 vee ,$k+2)) > 17
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that is, a(zg12, Txr3) > 1. Following a similar process, we obtain a(x;, j+1) >
1 for all n > 1. Thus, {z,} is a termwise a-sequence.
Denote 6,1 = d(Tnik, Tniki1), n > 1, and
v = max{d(z1,z2),d(x2, x3),...,d(Tk, Tr11)},
then we have 1 > 0 for all n > 1 and v > 0. Now, for n < k, we have the
following inequalities:
F(0k41) = F(d(@k+1, Thy2))
= F(d(f(l'l,l’g, v ,I'k), f($2,1'3, o 7$k’+1)))
< min{a(z;, xi41) : 1 <i <k}

x F(d(f(x1,22,...,2%), f(x2, 23, ..., Tks1))) (32)
< F(max{d(x;,zit1): 1 <i<k})—71
=F(y) -,
F(Ok+2) = F(d(k+2, Th+3))
= F(d(f(@2,23, ..., Tp41), (@3, T4, ..., Thp2)))
< min{a(z;, xiy1) 12 <i< k+1}
x F(d(f(ze,z3,...,xp11), f(T3, T4, .., Tk13))) (3:3)
< F(max{d(x;,zjt+1) :2<i<k+1})—71
= F(y) — 27.
Continuing in this fashion, for n > 1 we have
F(0k4n) = F(A(@ntks Tnyrt1))
= F(d(f(zn, Tnt1s- s Tngk—1)s [(@na1s Tng2, -, Tnik)))
< min{a(z;, zit1) :n<i<n+k—1} (3.4)
X F(d(f(xn, Tnt1y -« s Trngk—1), [ (Tnt1, Tnt2, - - o Tnk)))
< F(max{d(zj,xiy1): 1 <i<n+k—-1})—71
= F(y) —nr.
On taking limit as n — oo, we obtain that lim, o F(dk+,) = —00 and hence

limy, 00 O+ = 0 from Definition 2.7 (ii).
Now, from Definition 2.7 (iii). there exists o € (0, 1) such that

Tim 07, F(Bra) = 0.
By (3.4), we have

6Z+nF<5k+n) - 5g+nF(7> < 5lg+n(F(7) - nT) - 5lg+nF(7) < _5lg+nn7—'
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On taking limit as n — co, we obtain
li .. =0.
Jim, 07 =0
Then there exists ng € N such that ndy,, <1 for all n > ng, that is,

1
Optn < —— forall n > ng.
nl/a

For any n,m € N with m > n > ng, we have
AThtns Thm) < A Tntks Torkt1) + ATnik+1, Tntkt2)
+ o+ d( Tt k—1, Tmtk)
= Ontk + Ontkt1 + -+ Omrk—1

.- (3.5)
< Z Oivk '

i=n

1
< Z e — 0.

=n

This means that {z,} is a Cauchy sequence in (X, d). Since (X, d) is complete,
there exists * € X such that

lim d(xp,xm) = lim d(x,,z*) = 0.
m,n—00 n—00

Finally, the continuity of f yields

¥ = lim z,yp
n—oo

= nlggo f(xnu Tn415--- 7xn+k—1)
. . i (3.6)
= f(Im ap, Im 2ngq,.0, Imozn )
= f(z*,z",...,x%),
that is, z* is a fixed point of f. This completes the proof. O

Example 3.2. Let X = [0, 1] and d be a usual metric of X. Let k be a positive
integer and f : X* — X be the mapping defined by
T+ X

flay, e, ... x8) = 5% for all x1,29...,21 € X,

and
1, if mj,wip € X, 1 <1<k,
0, otherwise.

oz(a:i, xi—i—l) = {

Define F': Rt — R by F(8) = 8 + In(8). Note that F' € F ([16]). Also, we
know that, for 7 = In(2k) > 0 and x1,x2,...,2x1 € X, with

d(f(.%‘l,.%'g, ... ,a;k), f(ajg,ajg, ... 7$k+1>) > 0,
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we have
THmin{a(z;, zi41) : 1 <@ < k}F(A(f (21,22, ... x), f(T2,23,. .., Tkt1)))

— In(2k) +F(|x1;j’“ - J;Z’““ })
1
— In(2k) + F<% (21 — x2) + (x5 — mk+1)\)

1
= In(2k) + %’(Cﬂl —x9) + (z — xk+1)‘

+In (i‘(ml — x2) + (z — «Tk—i-l)’)

1
= In(2k) + o max {d(z1,29), d(zk, Ts1) }

1
+1In <% max {d(z1,z2), d(zx, xkﬂ)})

1
= o Mmax {d(z1,22),d(xp, Tpy1) } + In (max {d(z1, 22), d(zk, T11) })

< max{d(a:i,:ciH) 1< < k:} +In (max {d(xi,xiﬂ) 1< < k})
< F(max{d(mi,xiﬂ) 1< < k})
Thus, all the required hypotheses of Theorem 3.1 are satisfied. Moreover, for

any arbitrary points xy,z2,...,x; € X, the sequence {z,} defined by (3.1)
converges to x* = 0, which is the unique fixed point of f.

4. APPLICATION TO MATRIX DIFFERENCE EQUATIONS

In this section, we consider matrix difference equations:
=
Xtk :Q+%ZA*¢(X,1H-)A, i=1,2,..., (4.1)
i=0

where ) is an N x N Hermitian positive semidefinite matrix, k£ is a positive
integer, A is an N x N nonsingular matrix, A* is the conjugate transpose of A
and ¢ : P(N) — P(N), P(N) is the set of N x N Hermitian positive definite

matrix.
Lemma 4.1. ([1]) For any A,B,C,D € P(N),
d(A+ B,C + D) <max{d(A,C),d(B,D)}.
Furthermore, for all positive semidefinite A and B,C € P(N),
d(A+B,A+C) <d(B,C).

Let ¢ is an an «a-Presi¢ type F-contraction mapping with respect to the
Thompson metric d. Our main result in this section is the following.
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Theorem 4.2. Equation (4.1) has a unique equilibrium point X € P(N).
Proof. Define the mapping f : P(N)¥ — P(N) by

]' * * *
FVi, V2, Vi) = @ + L [ATp(V1)A + ATp(V2) A+ - + ATp(Vi) Al
for all V1,Va,..., Vi € P(N). Let V4,Va,...,Vikr1 € P(N). Then by using

Lemma 4.1, we have

d(f(‘/la‘/?) .. 'aVk)a f(V27‘/3a .. '7Vk+1))
k+1

1<, 1 \
=d(Q+ ;A4 O+ PR 2(V))A)

1 k 1 k+1
<d( DA (VA D Ae(V)A)
i=1 j=2

k k+1

1 1 1 1
=d —A) (V) (—=A), —A) (Vi) (—=A) ).
(;% PIRCEAL A e )
Denote U = \}%A. Then, using again Lemma 4.1, we have
d(f(‘/lavéa . 'aVkJ)a f(V27VE’)a" '7Vk+1))

k+1

k
<d( D UTV)U, Y UTe(V)U)
i—1 =2

=dU e(V)U + U o(Vo)U +--- + U (Vi) U,

Uo(Vo)U + U p(V3)U + -+ + U p(Viy1)U)
< max{d(U"e(V)U, U (V2)U), ... ,d(U*p(Vi)U, U%p(Vis-1)U)}
= max{d(U*o(V;))U, U o(V;iy1)U) : i =1,2,... k}.
Since A is nonsingular, the matrix U is also nonsingular. For all: =1,2,...,k,
we have

AU p(Vi)U, U p(Vit1)U) = d(¢(Vi), ¢(Vig1))-
But ¢ is an a-Presié¢ type F-contraction. Then, for all ¢ = 1,2,..., k, we have
7+ minfa(Vi, Vi) (U o(V)U, U* (Vi )U)) < F(d(Vi, Vign)):
Hence, we have
7+ min{a(V;, Vig1) YF(d(f(Vi, Va, ..., Vi), f(Va, Vs, ..., Vigr)))
< max{d(V;, Viz1)},

for all V1,Va,...,Vky1 € P(N). Now, Applying Theorem 3.1, we obtain the
existence of a global attractor equilibrium point X € P(V). O
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