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Abstract. In this paper, we study the statistical approximation properties of a sequence
of double smooth Gauss-Weierstrass singular integral operators which are not positive in
general. We also show that our statistical approximation results are stronger than the

classical uniform approximations.

1. INTRODUCTION

In the approximation theory, it is a quite difficult problem to approximate a
function by linear operators that do not need to be positive. The uniform and
L,-approximation properties of some non-positive operators may be found in
the papers [1, 2, 3, 6, 7, 8, 9, 16].

A similar problem also occurs in the statistical approximation theory. In
this paper, using the concept of statistical convergence from the summability
theory, we study the statistical approximation properties of the double Gauss-
Weierstrass singular integral operators which are not positive in general.

In recent years, the statistical convergence has been used in the Korovkin-
type approximation theory which deals with the problem of approximation of
a function by means of a sequence of positive linear operators. Recall that
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it is possible to approximate (in statistical sense) a function by means of a
sequence of positive linear operators although the limit of the sequence fails
(see, e.g., [4, 10, 11, 12, 13]).

Let A :=[ajn], j,n = 1,2, ..., be an infinite summability matrix and assume
that, for a given sequence x = (,,),,cy , the series Y 7 | aj,x, converges for
every j € N. Then, by the A-transform of x, we mean the sequence Az =
((Az););cy such that, for every j € N, (Ax); := Yool ajnTy. A summability
matrix A is said to be regular (see [17]) if for every x = (x,),cy for which
limy, ooz, = L we get limj_.o (Aa:)j = L. Now, fix a non-negative regular
summability matrix A. Then, a given sequence = = (zp,)nen is said to be A-
statistically convergent to L if, for every € > 0, limj o0 ) ., . lwn—L|>e Onj = 0.
This limit is denoted by st4 — lim, 2, = L (see [15]). It is easy to check that
if A = Ci = [¢jn), the Cesdro matrix of order one defined to be ¢, = 1/j if
1 <n < j, and ¢j, = 0 otherwise, then Ci-statistical convergence coincides
with the concept of statistical convergence, which was first introduced by
Fast [14]. In this case, we use the notation st — lim instead of st¢, — lim.
Every convergent sequence is A-statistically convergent, however, its converse
is not always true. Not all properties of convergent sequences hold true for
A-statistical convergence (or statistical convergence). For instance, although
it is well-known that a subsequence of a convergent sequence is convergent,
this is not always true for A-statistical convergence. Another example is that
every convergent sequence must be bounded, however it does not need to be
bounded of an A-statistically convergent sequence.

2. CONSTRUCTION OF THE OPERATORS

In this section we introduce a sequence of double smooth Gauss-Weierstrass
singular integral operators. We first give some notation used in the paper. Let

(—1)7 (t)rm =121

oy, = r ' (2.1)
’ L= (=07 )i ifj =
j=1
and
o =S"alMik k=12, meN (2.2)
j=1

Then it is clear that > 7, ag-’mr] = 1 and —Z;zl(—l)’"fj <T> = (=1)" (g)
hold. We also consider the set

D := {(s,1) 6R2:82+t2§7r2}.
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Assume now that (§,)nen is a sequence of positive real numbers. Setting

1
7 (1— e /e’

Ap 1= (2.3)

we define the double smooth Gauss-Weierstrass singular integral operators as
follows:

Wi (fra,y) = QZa]r //f x4 sj,y+ 1) e T Edsdr || (2.4)

where (z,y) € D, n,r € N, m € Ny := NU {0}, and also f : D — R is a
Lebesgue measurable function. In this case, we observe that our operators
WM are not positive in general. For example, if we take ¢(u,v) = u? + v?
and also take r =2, m =3, x = y = 0, then we get

S

Wi (;:0,0) = An Z] o // 2 1 12) e (CH/E gt

&
An

) (a12+4a //pep/fndpdﬁ
" —-m 0

21 1 _
= e <—2+2> /p3e P& dp
0

3T An 262 /6n (1 - €7ﬂ2/§’%> &
- e\ T 2

_ o8&, smem/s
2 2(1—e /@) 7

by the fact that

1+u<e" forall u>0.

We observe that the operators W,p:ﬁ given by (2.4) preserve the constant func-
tions in two variables. Indeed, for the constant function f(x,y) = C, by (2.1),
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(2.3) and (2.4), we get, for every r,n € N and m € Ny, that

wiicsan = S [ S
" D

_ 62" / / 1€ pdpdo

—7m 0
= C.

We also need the following lemma.

Lemma 2.1. Let k € N. Then, it holds, for each £ =0,1,...,k and for every
n € N, that

k—l,l —(s2+12) /€2 _ 0 if k is odd
//S te dsdt { 2 kB (k”_gﬂ, “Tl) if k is even

where B(a,b) denotes the Beta function, and

T k42 k E [\
= k+1 —PQ/S% = n_ F 1 by - F 1 ~ - 2
Yok : /p e dp == { <+2> +35 ‘. , (2.5)
0

where T' (o, z) = fzoo to~Lle~tdt is the incomplete gamma function and T is the
gamma function.

Proof. 1t is clear that if k£ is odd, then the integrand is a odd function with
respect to s and t; and hence the above integral is zero. Also, if k is even,
then the integrand is a even function with respect to s and t. If we define

]D>1::{(s,t)GRQ:OSSSWandOStS\/7r2—32}, (2.6)

then we may write that

// sFll o= (s +2) /€ qer  — 4// sF—ll o= (8 +2) /€% dsat
D Dy

7T/2 e
= 4//(COS(9>’€_Z (sinﬁ)ée_pQ/E%pkHdpdG
0 0

/2
= 4’yn,k/(cosﬁ)k_f (sin ) do

0

= 2’Yn,ch <

E—0+4+1 (+1
2 T2
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whence the result. O

3. ESTIMATES FOR THE OPERATORS (2.4)

Let f € Cr(D), the space of all continuous functions on D, 27-periodic per
coordinate. Then, the rth (double) modulus of smoothness of f is given by
(see, e.g., [5])

wr(f; h) = sup HAZ,v(f)H <oo, h>0, (31)
Vu2+v2<h; (u,w)€ED
where ||-|| is the sup-norm and

T

Ang@xw>=§j«4rﬂ(;)ﬂx+jwy+jw. (3.2)

J=0

Let m € Nyg. By C’7(rm) (D) we mean the space of functions 27-periodic per
coordinate, having m times continuous partial derivatives with respect to the

variables x and y. Observe that if f € clm (D), then we see that

H o f(--) " f(x,y)

o —lroly on—tzaly| = % (3:3)

‘ ‘= sup
(z,y)eD

for every £ =0,1,...,m.

3.1. Estimates in the case of m € N.
Now we consider the case of m € N. Then, define the function

Gls, g = —2 3 (;‘) J(1 = wym?

(m—=1!Z\i/ o
. . 3.4
" f: m " f(x + jsw,y + jtw) duw (3-4)
i—o \m —¢ om—Ltzoly

for m € N and (z,v), (s,t) € D. Notice that GL;W;J] (s,t) is well-defined for each
fixed m € N when f € cim (D) due to the condition (3.3).

Theorem 3.1. Let m € N and [ € C,(rm) (D). Then, for the operators Wr[fz],
we have

Wi (fi2,y) — f@,y) = In(z, y)

An m m my —(s (35)
éﬁgﬂw@ww|+m>evwme,
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where A, is given by (2.3) and

9N, [m/2) 565

24,1

&2 = (20)!
2 2 —0+1 2i+1 20\ 0% f(x,y)
B e
Anr ()G e )

The sum in (3.6) collapses when m = 1.

I (x,y) =

(3.6)

Proof. Let (x,y) € D be fixed. For every f € C; (D) we may write that

S ol (Fa + s,y + jt) — f(z,9))
5=0

B = 61[;?”] i k Sk_etzakf(%y)
k Ok—Lx0ty

1
1 m—1, _|m .
+m /(1 —w) <P;[z,y](wa s,t)dw,
0
where

(s t) :g—w—f(f)

i m m—t,0 0" f(x+ jsw,y + jtw)
t .
% Z <m — E)S om—txoty
4

A e Oy k0% f(z,
W)~ o) = B Y Y () Gl
k=1 £=0

X // sk_gtee_(suﬁ)/fi dsdt)

where

1
RiM(z,y) « = %\Tl_l),// (/(1 w)mlsﬁgfly}(w;s,t)dw)
D \0

e~ (S H/E st
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Also, using Lemma 2.1, we obtain that

Wi(fi2,y) = f(a,y) = In(@,y) = R (2, y), (3.7)
where I,,,(x,y) is given by (3.6). Since

s < Qs+ 1m 3 ()

J=

=0
“ m " f(x + jsw,y + jtw)
% {;:% <m — E) ‘ om—tzoty ’

it is clear that

\RW (x,y)] < 2’; / / G (s,t) (|s|™ + [t[™) e+ Sdsdt.  (3.8)
"D
Therefore, combining (3.7) and (3.8) the proof is completed. O

Corollary 3.2. Let m € N and [ € clm (D). Then, for the operators WJZZ],
we have

HWqLTZ}(f) - fH < Crgg)\n Yn,m + [mZ/Q] Yn,2i (3.9)
" i=1

for some positive constant C,.,,, depending on r and m, where vy, 1 is given by
(2.5). Also, the sums in (3.9) collapse when m = 1.

Proof. From (3.5) and (3.6), we may write that

HWW m<wu+%/ﬂ@ sw‘ﬂ+m ~(+)/E gsdt.

We first estimate ||I,,]|. It is easy to see that
S
g (20)!

=1

2% . . .
20 —0+1 2i+1 2i a"f(-,-)
" {ZB< 7 75) () oy

£=0

)

/2]

K Am

S aul Z 777,227
1=

where
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Ky :
2557 2% —0+1 2i+1 i o™ f(-,-)
1<igimyz | (20)! ZB( 2 2 ) <2i —e) Ham—%afy ‘ ‘
/=0

On the other hand, observe that

HG[m] 51) H m! Z (m E) Ha?;néxaf

Then, combining these results we observe that
[m/2]

Z Tn,2i

LT’m —
An // 5™ ™) e~ (PHE gsay

[m/2
= K’rm)\ 27n2z

4Lr m)\ // +tm s +t2)/£nd8dt

‘ = Ly m.

Krm)\

Wit 1] <

Krm)\ [m/2]
= Z Yn,2i
71'/2 T
4LT m)\
// "L (cos™ @ + sin™ @)e P /§"dpd9
Krm)\n MR Lo (M1 1
- Z Yn,2i + 57% B 9 5 TYn,m»
which yields
[m/2]
m Cr,m)\n
va"[,n}(f) - fH < 52 Tn,m + Z Yn,2i | »
n i=1

where

11
C.m = max {Km AL, ;B (m; 2) } .

So, the proof is completed. O
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3.2. Estimates in the case of m = 0.
Now we only consider the case of m = 0. Then, we first get the following
result.

Theorem 3.3. Let f € Cr (D). Then, we have
Wil (f52,y) — f(rc,y)‘ < 422" // wp (1 V2 +82) e R dsar, (3.10)
n D

where Ay, and Dy are given by (2.3) and (2.6), respectively.
Proof. Let (z,y) € D. Taking m = 0 in (2.1) we observe that

WO (fix,y) — fley) = g//{zag?i <f<x+sj,y+tj>f<x,y>>}
n s j=1

xe~ () dsdt

- 2\:23 4/{ (ji;(l)rj <§)f(33+ sj,y+tj))
- (i(lw (;T)my)) } NSt

J=1

Then, we have

W)~ o) = 3 4 | {jf%(l)” <§>f(w+sj,y+tj)}

xe~ () dsdt
and hence

An , (s
W) — o) = 35 [ [ 5 la)) e asar
" D

Therefore, we obtain that

An r (s2442) /€2
Wl(fiey) — fay)| < 5 / / AT, (F(a,y))| e+ dsdt
D

IN

n

/\—;L // W (f; Vs?+ t2> e /G gt
D

IN

n

which completes the proof. O
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Corollary 3.4. Let f € Cr (D). Then, we have

[Wihe) = 1| < 8edneor (£50) (3.11)
for some positive constant S, depending on r.
Proof. Using (3.10) and also considering the fact that

wr (f; u) < (T+X)"wr (f;u), A\, u>0,

we may write that

Wil - || < 422 / / o (V5 F ) e

4)\an f ) // <1+ \ﬁg?—i—t?) JRENCC

IN

&n

_ 4)\nwr f fn //( ) pe_pZ/g’%dde

_ 2mawn (fi6n) ( ﬂ)’” /22
5% 0/1+fn pe p.

Now setting u = 5%, we get

*/tn
HWO] —fH < 2mAawr (f360) / (1+ )" ue du

1 'r+1
< 277)\an f é-n / +u du

0
= S hwr (f56n)

where

o0 r—+1
1
Sr::27r/(—|_:f)du<oo
e

0

Therefore, the proof is completed. O
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4. STATISTICAL APPROXIMATION BY THE OPERATORS (2.4)

4.1. Statistical approximation in the case of m € N.
We need the following lemma.

Lemma 4.1. Let A = [ajy,] be a non-negative reqular summability matriz, and
let (§n)nen be a sequence of positive real numbers for which

sta — liTanfn =0. (4.1)

Then, for each fizted k =1,2,...,m € N, we have
YnkAn
&
where A, and vy, i, are given by (2.3) and (2.5), respectively.

Proof. Let k =1,2,...,m be fixed. Then, by (2.5), we get

™

sta — lim 0,
n

Vn,k)\n )\n/ k+1_—p2/e2
o = @ e
& &n /
Mo [ o e
= @/pk 22 (pe P/£n> dp
"0
k—2y 7
< . §2)\n /p2 (pe_p2/£%> dp
"0

(by change of variable and integration by parts)

T2\, W2§%e_”2/§5 & (1 - 67W2/£’2’>
e ; 3

Now using (2.3), we obtain that

e TR g
& T 2(1—e T8 2
which gives
) < — 208 .

o< < (g + ) 02

where
7.‘.k:—l
my =
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On the other hand, the hypothesis (4.1) implies that

1

sta — h;bn e

=0 and sty —lim¢&2 = 0. (4.3)

Now, for a given € > 0, consider the following sets:

A
D :{nGN:’yn’kznzs},
n
1 €
= : >
Dy {nEN 6”2/5721—1_277%}7
em?
Dy : = N:¢e2 >\
2 {ne gn—2mk}

Then, from (4.2), we easily see that
D C Dy UDao,
which yields that, for each j € N,
Zajn < Z Qjn + Z Qjn- (4.4)
j€D j€D1 JED>
Letting 7 — oo in (4.4) and also using (4.3) we get
lijm Z ajn =0,
jeD
which completes the proof. O

Now, we are ready to give our first statistical approximation theorem for
the operators (2.4) in the case of m € N.

Theorem 4.2. Let A = [aj,] be a non-negative regular summability matriz,
and let (§n)nen be a sequence of positive real numbers for which (4.1) holds.

Then, for each fixed m € N and for all f € CT(rm) (D), we have
sta —hmHW,[jg](f) - fH —0.
Proof. Let m € N be fixed. Then, by (3.9), the inequality

2
’Yn,m/\n + o2 771,21’)\71
e Ll e

|whal - f| < Cram
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holds for some positive constant where C,. ,,. Now, for a given ¢ > 0, define
the following sets:

E :{neN:‘W,[f,’;‘](f)—fuzs},
'YnQi)\n € . m
E;, : = N:— > ,i=1,.., =],
{”E z = <1+[m/2]>cr,m} Z 5]
. _ . ,YTL,TI'L)\TL €
B = {nen g2 )
Then, the inequality (4.5) implies that
1+[F]
=1

and hence, for every j € N,

1+[F]
g jn < g E Ajn -
nekr i=1 nekE;

Now taking limit as j — oo in the both sides of the above inequality and using
Lemma 4.1 we obtain that
li§n Z ajn =0,

which is the desired result. O

4.2. Statistical approximation in the case of m = 0.
We now investigate the statistical approximation properties of the operators
(2.4) when m = 0. We need the following result.

Lemma 4.3. Let A = [a;,] be a non-negative reqular summability matriz,
and let (&,)nen be a bounded sequence of positive real numbers for which (4.1)
holds. Then, for every f € Cr (D), we have

stqg — lim A\pyw, (f;6,) = 0.

Proof. 1t follows from (4.1) and (2.3) that
1

stqg —lim A\, = —.
n T

Also, using the right-continuity of w, (f;-) at zero, it is not hard to see that
stq — li7Ilan (f;&n) =0.

Combining these results, the proof is completed. O
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Then, we get the next statistical approximation theorem.

Theorem 4.4. Let A = [aj] be a non-negative regular summability matriz,
and let (§n)nen be a sequence of positive real numbers for which (4.1) holds.
Then, for all f € Cr (D), we have

stA—hmHW[O —fH =0.
Proof. By (3.11), the inequality

[Wiskir) = £ = Sdwer (£:60)

holds for some positive constant S,. Then, for a given € > 0, we can write that

fnen: Wi - sz} < frenirnn e = £,

which gives, for every j € N, that
Z ajp < Z QAjn -
nHW,L?,]L(f)—fHZé: n:/\n"-’r(ffn)zsi

Now, taking limit as j — oo in the both sides of the last inequality and also
using Lemma 4.3, we obtain that

lim > ajn =0,
il | WL ()~ £ >e

whence the result. O

5. CONCLUDING REMARKS

Taking A = C1, the Cesdro matrix of order one, and also combining Theo-
rems 4.2 and 4.4, we immediately get the following result.

Corollary 5.1. Let (§,)nen be a sequence of positive real numbers for which
st —lim, &, = 0 holds. Then, for each fired m € Ny and for all f € C}rm) (D),

we have st — lim,, W,[n,f](f) — fH =0

Furthermore, choosing A = I, the identity matrix, in Theorems 4.2 and 4.4,
we have the next approximation theorems with the usual convergence.

Corollary 5.2. Let (§,)nen be a sequence of positive real numbers for which

lim, &, = 0 holds. Then, for each fired m € Ny and for all f € C7(rm) (D), the
[m]

sequence ( f (f)) . 18 uniformly convergent to f on D.
n
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Now define a sequence (&, )nen by

f Vn, ifn=k* k=1,2,..
&n = { %, otherwise. (5.1)

Then, observe that st — lim, &, = 0 although it is unbounded above. In this
case, taking A = C}, we obtain from Corollary 5.1 (or, Theorems 4.2 and 4.4)
that

st—liTrLrl“W,le](f)—f“ —0

holds for each m € Ny and for all f € C7(rm) (D). However, since the sequence
(&n)nen given by (5.1) is non-convergent, the (classical) uniform approximation

to a function f by the sequence (W}ZL]( f))nEN does not hold, i.e., Corollary

5.2 fails for the operators Wr["rf} (f) obtained from the sequence (&;,)nen defined
by (5.1).
As a result, we can say that our statistical approximation results obtained

in this paper can be still valid although the operators WM are not positive
in general and also the sequence (&, )nen is non-convergent or unbounded.

REFERENCES

[1] G. A. Anastassiou, L, convergence with rates of smooth Picard singular operators, Dif-
ferential & Difference Equations and Applications, Hindawi Publ. Corp., New York,
2006, 31-45

[2] G. A. Anastassiou, Basic convergence with rates of smooth Picard singular integral op-
erators, J. Comput. Anal. Appl., 8 (2006), 313-334.

[3] G. A. Anastassiou, Global smoothness and uniform convergence of smooth Picard sin-
gular operators, Comput. Math. Appl. 50 (2005), 1755-1766.

[4] G. A. Anastassiou, O. Duman, A Baskakov type generalization of statistical Korovkin
theory, J. Math. Anal. Appl. 340 (2008), 476-486.

[5] G. A. Anastassiou, S. G. Gal, Approzimation Theory: Moduli of Continuity and Global
Smoothness Preservation, Birkhduser Boston, Inc., Boston, MA, 2000.

[6] G. A. Anastassiou, S. G. Gal, Convergence of generalized singular integrals to the unit,
multivariate case, Applied Mathematics Reviews, World Sci. Publ., River Edge, NJ, 1
(2000), 1-8.

[7] G. A. Anastassiou, S. G. Gal, Convergence of generalized singular integrals to the unit,
univariate case, Math. Inequal. Appl. 4 (2000), 511-518.

[8] G. A. Anastassiou, S. G. Gal, General theory of global smoothness preservation by sin-
gular integrals, univariate case, J. Comput. Anal. Appl. 1 (1999), 289-317.

[9] A. Aral, Pointwise approzimation by the generalization of Picard and Gauss- Weierstrass
singular integrals, J. Concr. Appl. Math. 6 (2008), 327-339.

[10] O. Duman, E. Erkus, Approzimation of continuous periodic functions via statistical
convergence, Comput. Math. Appl. 52 (2006), 967-974.

[11] O. Duman, E. Erkus, V. Gupta, Statistical rates on the multivariate approzimation
theory, Math. Comput. Modelling 44 (2006), 763-770.

[12] O. Duman, M. A. Ozarslan, O. Dogru, On integral type generalizations of positive linear
operators, Studia Math. 174 (2006), 1-12.



502 George A. Anastassiou and Oktay Duman

[13] E. Erkus, O. Duman, A Korovkin type approzimation theorem in statistical sense, Studia
Sci. Math. Hungar. 43 (2006), 285-294.

[14] H. Fast, Sur la convergence statistique, Colloq. Math. 2 (1951), 241-244.

[15] A. R. Freedman, J. J. Sember, Densities and summability, Pacific J. Math. 95 (1981),
293-305.

[16] S. G. Gal, Degree of approximation of continuous functions by some singular integrals,
Rev. Anal. Numér. Théor. Approx. (Cluj) 27 (1998), 251-261.

[17] G. H. Hardy, Divergent Series, Oxford Univ. Press, London, 1949.



