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Abstract. A common coupled fixed point theorem supported with an illustrative example,
and a related problem of existence of solution of system of Fredhlom type integral equations,
are presented for two mappings, which satisfy mixed weakly monotone property in a partially

ordered b-metric space.

1. INTRODUCTION

Let Y be a nonempty set and ps : ¥ X Y — R such that

(bsl) ps(z,y) >0 for all z,y € X with ps(z,y) =0iff x =y,
(bs2) ps(w,y) = ps(y,z) for all w,y € X |

(bs3) ps(z,y) < s[ps(z,y) + ps(y, z)] for all z,y € X and s > 1.

Bakthin [1] introduced ps as a b-metric on Y, and the pair (Y, ps) denotes a
b-metric space with constant s. If (Y, <) is a partially ordered set, the triad
(Y, ps, <) gives a partially ordered b-metric space. The completeness and con-
vergence in a partially ordered b-metric space is similar to those in a b-metric
space [7] . In establishing the existence and uniqueness of solution of periodic
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boundary value problems, Bhaskar and Lakshmikantham [2] introduced mized
monotone mappings in partially ordered metric space as given below:

Definition 1.1. Let (Y, <) be a partially ordered set. A a mapping S :
Y XY — Y is said to have mixed monotone property, if

(a) z1,29 € Y 1 <29 = S(21,Y) < S(22,9),

(b) yi,y2 € Yoy1 <ya= S(x,y1) > S(z,y2) for all z,y € Y.

Definition 1.2. Let (Y, <) be a partially ordered set. A pair (S,T") of map-
pings S : Y XY - Yand T : Y XY — Y is said to have mized weakly
monotone property, if for all z,y € Y,
(a) < S(z,y),S(y,2) <y = Sx,y) < T(S(,y),5(y,2)),S(y,z) =
T(S(y,x), S(x,y)),
(b) z < T(x,9),T(y, ) <y = T(x,y) < S(T(x,y),T(y,x)), T(y,x) =
S(T(y,x), T(z,y)).

Let (Y,d) be a metric space. An element (z,y) € Y x Y is said to be a
coupled fixed point [4, 7] of a mapping f : Y xY — Y, if f(z,y) = x and
f(y,z) =y. While, (x,y) € Y XY is a common coupled fixed point [3, 4, 5] of
mappings f: Y XY - Yandg: Y xY =Y, if x = g(z,y) = f(x,y) and
y =9y, z) = fy,x).

In this paper, we prove a common coupled fixed point theorem, supported
by an illustrative example, and present a problem of existence of solution of
system of Fredhlom type integral equations, for a pair of mappings, which
satisfy mixed weakly monotone property in partially ordered b-metric space.

2. MAIN RESULTS

Lemma 2.1. ([6]) Let (Y, ps) be a b-metric space. Then'Y XY is a b-metric
space endowed with b-metric pg as follows:

pa((2,y), (u,0)) = ps(2,y) + ps(u, v). (2.1)

Theorem 2.2. Let (Y, ps, <) be a partially ordered complete b-metric space
with constant s > 1 and mappings S,T :' Y xY — Y have weakly mixed
monotone property on Y . Suppose that there exists k € [0,1/4s) such that

pa(S(2,y). T(u,v)) < kmax { 1+ pdﬁp?(,(fg: z(/i f)()y, o))
pa((u,v), (T'(u,v), T (v,u))), pal(x,y), (u,v)),

pd((xa Z/)7 (S({L‘, y)? S(y7 1‘))) + pd((u7 'U), (T(u7 'U), T(U7 'LL))),

pa((u, ), (S(2,9),5(y,2))) + pa((2,y), (T (u, v), T (v, U)))}

(2.2)
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forall z,y,u,v €Y with x < wu, y > v and pq is given by (2.1). Also, suppose
that xg,yo € Y such that

zo < S(20,%0) and yo > S(yo, vo)

or
zo < T'(z0,y0) and yo > T (yo, zo).

If S or T is continuous, then S and T have a common coupled fixed point.

Proof. Let (xo,y0) € Y x Y. Define (2,)° 1, (yn)52; C Y by:

Ton41 = S(T2n:Y2n), Yont1 = S(Z2n, Yon),

Tony2 = T(T2n41,Y2nt1)s Yont2 = T(Z2ns1, Y2ns1) for n > 1.

Since S and 7" have weakly mixed monotone property, we have

T(S(w0,y0),S(yo,0)) = T'(x1,91) = v2 = 71 < T2,
S(T(fﬂlvyl)aT(yl,xl)) = 5(902,3/2) =x3 = 12 < T3.

> T(S(yo0,%0),S(x0,y0)) = T(y1,21) = Y2 = Y1 > Yo,
y2 =T (y1,21) > S(T(y1,21), T(x1,91)) = S(y2, x2) = 3 = Y2 > ¥3.

By induction, g < 21 < a9 <x3<--- and yg > y1 > y2 > y3 > --- . That is,
()02 is increasing, while (y,,)2° is decreasing.

Now using (2.2), we get

Ps(T2n+1, Tant2) = ps(S(T2n, Y2n ), T(T2n+1, Y2n+1))
L+ pa((T2n, y2n), (S(T2n, Y2n), S(Y2n, Tan)))
L+ pa((T2n, Yan)s (T2n+1, Y2n+1))
pa((T2n+1, Y2n+1)s (T(T2041, Y2n+1)s T (Y2041, T2n+1))),
pd((T2n,Y2n), (T2n41, Y2n+1)),
pd((T2n, Y2n), (S(T2n: Y2n), S(Y2n, T2n)))
+ pa((z2n+1, yan+1), (T(T2n+1, Y2n+1), T(Y2n+1, T2nt1))),
Pa((Z2n+1, Y2n+1), (S(T2n, Y2n), S(Y2n, T2n)))

< kmax{

+ pa((2n, Y2n)s (T (T2n41, Yont1), T (Y2n+t1, x2n+1)))}
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< oo palran, v, (oamin n2) + oz ) (o1, ).
pa((T2ns Y2n)s (T2n+1, Y2n+1)) + pa((T2n+1, Y2n+1)s (T2n+2, Y2n+2)),
s[pa((T2ns Y2n), (T2n+41, Yon+1)) + pa((T2n41: Y2nt1), (T2n+2, an+2))]}
< ks[pa((z2n; y2n), (T2n41, Y2n+1)) + pa((Z2n+1, Y2nt1), (T2nt2, Yon+2))]

or

ps(Tant1, Tant2) < ksld(xon, Tant1) + d(Yon, Y2nt1)
+ d(on41, Tant2) + A(Yont+1, Y2n+2))- (2.3)

Similarly, we have

Ps(Yan+1, Y2n+2) = ps(S(Yan, T2n), T (Y2n+1, T2n+t1))

1+ pa((y2n, z2n), (Yont1, T2n+1))

((Y2n+15 T2n+1),s (Y2n+2, T2nt2)),
((y2n; T2n), (Y2n+1; T2nt1)),
pd((Y2ns Tan); (Y2n+1, T2n+1))

+ pa((Y2n+1; Tant1); (Y2n+2, Tant2)),
pa((Y2n+1, T2n+1)s (Y2n+1, Tant1))

Pd
Pd

+ pa((y2n, T2n), (Yon+2, $2n+2))}

< ks[pa((y2n, T2n), (Y2n+1, T2n+1))
+ pa((Y2n+1, Tant1)s (Yon+2, Tan+2))]

or

ps(y2n+1; y2n+2) < kS[Ps(@n, x2n+1) + ps(ana y2n+1)
+ ps(@oant1, Tant2) + Ps(Yont1, Yon+2)]- (2.4)

Adding (2.3) and (2.4) and then simplifying, we get
Ps(Tont1, Tant2) + ps(Y2nt1, Yan+2) < c[ps(Tan, Tant1) + ps(Y2n, Y2nt1)], (2.5)

where ¢ = 2ks/(1 — 2ks). The choice of k implies that 0 < ¢ < 1. Again by
(22),
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Ps (x2n+2a x2n+3)
= ps(T(2n+1, Y2n+1), S(T2n+2, Y2n+2))
< kmax { 1+ pa((z2n+1, Yon+1), (T(x2n+1, Y2n+1), T(Y2n+1, Tont1)))
1+ pa((2n+1, Y2n+1) (T2n42, Yon+2))
Ton+2, Yon+2)s (S(T2n+2, Yant2), S(Yan+2, Tant2))),

)

pa((

pa((T2n+1: Y2nt1), (T2nt2, Yan+2)),

Pa((T2n+1, Y2n+1)s (T (X2n41, Y2n+1), T (Y2n41, T2n41)))

+ pa((T2n+2, Yan+2), (S(T2n+2, Y2n+2), S (Y2n+2, Tant2))),
pa((T2n+1, Y2n+1), (S(T2nt2, Yon+2), S(Y2n+2, T2n+1)))

+ pa((z2n+2, Y2n+2), (T (22041, Y2nt1), T (Y2n+1, x2n+1)))}

— kmax { 1+ pa((T2nt1, Y2n+1), (Tont2, Yon+2)) ’
1+ pa((z2n+1; Y2nt1); (T2n+2, Yont2))

((

((

pa((T2n+1, Y2n+1)s (T2n+2, Y2n+2))

+ pa((T2n+2, Y2n+2), (T2n+3, Y2n+3)),

Pd((T2n+1, Y2nt1),s (L2043, Y2n+3))

pd((Zan+2, Y2nt2), (T2n+3, Yon+3)),
pd((Z2n+1, Y2nt1), (T2nt2, Yont2)),

+ pa((T2n+2: Yon+2), (T2n+2, Yont2)) }

< kmax {pd((w2n+1, Yon+1), (T2n+2, Yont2))

+ pa((T2n+2: Yon+2); (T2n+3, Y2n+3)),
Pa((Z2n+1, Y2n+1), (T2n+2, Yon+2))

+ pa((T2n+2: Yon+2); (T2n+3, Y2n+3)),
s[pa((T2nt1, Y2nt1)s (Tant2, Yont2))

+ pa((2nt2, Yoant2), (T2n+3, y2n+3))]}

375

< ks[pd((l“znﬂ, y2n+1), (902n+2, y2n+2)) + pd((962n+2, y2n+2)7 ($2n+3, y2n+3))]

or

ps(Tant2, Tant3) < ks[ps(Ton+1, Toant2) + ps(Yon+1, Y2n+2)

+ ps(@on+2, Tant3) + Ps(Yan+2, Y2n+t3)]-

(2.6)
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Similarly,
ps(y2n+2a an+3) < k‘S[PS(@nH, $2n+2) + Ps(y2n+17 y2n+2)
+ ps(Tan+2, Tants) + ps(Yont2, Yon+3)]- (2.7)
Adding (2.6) and (2.7),

Ps(Tant2, Tan+3) +Ps(Yan+2, Yonts) < clps(Tan+1, Tant2) +0s(Yon+1, Yon+2)]-
(2.8)

From (2.5) and (2.8),

Ps(Tont2, on+3) + ps(Yont2, Yont3) < los(Tan, Tont1) + ps(Yon, Yont1)]-
(2.9)

Continuning in this process, we obtain

Ps(Tant1, Tant2) + Ps(Yan+t1, Yant2) < cps(@an, Tant1) + ps(Y2n, Yant1)]
< Aps(zan—2, Tan—1) + ps(Y2n—2, Yon—1)]
< Pps(Tan—a, Ton—3) + ps(Y2n—1, Yon—3)]

< 62n+1-[ps($0,901) + ps (Yo, y1)]
and
ps(Tan+42, Tant3) + ps(Yant2, Yont3) < clps(Tant1, Toant2) + ps(Yon+1, Yont2)]
< A2 pg(wo, 1) + ps (Yo, y1)]

for n > 1.
Now, for all m,n > 1 with n < m, we have

Ps(Tont1, Tam+1) + Ps(Yont1, Y2m+1)
< slps(zont1, Tan+2) + ps(T2nt2, Yoam+1)]
+ 8[ps(Y2n+1: Yant2) + Ps(Y2n+2, Yom+1)]
< slps(zant1, Tan+2) + ps(Yon+1, Yon+2)]
+ 5°[ps(Tant2, Tant3) + Ps(Yant2, Yants)]
+ 8*[ps(Tan 43, Tam41) + ps(Y2nt3, Yam+1)]
< s pg (o, 21) + ps(yo, y1)]
+ 522 pg(w0, 1) + ps (Yo, 1))
+ oo 2T 2 (0, 1) + ps(Yo, y1)]
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< 5P 1 4 (es) + (e5)? + (c5)® 4 ... + (es)?™ 7201

X [Ps(l'o,ﬂ?l) + ps(yanl)]
802n+1
< T lps(@o,z1) + ps(yo, yn)]

Similarly,
SCQn
ps(@2n T2m1) + Ps(Y2n, Yome1) < 7 [ps(@o0, 21) + ps(yo, y1)l,
862n
,03(552717 x2m) + ,03(3/271, y2m) < 1—cs [ps(an ml) + ps(QOa yl)]a

2n+1
SC
ps($2n+1a me) + ps(y2n+1> y2m) < 1—cs [Ps(wo, xl) + ps(y0> yl)]

Hence for all m,n > 1 with n < m, we see that

CTL

Ps(ﬁUm «Tf'm) + ps(ynv ym) <

S T Ps(@os@n) + ps(yo, yi)].

Since 0 < ¢ < 1, ps(n, Tm) + ps(Yn,Ym) — 0 as n — oo, which implies that

ps(Tn, Tm) — 0 and ps(Yn,Ym) — 0 as m,n — oco. This means that (x,)5°,

and (yn)o2, are Cauchy sequences in complete Y, so there exist z,y € Y such
that z,, =& x and y,, — y as n — oo.

First, suppose that S is continuous. Then
T = nh_)rglo Topt1 = nh_)rglo S(zan, yo2n) = S(x,y)
and
y = lim yo,p1 = lim S(yon, x2n) = S(y, x),
n—oo n—oo

which imply that (z,y) is a coupled fixed point of S.
Using (2.2) with v = x and v = y, we have

ps(S(z,y), T(x,y))

1+pd((x,y),(S(x,y),S(y,x)))
< kmax{ Pl DS (). (7). T ),

pa((z,y), (x,v)), [pa((z,y)(S(x,y), S(y,z)))
+ pa((z,y)(T(z,y), T(y,x)))],

[pa((z,y)(S(x,y), S(y,2))) + pal(z,y)(T(z,y), T(y, ﬂf)))]}
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= kmax 1+pd((x,y),(w,y)) 2 " "
=k {1+pd((x,y),(m,y)) Xpd(( 7y)>(T( ay)vT(y7 )))7

pa((2,y), (x,9)) + pa((z,y), (T(z,y), T(y, x))),

[pa((z,y), (z,9)) + pa(z,y)(T(z, y)aT(y,m)))]}

ps(x, T(z,y)) <k pa((2, ), (T(2,y), T(y,x)))- (2.10)
Similarly, we can get
ps(y, T(y,x)) <k pa((y,z), (T(y,z), T(z,y))). (2.11)

From (2.10) and (2.11)

ps (@, T(2,y)) + ps(x, T(2,y))
<k [pa((z,y), (T(z,y), T(y, =) + pa((z,y), (T(z,y),T(y, z)))]
= 2kps(z, T(x,y)) + ps(y, T(y, ))];
which implies that ps(z, T(z,y)) = 0 and ps(y, T(y,x)) = 0, since k < 1/2.

That is, (z,y) is a coupled fixed point of T', and henceit is a common coupled
fixed point of S and T. O

The following example illustrates Theorem 2.2.

Example 2.3. Let Y = R. Define py : Y XY — [0,00) by ps(z,y) = |z —y[?,
where s = 2. Clearly, (Y, ps, <) is a partially orderded complete b-metric
space. Set S(z,y) = w and T'(z,y) = %?44. Then the pair (S,T")
satisfies mixed weakly monotone property. Now

ps(S(% y)v T(uv U)))
S(x,y) = T(u,v)|* =

6x—3y+33  8u—4v+44 2
36 48

< (Le—ul+ Ly —v)’ < Sz —ul + |y — o))’
Lz —ul +ly —of*) = Klos(@,uw) + ps(y,v)]
= L pal(z,y), (u,))

S k max { 1+pd((I,y)(S(%yifﬁ(}?;(l('iggégfgﬁ)7(T(U7U)7T(Uau)) ) pd((‘ra y) (u7 U))a
[pd((.%', y)(S(xa y)v S(ya .%'))) + pd((“? U)(T(uv v)? T(Uv u)))]v

[pa((u, v)(S(x,y), S(y, ) + pd((fv,y)(T(u,v),T(U,U)))]}-

IN
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where k£ = 1/18. Note that 0 < k < 1/4s for s = 2. Thus all the conditions of
Theorem 2.2 are satisfied. Therefore, S and T have a common coupled fixed
point, namely (1,1).

Remark 2.4. If Y is a totally ordered set, then common coupled fixed point
of S and T in Theorem 2.2 is unique. In fact, suppose that (p,q) is another
common coupled fixed point of S and T'. That is, S(p,q) = p, S(¢q,p) = ¢ and
T(p,q) =p,T(q,p) = q. Now, using (2.2), we get

ps(z,p) + ps(y,q)

= ps(S(z,v),T(p,q)) + ps(S(y,x),T(q,p))

L pal(2.)(S(2) S0 pal(p:0) (T p0) T (ap)
< kmax { Gy (@),

[pa((x, ), (S(x,9), S(y, x))) + pal(p, 0), (T(p, )7

T(q
[pa((p,9), (S(x,y), Sy, x))) + pa((z,y), (T(p,9), T (g, p
x)

1+pa((y,2),(S(y,7),S(x,y))) pal(q,p),(T(g,p),T(
R T i

[pa((y, 2)(S(y, ), S(x,9))) + pa((g, )(T(qp) T(q,p)

[pa((g;p), (S(y, ), S(x,9))) + pa((y, ), (T(g,p), T(p,q))]}
= 2k[pa((p, 9), (%, y)) + pa((z,y), (P, 9))]
= [d(z,p) + d(y, q)

or

(1 —4k)(ps(z,p) + ps(y,q)) < 0.

Since k < 1/4 for s > 1, it follows that ps(z,p) + ps(y,q) = 0, which in turn
implies that x = p and y = ¢. Thus common coupled fixed point of S and T
is unique.

Taking S =T and s = 1 in the Theorem 2.2, we get

Corollary 2.5. Suppose that (Y, ps, <) is a partially ordered complete b-metric
space with constant s =1 and T :' Y XY — Y is a mapping which has a mized
monotone property on'Y and there exists k € [0,1/4) such that

ps(T'(,y), T(u, v))

S k max { 1+pd((m7y)7(T(x’yl)ﬂj(,fx)?;)p((ﬁ’(;;’)v)7(T(u’v)7T(v’U)) , pd((x7 y), (’U,, U))

[Pd((fL’,y), (T(m,y),T(y, x))) + pd((u’ U)? (T( )7T
[pa(u, ), (T(2,9),T(y,2))) + pal(z,y), (T(u,v),T(v,u)))]}
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for all x,y,u,v € Y with x < u, y > v, and pa((z,y), (u,v)) = ps(z,y) +
ps(u,v). Let xg and xo be any two elements in'Y such that xo < T'(xg,y0) and
yo > T'(yo, o). If T is continuous, then T has a coupled fixed point.

3. AN APPLICATION TO SYSTEM OF FREDOLOM TYPE INTEGRAL EQUATIONS

Consider the following system of Fredholom type integral equations:
b
fw) =q(w) +/ Aw, )[T1(t, f(t) + Ta(t, g(t))]dt, (3.1)

b
mw:«m+/Amﬁmmmm+n@ﬂmw.

Let Y = C([a,b],R) be the class of all real valued continuous functions on
[a, b]. Define ps(f, g) = max{|f(w) — g(w)| /w € [a,b]} and the partial ordered
relation on Y as

f<ge flw) <g(w) forall f,g €Y and w € [a,b]. (3.2)

Then (Y, ps, <) is a partially orderded complete metric space. We make the
the following assumptions:
(a) The mappings 77 : [a,b] x R = R, Ty : [a,b] x R = Ryq : [a,b] = R
and A : [a,b] x R — [0,00) are continuous,
(b) There exists ¢ > 0 and k € [0,1/4) such that
0 <Ti(w,y) — Ti(w,z) < ck(y — z),
0 < To(w,z) — Ta(w,y) < ck(y — )
for all x,y € R with y > 2 and w € [a, b],
(c) cmax{f; Mw, t)dt : w € [a,b]} <1,
(d) There exists ug and vy in Y such that

b
up(w) > q(w) +/ Mw, )[T1(t, up(t)) + Ta(t, vo(t))]dt,

b
vo(w) < q(w) +/ Mw, t)[T1(t,v(t)) + Ta(t, uo(t))]dt.

Then the system (3.1) has a solution in ¥ x Y.
To achieve this, define T: Y xY — Y as

b
ﬂﬁmm:am+/Amﬁmmﬂm+nmmmw

for all f,g € Y and w € [a, b]. Then, using condition (b), it can be shown that
T has mixed monotone property.
Now for x,y,u,v € Y with x > u and y < v,



Common coupled fixed point 381

ps(T(z,y), T (u,v))
= max{|T(z,y)(w) — T(u,v)(w)| /w € [a,b]}

—max{] [ "N, 01T (,2(6) + Tt (0
- /ab)\(w,t)[Tl(t,u(t)) + Dot o(t))]dt]fw € [a,b]}
< chmax { /ab (t) — u()] [Aw, £)] dt
+ [ "9(0) — oO1 A, O] dtw € [a )
< ko { o) = u(w)] /u € a6} + maxyw) ~ o(w)] /o € ot}

b
- cmax{ ) IAN(w, t)|dt/w € a, b]}
< kmax{|z(w) — u(w)| /w € [a,b]} + max{|y(w) — v(w)| /w € [a,b]}
= klps((z, u) + (y,v))]
= klpa((z,y), (u,v))]
ps(T(z,y), T(u,v))
1+ pa((z,y), (T(z,y), T(y,2)))pa((u, v), (T'(u,v), T (v, u))
L+ pa((z,y), (v, v))
pa((x,y), (u,v)),
[pa((u,v), (T(z,y), T(y,x))) + pa((z,y), (T'(u,v), T (v,u))],

pal (), (T 9), Ty, 2))) + pal(us o), (T, v>,T<v,u>>]}.

Hence all the conditions of Corollary 2.5 are satisfied. Therefore, T" has a
coupled fixed point in Y x Y. In other words, the system (3.1) of Fredhelom
type integral equations has a solution in ¥ x Y.

)

< kmax{
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