Nonlinear Functional Analysis and Applications

Vol. 25, No. 3 (2020), pp. 437-451

ISSN: 1229-1595(print), 2466-0973(online) “
cHF A

https://doi.org/10.22771 /nfaa.2020.25.03.03
http://nfaa.kyungnam.ac.kr/journal-nfaa
Copyright © 2020 Kyungnam University Press

KUPress

PROXIMAL-LIKE SUBGRADIENT METHODS FOR
SOLVING MULTI-VALUED VARIATIONAL
INEQUALITIES

P. N. Anh', H. T. C. Thach? and Jong Kyu Kim?

1Department of Mathematics
Posts and Telecommunications Institute of Technology, Vietnam
e-mail: anhpn@ptit.edu.vn

2Department of Mathematics
University of Transport Technology, Vietnam
e-mail: thachhtc@utt.edu.vn

3Depalrtment Mathematics Education, Kyungnam University
Changwon, Gyeongnam, 51767, Korea
e-mail: jongkyuk@kyungnam.ac.kr

Abstract. In this paper, we propose and analyze the convergence of a new algorithm for
solving monotone and Lipschitz continuous multi-valued variational inequalities by using
proximal operator. By choosing suitable parameters of proximal steps and of subgradient
stepsizes, we show that the convergence of the algorithm does not require the prior knowledge

of Lipschitz continuous constant of cost operator.

1. INTRODUCTION

Let C' be a nonempty, closed and convex subset of a finite dimensional
vector space R®. Let F': R® — 2®° be a multi-valued mapping and ¢g : C —
R U {+c0} be a convex function.
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We consider a problem of the multi-valued generalized variational inequal-
ities in a general form: Find z* € C,w* € F(z*) such that

(w*,x —z*) + g(x) — g(z*) >0, VzeC. (1.1)

As usual, F' is said to be a cost operator. In the case F is single-valued,
Problem (1.1) is the well-known general variational inequality problem, shortly
VI(C,F,g), which is an interesting problem of nonlinear analysis [3, 6, 7, 15,
28, 34).

Let g : C' — R be proper, convex and lower semicontinuous. The proximal
mapping of g with parameter A > 0 on C' is formulated as follows:

) 1
proxyg(y) = argmin {/\g(a:) + iHy —z|?:z € C} .
An application of the proximal mapping is to solve the problem

min{ f1(z) + fo(x) : x € C},
where f1 : R® — R U {400} is differentiable and convex, and fy : R®* — R U
{400} is proper, convex and lower semicontinuous. Under the restriction that
V f1 is L—Lipschitz continuous, one of the most simple methods for solving
this problem is the proximal gradient method as the follows:

ot = Proxy, f, k- MV fi (xk) ,

L
The variational inequality theory is an important tool in studying a wide

class of obstacle of solution methods for equilibrium problems, mathematical
programs with equilibrium constraints arising in several branches of pure and
applied sciences [22, 29, 30]. Several numerical methods have been developed
for solving multi-valued mixed variational inequalities and related optimization
problems, see [11, 21, 33] and the references therein.

In the case ¢ = 0, a popular solution method for solving the variational
inequalities VI(C, F, g) is the proximal method. Set h(x,y) = (F(x),y — x).
The iteration sequence of the method is defined by a projection

" = Pro(a® — AF(2F)),

where Pr¢ is the metric projection onto C'. Otherwise, it is well known that
the method is only convergent in the case that the cost operator F' is strongly
monotone and Lipschitz continuous. In general, it is not convergent for mono-
tone variational inequalities. In order to avoid the hypothesis of the strongly
monotonicity of F', the extragradient method is first introduced by Korpelevich
in [23] and Antipin et al. later in [1, 2], which is extended to pseudomono-
tone and Lipschitz continuous variational inequalities for a finite dimensional
vector space. The iteration sequence {2*} is defined by

where \; € (1, 3).
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y* = Pro(a? — AF(2%)),
oF = Pro(af — AF(yb)).
However, the extragradient method requires computing two proximal points,
which is computational expensive costs except when C' has a special structure.
In 2011, in order to avoid the efforts for the second proximal point, Censor
et al. [12] proposed the subgradient extragradient method in a real Hilbert
space H, in here the second proximal point is given by a specific form which
is a projection onto a half-space T. The iterative sequence is defined as the
following;:

y* = Pro(af — AF(24)),
T, = {w € H: (zF — \F(2F) — ¥ w — y¥) <0}, (1.2)
oFHl = Pro, [2F — AF(2F)],

where A > 0. Under the main assumption that the cost operator F' is pseu-
domonotone and Lipschitz continuous on C, the sequence {a:k} strongly con-
verges to a solution of VI(C, F) in H.

In [26], Malitsky introduced a proximal extrapolated gradient method for
solving monotone and Lipschitz continuous problem VI(C, F, g) in R®. In this
method, the main step is given as follows:

{yk :xk+Tk(xk _xk_1)7 (13)

ah = proxy, ¢ (zF — A\ F (yF)),

where parameters 7, A\; and y* are defined from local properties of F(y¥).
Inspired of the subgradient method of Malitsky [26], Cho et al. in [16] intro-
duced a more general version of process (1.3) for solving the problem of finding
a common point of the equilibrium problem and the fixed point problem in
RS,

Recently, Anh and Hieu in [3] proposed a multi-step proximal method for
solving the equilibrium problem: Find x € C such that

flz,y) >0, YyedC, (1.4)

where f: C x C — R.

One is a variant of the gradient-type projection method and the proximal
method in a real Hilbert space H. They established sufficient conditions for
the convergence of the proposed methods and derived a new estimate of the



440 P. N. Anh, H. T. C. Thach and J. K. Kim

rates of the convergence. The iteration sequence is given by the form:

Yk = prox/\kf(xh,)(xk),
2k = pTO.’Ikaf(yk,.)(yk),
th = pro:cpkf(zh,)(:nk),
2R = apaf + (1 — o)t

where {A\;} C (0,1),{pr} C (0,1) and {a}} C (0,1). Under pseudomonotone
and Lipschitz-type continuous assumptions of the bifunction f, the sequence
{x*} definded by (1.5) strongly converges to a solution 2* € C of (1.4). There
are several modifications of the proximal method for solving quasivariational
inequalities, equilibrium problem, fixed point problems and other related prob-
lems; see for instance [20, 24, 25, 31, 35].

Motivated by ideas of the proximal extrapolated gradient methods (1.3)
of Malitsky, the contraction and projection method of Dong et al. in [16],
and the proximal methods in [4, 5], our interest in this paper is to propose
a proximal-like subgradient algorithm and obtain its convergence for solving
Problem (1.1), when F' is monotone and Lipschitz continuous.

Comparing with current methods such as the relaxed proximal point meth-
ods of Huebner and Tichatschke in [19], the proximal method of Cholamjiak
and Cholamjiak [14] and other [8], the fundamental difference here is that, our
algorithm is very simple, only requires one proximal-like step without strongly
monotone assumptions of the cost operator, where Lipschitz continuous con-
stant can be known or unknown.

The paper is organized as follows. In the next section, we present some lem-
mas which will be used in the main results. In Section 3, we give a proximal-like
subgradient algorithm for solving Problem (1.1) and the proof of its conver-
gence. Section 4 is devoted to an ergodic rate of convergence of the iteration
sequence by using the gap function for multi-valued mixed variational inequal-
ities.

(1.5)

2. PRELIMINARIES

Let C' be a nonempty, closed and convex subset of R®. For each = €
R?, there exists a unique solution of the strongly convex quadratic problem,
denoted by Pro(z),

min { ||z —y||*:y € C}.
Prc is usually called the metric projection onto C. It is easy to see that
y = Pro(z) if and only if (v — y,x —y) < 0 for all v € C. An important
property of Prg is 1-inverse strongly monotone on R?, i.e.,

1Pro(z) — Pre(y)l” < (Pro(z) — Pre(y),x —y), Vo,y € R®.
A mapping F : C — 2’ is said to be
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(i) strongly monotone with constant g > 0, if
(wy —wy,x —y) > Bllz —y||* Vr,y € C,w, € F(x),w, € F(y);
(ii) monotone, if
(05— wyx — ) >0 Y.y € Cowy € F(a)wy € F(y).
Note that the Hausdorff distance of two sets A and B is defined as
p(A, B) := max{d(A, B),d(B,A)},
where d(A, B) := 22%212 la —b|| and d(B,.A) := igg;gﬁ\ la — b]|.

Let T : C — 2R°. As usual, T is said to be Lipschitz continuous on C with
constant L > 0 if

p(T(x), T(y)) < Lllz —yl, Va,yeC.

In the case L € (0,1), the mapping T is said to be contractive with constant
Lon C.

To investigate the convergence of our algorithms, we recall the following
technical lemmas which will be used in the sequel.

Lemma 2.1. ([13], Lemma 2.1) Let {ay}, {bx} and {cx} be three sequences of
nonnegative real numbers satisfying the inequality

ag+1 < (1 +bg)ag + cx, Vk > ko,

for some integer ko > 1, where Y732, by < oo and Y22, cp < oo. Then,
limy 00 ag exists. In addition, if {ar} has a subsequence which converges to
zero, then limy_, o arp = 0.

Lemma 2.2. ([10], Lemma 2.39) Let {z*} be a sequence in a real Hilbert
space H and let C be a nonempty subset of H. Suppose that, for every x € C,
{l|lz* — z||} converges and that every weak sequential cluster point of {x*}
belongs to C. Then, {x*} converges weakly to a point in C.

3. PROXIMAL-LIKE SUBGRADIENT ALGORITHM

In this section, we introduce a new iteration algorithm and present its con-
vergence which is called proximal-like subgradient algorithm.

We assume that the cost operator F' is monotone and Lipschitz continuous
with constant L > 0 in R®. Note that the subdifferential dg(z) of g at x € C
is defined by

dg(x) == {ws € R* : g(y) — g(x) > (we,y — x) Yy € R°}.
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Algorithm 3.1. Now we construct an algorithm as follows:

Step 0. Let the initial point 2° € R*. Parameters L, \, and vy satisfy the
following restrictions:

— o]
a€(0,1), L>L, 0<X <1, > M <o,
k=0 (3.1)
0 < <2, 0<liminfyg, <limsupy, < 2.
k—o0

k—00
Step 1. (k=0,1,...) Take u* € F(z*). Compute
y’C = prom\kg(xk — )\kuk).
If y* = x* then stop. Otherwise, go to Step 2.
Step 2. Choose v* € F(y*) such that ||uf —o*|| < L||z* — 4"

k+1

2" = ah — ypppd®,

where d* = ¥ — yF — A\ (u¥ — %) and pp = Hd%HQ (xF — ¥ d¥y. Set k:=Fk+1

and return to Step 1.

Remark 3.2. (i) If d* = 0 then
2% = ¥l = Axllu® = oF || < ApLlj2® — .
Using this and A\, < %, we have
(1= ML)||lz* —oF | < 0= 2F =y~
Thus, we also observe that d¥ # 0 and parameter pj, of Step 2 is defined.

(ii) For each u* € F(x*). Set u* = PrF(yk)(uk). By the Lipschitz continuity
of F,

lu* —a*|| = d[u®, F(y")] < p[F ("), F(y*)] < Lllz* — y*|| < Lll2* — |-

Thus, after taking u* € F(2*) there exists v* € F(y*) of Step 2 such that

ok = gk,

Lemma 3.3. From the Algorithm 3.1, we have the following inequality.

1— ML
Pk > —— 55 VEk2>0.
14 A2L2
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Proof. Since the assumption F is L—Lipschitz continuous, L < L and the
Cauchy-Schwarz inequality, we get

¢k ::<$k o yk,dk>
=[|lz* — y* )12 = M (aF — yF, uF —oF)
>[la® =y |1? = Axlla® =y ||u” = "]
>(1 = N L) [la® =¥, (3.2)
From the monotonicity of F', it follows that
(WF — b, yF — 2y > 0
and hence
d*]* =la* — y* — A (u* —o*)|?
= — B IP  ARt — H? — 2A (o, o)
<lla® — 1+ Nl — o
<(1+ N L2)* = "2,
Combining this and (3.2), we get the claim of Lemma 3.3 that
1
Pk = W¢k
S 1
~ [ld¥]? .
> - D T
1— AL
1+ X L%

(1= NeL)l|z* = *|1”

Lemma 3.4. Let (z*,w*) be a solution of Problem (1.1). Then,
2 — 2|12 < [la® — 2P — 2009(2 — k) dn

and there exists the limit klirgo |lz* — y*|| = 0.

Proof. Definition of y* yields

yk = proa:,\kg(xk — /\kuk)

. 1
= argmin {Muk, y) + Mg(y) + 5Hy —aMP iy e C} :
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There exists ¢ € 0g(y*) such that
0e )\kuk + )\kfk + yk — z* + Nc(yk),

where No(y*) = {w € R® : (w,y—"*) <0, Vy € C} is the outer normal cone
of C at y* € C. Then,

euF + X\ +yF =2k oy —yFy >0, wyec.
Taking z* € C, we get

)\k<£k’$* _ ykz> > <)\kuk + yk _ IEk,yk _ l'*>
From &% € 9g(y"), it follows that

Melg(@®) = g(F)] = Ae(€F, 2 — o).

Q

Therefore,
Aelg(z*) — g(y™)] = (" + y* — 2%, yF — 2¥). (3.3)
By the monotonicity of F, w* € F(z*) and vk e F(yk), we have
(Ao = Apw*, yP — 2*) > 0. (3.4)

Since (z*,w*) is a solution of Problem (1.1) and y* € C, we obtain

Mel(w*,y* = a*) + g(y*) — g(a™)] > 0. (3.5)
Adding three inequalities (3.3)-(3.5), we have
(dF,oF — %) = (aF — % — Nk + Mo,y — 27 > 0. (3.6)
This implies that

ka+1 _ .%*”2 — ”wk o — 'YkpkdkHz

= [la* — 2*|]” = 2ypr(a® — ¥, d*) + R pilld"|?
ok — 2|2 — 2y la® — o, dFY
— 2% (Y — 2%, d*) + A pilld"|)?
< ||z* — 2*|* = 2vkprdr + viprlld"|?
= [l2* — 2*|1 = 29(2 — W) i

So, ||z**! — z*|| < ||2* — 2*|| for all £ > 1 and there exists the limit

lim ||z% — 2% = ¢ < 0.
k—o0



Proximal-like subgradient methods for solving multi-valued variational inequalities 445

Using the conditions A; € (0, %), Lemma 3.3 and v, € (0,2), we obtain
lo* — a*|? — 2ttt — 2|2
29(2 = k) Pk

1+ ARL? k 2 k1 2
¥ — x| — |2 = 2|%). 3.7
S (et o | 2 (3.7
Combining (3.2) and(3.7), we obtain

o <

k2 Pk
_ < Tk
2" —y"|| ST
|4 A2L2 ) )
< = (2% — ¥ = ]zt — 2*)
2(1 = ML) (2 — i) o
<M(||lzF —z|? — [|z"+! — z*||?), (3.8)
1122

where M = sup,, {2( } € (0,00). Then, we have

1-Xe L)ve 2—vk) Pk

oo
ot =y P < M(|la" - 2P~ ) < o,
k=1

and hence limy,_,o ||z — y¥|| = 0. This completes the proof. O

Lemma 3.5. If the sequence {x*} is bounded, then every its convergent point
belongs to Q, where Q0 denotes the solution set of Problem (1.1).

Proof. Since {z*} is bounded, there exists a subsequence {z*} of {z*} which
converges to Z. Let Q : R® — 2% be defined by

0@) = {gj@:) *+09(a) + Ne(e), 2 Z c
Next, we show that Q71(0) C Q. Indeed, let # € Q=1(0) C C, i.e.,
0 € F(z)+ 09(&) + No (&)
or equivalently there exist wy € F(2) and wy € Jg(&) such that
(w1 +wy,x — ) >0, Voel.
Using the definition of wy € dg(&) that g(z) — g(Z) > (wa,x — &), we get
(wr,2 — )+ g(z) — g(z) >0, Vzel.

It means that & € Q.
On the other hand, it is well known to see that () is a maximal monotone
operator. Taking an arbitrary point (z,w;) € graph(Q) := {(z,y) € R*xR*:
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y € Q(z)}. Then, we get wy,—wp —wy € No(x), where wp € F(x),wy € dg(x)
and hence

(wy — wp — wg,z —y*) > 0. (3.9)
By the argument as (3.3) with Ay > 0, we also have
gk — o
g(z) — g(v") + <u"“ e yk> > 0. (3.10)
k

Replacing £ in (3.9) and (3.10) by k;, and using the monotonicity of F, we
obtain

<wx,x *yki> > <wF + Wy, , T *yki>
ki _ ki
e

7

= (wg;, @ — y*7) + (wp — u,x — y*) — g(2) + g(y*)

y () k;
< /\ki Y >

k; k;
y (R m 1 k:
> - 7,% - ‘ )
N < )\k'i Y >

where wgy, € 9g(y*') and the last inequality follows from the definition of wy,.
Let the limit as ¢ — oo, we have

(wy — 0,z —Z) >0, VxeC.
Since @ is maximal monotone, so € Q~1(0). The proof is complete. O

Theorem 3.6. Let {x*} and {y*} be the sequences generated by Algorithm
3.1. Let F : R® — 2% be monotone and Lipschitz continuous, and g : C — R

be convex. Then, the sequences {(z*,u*)} and {(y*,v*)} converge to a solution
(x*,u*) of Problem (1.1). Moreover,

¥ = lim Prq(z®).
k—ro0

Proof. Since Lemmas 2.2 and 3.5, we can suppose that {a:k} converges to
T € Q. Set

¢ = Prq (xk)
Then it follows from (3.8) that

[ — 2] < ||l2* - 2], VieQ.
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Thus, {2} is Fejér monotone with respect to € and hence the sequence {z*}
converges to some z* € (). Note that ) is convex when F' is monotone.
Otherwise, using the definition of Prg and € €2, we have

(z — %, 7% — 2F) > 0.
Letting the limit as k — oo, we get
(7 —a"2"—7) >0

and Z = r*. By Lemma 3.4, we have |z* —y*|| — 0 and y* — x*. In Algorithm
3.1, ||uF —o¥|| < L||z* — y¥|| — 0. Using the Lipschitz continuity of F', we get
that u* and v* converge to some point u* € F(x*). O

4. RATE OF CONVERGENCE

Now we consider the ergodic rate of convergence for the sequence {y*} for
Algorithm 3.1 via using the gap functions of Problem (1.1). There exist various
gap functions for variational inequalities that have been proposed and their
properties have been studied [10, 17]. Among them, the gap function

h(x) := max{(F(z),r —y) + g(x) — g(y) : y € dom(g)}

first introduced by Auslender [9], has the property that its minimum on C
coincides with a solution of Problem VI(C, F, g), and hence the problem can
be reformulated as the optimization problem

min{h(z) : z € C}.

Based on this idea, Marcotte [27] proposed a descent algorithm for monotone
variational inequalities, Taji and Fukushima [32] have proposed a new regu-
larized gap function and a descent method for solving Problem VI(C,F,g)
using the regularized gap function.

In the sequel, we suppose that C' C dom(g). Using the following error gap
function which also is said to be the dual gap function for Problem (1.1):

h(z,w,) = max{®(x,y) := (wy,y —x) + g(y) — g(x) : x € C},

where w, € F(z) and x € C. It is clear that for each z € C, ®(z,z) = 0, so
h(z,wy) > 0 for all w, € F(x).

Lemma 4.1. ([18]) Point z* € C is a solution of Problem (1.1) if and only if
z* € dom(g) and h(z*,w,=) = 0.

To show the rate of convergence of {y*}, we recall the following classical
lemma for its proofs we refer to [10].
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Lemma 4.2. Let g : R® — (—00,+0] be a convez function, x € R*. Then,
z = prozy(z) if and only if

(z =2y =2 29(2) —g(y), YyeR”

Theorem 4.3. Let {y*} be the sequence generated by Algorithm 3.1. For any
N > 1, define oy and g~ as

N | X
_ N k
ON = gl ey Y= on k§1 Ary”.

Then,
- KVM|z' — 27|
- MWN ’

— 1 AQEQ
where K := supy, { 14+ A2L2 ||y~ — a:||} and M = sup,, {(1—Aki;7Z(2—7k)pk} €
(0,00).

o(z,5")

Proof. Applying Lemma 4.2 for y* = prom\kg(xk — Mewh),
(yF — 2+ NeuF = oF) > Mg (0F) — Meg(z), Vo e RS
Hence we have
(W —a® 2w — ) = MW, yF — ) + 9(") — g(2)], Ve eR. (41)
Using (4.1), the convexity of g and the monotonicity of F', we have
(™) = (we, g™ — ) + 9 (7") — g(2)

1 & YA
=— > Melwa, " —2) + g (Z ky'“> — g(x)
k=1

_UN

=1 °N
1 1 &
<—> Mlwe, v* —2) + — > Mg(v*) — g(x)
IN =

N

>

k=1

LN
= Z Ne[(wa, yF — ) + (%) — g(2)]

k;l

>
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N N
1 1
<— Ne(wy — 08 yF —z) + — e (0P — P yF —
oy Do uhus =R =) 4 oS Mt~
N
k k k
+ — -z, T —
UNk§:1<y yo)

IN IN
N
1
=— > (=M(Wh —ob) + 2t~y b —a)
IN 3
LN
=— d¥ yF —
. k;( )

IN o
N
K
S— [Nk = yk|?
IN k=1

K
<= VNM|z' - 2|
ON

<K\/MHx1 — x|

T WN
where K := supy { 1+ )\%EQHyk - $||} and M = supy, {
(0, 00).

1422 L2 }
(1= L)?7(2—7k) P
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