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Abstract. In this paper, in a reflexive and strictly convex Banach space with a uniformly
Gateaux differentiable norm, we obtain the convergence theorems of the implicit iteration
process and the explicit iteration process for the nonexpansive semigroup. Our results im-

prove and generalize some previous results.

1. INTRODUCTION

It is well known that the theory of fixed points is an important and widely
used branch of nonlinear analysis. Perhaps the most well known result in the
theory of fixed points is Banach’s contraction mapping principle. One classical
method to study fixed points of nonexpansive mappings is to use contractions
to approximate directly or approximate by iterations nonexpansive mappings.

Let T': K — K be a nonexpansive mapping, for a fixed u € K and for each
t € (0,1), we define a contraction 7} : K — K by

Tix =tu+ (1 —t)Tx.
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Browder[2] proved that as t — 0 the fixed point z; of T} converges strongly to
a fixed point of T' in a Hilbert space. Reich[6] extended Browde’s theorem to
a uniformly smooth Banach space. Halpern[5] firstly introduced the explicit
iterative scheme
Tnt1 = apu+ (1 — ap)Txy,

in a Hilbert space and pointed out that the control conditions «;, — 0 and
>, = oo are necessary for the convergence of {z,} to a fixed point of T.
Wittmann[10], still in Hilbert space, obtained a strong convergence result for
the above iteration {x,} under an additional condition »_ |a, — apt1| < 0.
Shioji and Takahashi[9] extended Wittmann’s results to a uniformly convex
Banach space with a uniformly Géateaux differentiable norm. Xu Hongkun[12]
proposed the following viscosity iterative process

Tn+1 = anf(xn) + (1 - an)Txn

and proved that {z,} converges to a fixed point of T', where f : K — K is a
contractive mapping. In 2002, Suzuki[8] first introduced in Hilbert space the
implicit iteration process

T = apu~+ (1 —ap)Txy,

for the nonexpansive semigroup case and gived the strong convergence the-
orem. Benavides, Acedo and Xu[l], in a uniformly smooth Banach space,
showed that both the implicit iteration process and the explicit iteration pro-
cess
Tnt1 = apu+ (1 — ay)Tzy,

are strongly convergent under some conditions such as asymptotic regularity.

In 2005, Xu Hongkun[11] studied the strong convergence of the implicit
iteration process in a uniformly convex Banach space which admits a weakly
sequentially continuous duality mapping.

Recently, in a real reflexive Banach space with a weakly sequentially con-
tinuous duality mapping, Chen Rudong and He Huimin[4] investigated the
strong convergence of the implicit iteration process

T = anf(xn) + (1 — an)Tz,
and the explicit iteration process

Yn+1 = 5nf(yn) + (1 - 6n)Tyn

for the nonexpansive semigroup ¥, and proved that both the implicit iteration
process and the explicit iteration process converge strongly to a fixed point
p € F(S), which is the unique solution in F(S) to the following variational
inequality ((f — I)g, j(z —q)) < 0.

In this paper, we obtain the convergence theorems of the implicit iteration
process and the explicit iteration process for the nonexpansive semigroupa in
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a reflexive and strictly convex Banach space with a uniformly differentiable
norm, which improves and generalizes some previous results.

2. PRELIMINARIES

Let X be a reflexive Banach space, and K a closed convex subset of X. Let
T : K — K be a nonexpansive mapping. We denote by F(T') the set of fixed
point of T, i.e.,
FT)={re K:z="Tx}.

Definition 2.1. The set S = {T'(t) : t € [0,400)} is called a nonexpansive
semigroup on K, if the following condition one satisfied:

(1) ¥t € [0, +00), T(t) is a nonexpansive mapping of K into itself;

(2) T(0)x = z,Vz € K;

(3) T(s+t)=T(s)oT(t),Vs, t € RT;

(4) The mapping T(-)x : RT — K is continuous, for all v € X.

We denote by F(S) the set of common fixed point of S, i.e.,

F(S) =) F(T(t).
>0
A selfmapping f : K — K is called a contraction on K if there exists a
constant a € (0, 1) such that

1f (@) = fW)l < allz —yll,Ve,y € K,

where « is a contraction constant.
Let X be a real Banach space with dual X*. Let J : X — 2% denote the
mormalized duality mapping defined by

J@)={f e X" {z,f) = |lz|* = |fI"}, = € X.

Lemma 2.2. [9] Let X be a Banach space. Then
2]? +2(y, j(2)) < |z +yl* < 2] + 2y j(z +y)), Yo,y € X, (2.1)
where j(z) € J(@), j(z +y) € J(z + ).

Let S ={z € X : ||z|| = 1} denote the unit sphere of the Banach space X.
The space X is said to have a Gateaux differentiable norm if the limit
t —
exists for all z,y € S, and X is said to be smooth; X is said to have a uniformly
Gateaux differentiable norm if the limit (2.2) is attained uniformly for z € S.
Further, X is said to be uniformly smooth if the limit (2.2) exists uniformly
for (z,y) € S xS, and we call X have a uniformly Fréchet differentiable norm.

The space X is said to be strictly convex if
|| z+y
2

| <1,Va,yesS, z#y.
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The space X is said to be uniformly convex if there is 6. > 0, such that
I r+y

for each ¢ € (0,2] and z,y € S, [z — y|| > e. We know that if X is a
reflexive and strictly convex Banach space then it is uniformly convex, and if
X is an uniformly smooth Banach space then it is a reflexive Banach space
with a uniformly Gateaux differentiable norm. If X has a uniformly Gateaux
differentiable norm then the duality mapping J is strong-to-weak™ uniformly
continuous on bounded sets, and if X is uniformly smooth and only if the
duality mapping is strong-to-strong uniformly continuous.

We denote by LIM the Banach limit, where LIM € (I*°)*, ||LIM]|| = 1, and
liminf, . an, < LIMya, < limsup,,_.. an, LIMya, = LIM,ani1,{an}n €
*.

Let {z,,} C K be a bounded sequence, and g(z) = LIM,|z, — z||, z € K.
Then we have the following conclusion.

||<1_5a

Lemma 2.3. There exists xg € K such that g(zg) = miﬁ g(x).
Te

Proof. Since g(z) is bounded below, d = in}f(g(x) exists, and there is {z],} C
xre

K such that g(z],) — d,(n — 00). We denote A, = {z € X : g(z) < d+¢}
for each ¢ > 0. It is easy to see that A. is a nonempty closed convex set ,
moreover, x, € Ac if n large enough. Since X be reflexive, there exists 29 € X
and subset {7, } such that x7, converges weakly to zg. As A. is closed convex,
xo € Ag, d < g(x9) < d+ €. Since ¢ is arbitrary, g(xg) = d. That is,
9(z0) = min g(2). 0
reK
Lemma 2.4. Let X be a Banach space with a uniformly Gateauz differentiable
norm, K C X be nonempty closed and convez, and g(z) = mig g(x). Then
xe

LIM,(u— z,j(x, —2)) <0, for allu € K. (2.3)

Proof. Let C ={z:g(z) = mi}r{lg(m)}. From Lemma 2.2, we get
re

2 —ylI> = lzn — 2+ 2 = ylI> <z — 2[1> + 2(z =y, (20 — v)),
for z € C, y € K. Then
LIM |z, _y||2 < LIMy||zn — Z”2 +2LIMy(z — y,j(2n — y)),

hence
LIM,(z—vy,j(z, —y)) >0, Vy € K. (2.4)
We take y =tu+ (1 —t)z, 0 <t < 1, then
z—y=1t(z—u). (2.5)

From (2.4) and (2.5), we have
LIMn<t(z - u)?](xn —tu — (1 - t)Z)> > Oa
that is
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LIM,(z —u,j(xy, —tu—(1—1)z)) > 0. (2.6)

Let t — 0. From (2.4) and J is strong-weak™ continuous, we get
LIM,(z —u,j(x, — 2)) >0, Vu € K,
that is
LIM,(u— z,j(x, — 2)) <0, Vu € K.
This completes the proof. O

Lemma 2.5. [9] Assume {a,} is a sequence of nonnegative real numbers such
that

An+41 < (1 - ’Yn)an + 67"“ n > 07
where {yn} is a sequence in (0,1) and {0,} is a sequence in R such that

oo o0
J
(i) lim ~, = 0; (ii) Z’yn = oo; (iii) limsup — < 0 or Z |0n| < o0.
n—o00 ot n—oo Yn n—1

Then lim a, = 0.
n—oo

3. MAIN RESULTS

Firstly, we give the convergence theorems of the implicit iteration process
for the nonexpansive semigroup.

Theorem 3.1. Let X be a reflexive and strictly conver Banach space with a
uniformly Gateaux differentiable norm, and K be a nonempty closed convex
subset of X. Let § = {T(t) : t > 0} be a nonexpansive semigroup on K
such that F(S) # 0, and f : K — K be a contraction with a contraction
constants o € (0,1). Let {a,} and {t,} be sequences of real numbers satisfying

0<ap,<1, ty, >0, and lim t, = lim — = 0. Then the implicit iteration
n—oo n—oo n
Ty = Oénf(l'n) + (1 - an)T(tn)xna n €N, (3'1)
converges strongly to a fixed point p € F(S), which is also the unique solution
to the variational inequality:

process

(f =1)q,j(z —q)) <0, Vo C F(S). (3.2)
Proof. We define the mapping S,, : K — K by
Sn(x) = anf(x) + (1 = an)T(tn)z, (3.3)

for each fixed n > 0. Then, S, is a contraction mapping on K.
In fact, for all z,y € K,
1Sn(x) = Sn(W)ll < ol f (@) = FW)I| + (1 — an)[[T(tn)x = T(tn)yll
< (I —an +am)|z -yl
From the Banach fixed-point principle and 1— oy, + aay, < 1, we get that there
is a unique point x, € K such that (3.3) is satisfied. This shows the implicit
iteration process (3.1) is well defined.
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Step 1. The solution to (3.2) is unique.

Let p,q C F(S) are solutions of (3.2). Then

(f =Dp,ilg—p)) 0. (3.5)
Adding up (3.4) and (3.5) yields

(p—q—(f(p) — f(2),i(p—q)) <0,

and

as a result,
Ip = qlI* < allp — ql|*.
Since 0 < a < 1, we get p = q.
Step 2. The sequence {z,} defined by (3.1) is bounded.
For z € F(S),
|2 — xHQ = (zn — 2, j(Ty — 7))
= an(f(@n) — ,5(xn — 2)) + (1 — an (T (tn)zn — 2, j(Tn — 7))
< anllf(zn) = f@)] - 20 — 2] + an(f(2) — 2, j(2n — 2))
+(1 = an) [T (tn)zn — T(tn)z| - (|2 — 2]
< (1= (1 =a)an)|zn —2l* + an(f(z) — 2, j(zn — 2)),
which implies that

lzn = x]|* <

(f(x) =2, j(zn — 1))

1
< —— 7@ ol - Jou — ]|

l—«o

Consequently,
1
e — 2 < —2— £ (z) ]
Then {z,} is bounded, so are {T'(t,)x,} and {f(z,)}.

Step 3. We show F(3) (N C # 0.
Let g(z) = LIM ||z, — z||, C = {2z : g(z) = ml}r{lg(x)} It is easy to see
S

that C is a nonempty closed bounded subset of X. Let o, = %. We have

n
ap = Opty, Tn = optn f(2n) + (1 — ontn) T (tn)Ty.
Let t = pyt, + g, for each ¢ > 0, where 0 < ¢, < t,, and p,, is a integral. We
denote d = 2sup{||T'(tn)xn ||+ || f(xn) ||}, en = |T(tn)xn —xn||. Since {T'(t,)xy}
and {f(x,)} are bounded, we have
Pnen = Pnontnllf(xn) — T(ty)xn|| < optd — 0 as n — oo.
Hence for each p € C, it follows that
lxn — T(t)pl| = |xn — T(tn)xn + T(tn)xn — T'(2ty)xy + T'(2ty) 2y
- T(pntn)mn + T(pntn)xn - T(t)p”
pn—1
S Z HT((k + 1)tn)xn - T(ktn)an + HT(pntn)xn - T(t)p”

k=0
< pallT(tn)Tn — Tull + (|20 — T(qn) x|l
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< pnen + [lzn = pll + 1T (gn)p — |-
Taking the Banach limit, we get
LIM,||xy — p|| < LIM, ||z, — T(t)p||

< LIMpppen + LIMp|lzy, — p|| + LIM || T (gn)p — pl|

= LIM,||z, — p|.
Then ¢g(T'(t)p) = g(p) and thus T'(t)C C C. For a fixed py € F(S), since X a
reflexive and strictly convex Banach space and C' a nonempty closed convex
subset of X, there is unique p € C such that

lp = poll = inf [l — poll.
Hence for arbitrary ¢t > 0,
Ipo — T(2)pll = I (¢)po — T(2)pll < llpo — pll = ing o — ]

Since T'(t)p C C and p € C is unique, we obtain T'(t)p = p, Vt > 0. That is,
p is a fixed point of .
Step 4. For the sequence {x,} defined by (3.1), there is a subset {x,,} C {z,}

such that z,, — p € F(3)NC.
1- n . .
Since x, — f(x,) = " a (T'(tp) Ty —xy), for arbitrary g € F(S) , it follows

n
that

(n = Fn), 3n — @) =~ (T (tn)n — 7 i — 1)
= ! ;O‘n <T(tn)xn —q+q— xm]($n - Q)>
1- n
<~ (1T (tn)zn—al-|lzn—all~llza—gll?) <O,
that is, "
(Tn — flan),j(xn — q)) < 0. (3.6)
Hence

|zn — p”2 = (Tn —p,j(Tn — q))
= (@n — f(zn) + f(zn) — f(p) + f(P) — P,
= (vn — f(zn), j(xn —p)) + (f(zn) — f(p),J
+(f(p) = p.j(zn — )
<0+ allzn —pl? + (£(p) = p,j(2n — p))-
By Lemma 2.4, we have LIM,,||z,, — p||> = 0. Therefore lin}linf |z, — p|| = 0.
Then there is a subset {z,,} C {x,} such that z,, — p.
Step 5. The sequence {z,} is compact.
Take arbitrary {z,,} C {zn}. Let ¢(z) = ||zn, — 2|,z € K. Set ¢(x)
instead of g(z) in step 3 and step 4, we conclude that there is a subset of
{2, } converges strongly to p € F(S) N C, where C' = {z: ¢(z) = mnin o(x)}.

So, the sequence {x,} is compact.
Step 6. We show that {x,} converges strongly to p € F(S).
Let {zn,} C{zn}, {xm,} C {20}, xn, — p, Tm, — q. From (3.6), we have
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<p - f(p)aj(p - Q)> = zliglo<$m - f(xnl)vj(xm - Q)> <0, (37)
(a0~ £(@),(a — p)) = im0 (zn, — (). 3m, — ) < 0.

Adding up (3.7) and (3.8) yields
(p—a—flp)+ f(0)ilp—q) <0
As a result,
lp = all> < 1f () = f(@I - llp = all < allp — ql*.

This implies that p = q. Therefore x,, — p.
Step 7. We show that p is a solution to (3.2).

In (3.6), since 2, — p. we have (f(p) ~p.j(z—p) = lim (f(z,) ~ . (2~
xn)) < 0. That is, p € F(3)[(C is the unique solution to the variational
inequality (3.2). This completes the proof. O

Theorem 3.2. Let X be a reflerive and strictly conver Banach space with a
uniformly Gateaux differentiable norm, and K be a nonempty closed convex
subset of X. Let & = {T'(t) : t > 0} be a nonexpansive semigroup on K
such that F(S) # 0, and f : K — K be a contraction with a contraction
constants o € (0,1). Let {Bn} and {t,} be sequences of real numbers satisfying

o0

0<pBn<1,> By=o00,t, >0, and lim ¢, = lim & = 0. Then the explicit

n—1 n—00 n—oo ty,
iteration process: for yg € K,

Ynt+1 = Bnf(Yn) + (1 = Bu)T(tn)yn, n € N (3.9)
converges strongly to a fixed point p € F(S), which is also the unique solution
to the variational inequality:

(f =1)q,j(z —q)) <0,Vz C F(S). (3.10)

Proof. Proceeding as the proof of step 1 of Theorem 3.1, we have that the

solution to (3.10) is unique.

Step 1. The sequence {y,} defined by (3.1) is bounded.

For y € F(S), we have
I — ol < (1= BTt — ]l + Buall F ) — vl

< (L= Bo)llyn =yl + Bull £ (yn) — FW)I + Bull £ (y) — vl
< (=1 =a)B)llyn — yll + Bullf(¥) — yll
< max{|lyn — yll. 2511/ () -y}

Then {y,} is bounded, so are {T'(t,)yn} and {f(yn)}-
Step 2. Let ¢ € F(3) be the solution of (3.10). We show
lim sup{(f — 1), j(yn+1 — @) < 0.
Let n,m € N, n > m, and {x,,} be a sequence in the Theorem 3.1. From
Theorem 3.1, we get x,, — q and
Tm = Yn = O f (@) + (1 — )T (tm)Tm — Yn

= am(f(Tm) — Yn) + (1 = am) (T (tm)Tm — Yn)-
Hence



Viscosity approximation for fixed points of nonexpansive semigroup 541

e (f(@m) = yn) + (1 = am)(T(tm)Tm — ya)|1?
(1—am)? ||(T(tm)$m—yn)||2+2@m<f(33m)—yn,j(ﬂ?m—yn»
(1— O‘m) (T (tm)zm — T Em)yn)ll + 1T (Em)yn — ynH)2
+2am<f(xm) - ynyj(wm - yn)>
< (1= amn)*(|zm = ynll + 1T () yn — yall)

+204m<f(xm) - ynyj(wm - yn)>
= (1= am)*(lzm = yall® + 1Tt )yn — yull?

+2[|Zm = Ynll - 1T Em)yn — yull)

+204m<f($m) = T+ Ty — Yy J (T — Yn))
<(1- am) (llzm — yn”2 + 1T (Em)yn — ynH2
+2[|zm = ynll - 1T (Em)yn — ynl)
+2am<f( m) = Tm, J(Tm — Yn)) + 200m || Tm — yn||2
(1+0‘ Mzm — yn||2 +(1- a) 1T (tm)Yn — Yull (2l T — ynl)
+”T(tm)yn yn”) + 204m<f(~75m) - xma](xm - yn)>7

lm — ynll?

INIA

which implies that
. 371 2, (11— am)2
(f(@xm) = Tm, j(Yn — 2m)) < Tme — Ynll” + THT(tm)yn

~YnllCllzm — ynll + [T (Em)yn — yall)-
Since {zm}, {yn} are bounded, {z,, — yn} and {T(t1)yn — yn} are bounded.
Then there is M > 0, such that

1 1
M = sup{g[lzm —y ynll, 5 Cllzm = yall + T Em)yn = yal))}-
m,n
Hence
. 2 (1— O‘m)2
(f(@m) — Tm, j(@m — yn)) < @, M + TIIT(tm)yn — ynllM.

m

Taking the upper limit, we get

lim sup(f (zm) — Tm, j(Tm — yn)) < a2, M.
Put m — oo, we obtain limsup(f(q) — ¢, j(yn — q)) <0,

that is,
lim sup(f(q) — ¢, j(ynt1 — q)) < 0.

n—oo

Step 3. We show that {y,} converges strongly to q.
By Lemma 2.2, we obtain

[Yn+1 = all> = (1 = Bu)(T(tn)yn — @) + Bu(f (yn) — DI

<(1- ﬂn)2”T(tn)yn - Q||2 + 280 (f(Yn) — ¢ 3 (Yn+1 — q))
(1 - ﬂn)Q”yn - QH + 2ﬂn<f( n) - f(Q)7j<yn+1 - Q)>
+260(f(q) — ¢, ](yn—l—l —q))

<(1- 671)2”%1 - QH + aBn(llyn — q”2 + [|Yn+1 — q” )

+2ﬂn<f(Q) - q?j(ynJrl - Q)>
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Since {3,} and {y,} are bounded, there exists M > 0 such that

1 g
e — < M.
1—aﬂnHy” qll” <
It follows that

1—(2—0a)B+ 32 20, ,
foner —alf? < T By g2 2 g) — g — )

1-— aﬁn — ( - @)Bn 2 Qﬁn . 2737
< _ S (A _ _
< e 1y —all”+— od, (f(@) =4, 5 (Yn+1— ) + B, M
2(1 — a)Bn 2y 20n , 277
< — — —
<(l-—= R “yn —all* + 1= e (f(@) = 4,5 Wnt1 — @) + B M
2(1 — 2 . =~
< (1= 2000y g4 0 (2 0) s =)+ 6030
Putting
_201-a)f 2 , —
Tn = l—aﬁn ﬁn(l_aﬁn<f(Q)_q’](yn—i-l_q))"i_ﬁnM)a
we get
Y= 0,) n =00, [gnt1—all* < (1= vn)llgn — qll* + bn
and 5
hmsupf}/— = hmsup = a)<(f D)q,j(ynt1 —q)) < 0.
From Lemma 2.5 we have Yn — q. This completes the proof. O

Remark. Theorem 3.1 and 3.2 of [4] are obtained in a real reflexive Ba-
nach space with a weakly sequentially continuous duality mapping. Com-
paratively, in a reflexive and strictly convex Banach space with a uniformly
Géateaux differentiable norm, we obtain the convergence theorems. The main
results generalize or generalize partly the corresponding results of Suzuki[8],
Xu Hongkun[12], Chen Rudong[3], Chen Rudong and He Huimin[4].
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