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Abstract. The goal of this paper is to introduce a modified Halpern iterative algorithm
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and fixed point problems of an infinite families of multi-valued type-one demicontractive

mappings in the framework of real Hilbert spaces. Using our iterative algorithm, we state

and prove a strong convergence result for approximating a common solution of split monotone

variational inclusion, variational inequality problems and fixed point problem for countable

family of multi-valued type-one demicontractive mappings. The iterative algorithm employed

in this paper is designed in such a way that it does not require the knowledge of operator

norm. Lastly, we give some consequences of our main result and give application of one of

the consequences to split minimization problem. The result presented in this paper extends

and generalizes some related results in literature.
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1. Introduction

Let C be a nonempty, closed and convex subset of a real Hilbert space H
and A : C → H be a nonlinear mapping. Then, the variational inequality
problem (VIP) is to find u ∈ C such that

〈Au, v − u〉 ≥ 0, ∀ v ∈ C. (1.1)

We denote by VI(C, A) the solution set of VIP (1.1). Let CB(C) and K(C)
denote the families of nonempty closed bounded subsets and nonempty com-
pact subsets of C, respectively. The Pompeiu-Hausdorff metric on CB(C) is
defined by

H(A,B) = max
{

sup
x∈A

d(x,B), sup
y∈B

d(y,A)
}

for A,B ∈ CB(C),

where d(x,C) = inf{||x− y|| : y ∈ C}.
Let T : C → CB(C) be a multi-valued mapping. Then PTx = {u ∈ Tx :

||x − u|| = d(x, Tx)}. A point x ∈ C is called a fixed point of T if x ∈ Tx.
However, if Tx = {x}, then x is called a strict point of T. We denote the set
of fixed point if T by F (T ). A multi-valued mapping T : C → CB(C) is said
to be λ - hybrid if there exists λ ∈ R such that

(1 + λ)H(Tx, Ty)2

≤ (1− λ)||x− y||2 + λd(y, Tx)2 + λd(x, Ty)2, ∀ x, y ∈ C. (1.2)

Note that if λ = 0 in (1.2), then we have the following nonexpansive mapping:

H(Tx, Ty) ≤ ||x− y||, ∀ x, y ∈ C.
T is said to be

(i) of type-one if

||u− v|| ≤ H(Tx, Ty), ∀ x, y ∈ C, u ∈ PTx, v ∈ PT y,

(ii) demicontractive-type in the sense of [13] if F (T ) 6= φ and

H2(Tx, Ty) ≤ ||x− y||2 + kd2(x, Tx), x ∈ C, y ∈ F (T ) and k ∈ (0, 1).

Definition 1.1. A multi-valued mapping B : H → 2H with nonempty values
is said to be monotone, if 〈u− v, x− y〉 ≥ 0, for all u ∈ Bx and v ∈ By.

A monotone mapping M is said to be maximal if the graph of M , denoted by
G(M) is not properly contained in the graph of any other monotone mapping
and for multi-valued mapping M ,

G(M) = {(x, y) : y ∈M(x)}.

It is well known that M is maximal if and only if for (x, y) ∈ H ×H, 〈x−
y, u− v〉 ≥ 0 for all (y, v) ∈ G(M) implies u ∈M(x).
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The split feasibility problem (SFP) introduced in 1994 by Censor and Elfv-
ing [6] is to find a point

x ∈ C such that Ax ∈ Q, (1.3)

where C and Q are nonempty closed convex sets in Rn and Rm respectively
and A is an m× n real matrix. The SFP has wide applications in many fields
such as phase retrieval, medical image reconstruction, signal processing and
radiation therapy treatment planning (for example see [1, 4] and the references
therein).

Based on SFP (1.3), Censor et al. [5] introduced the following split varia-
tional inclusion problem (SVIP) which is to find x∗ ∈ C such that

〈f(x∗), x− x∗〉 ≥ 0, ∀ x ∈ C, (1.4)

and such that

y∗ = Ax∗ ∈ Q solves 〈g(y∗), y − y∗〉 ≥ 0, ∀ y ∈ Q; (1.5)

where f and g are given mappings.

Recently, Moudafi [15] introduced the following split monotone variational
inclusion problem (SMVIP) which is to find

x∗ ∈ H1 such that 0 ∈ f(x∗) +B1(x
∗), (1.6)

and

y∗ = Ax∗ ∈ H2 such that 0 ∈ g(y∗) +B2(y
∗); (1.7)

where B1 : H1 → 2H1 and B2 : H2 → 2H2 are multi-valued maximal monotone
mappings, f : H1 → H1 and g : H2 → H2 are two given mappings.

In 2017, Deepho et al. [11] considered the viscosity iterative algorithm to
approximate a common element of the set of solutions of SVIP of a finite family
of k-strictly pseudo-contractive nonself mappings. They proved a strong con-
vergence result under suitable conditions, which also solves some variational
inequality problem. The following iteration process was used to approximate
the aforementioned problems.

un = JB1
λ (xn + γA∗(JB2

λ )Axn),

yn = βnun + (1− βn)
∑N

i=1 η
n
i=1Tiun,

xn+1 = αnτg(xn) + (I − αnD)yn, n ≥ 1,

where αn, βn ∈ (0, 1), λ > 0, g a contraction mapping with coefficient ρ ∈
(0, 1),

∑N
i=1 η

n
i=1 = 1, {Ti}Ni=1 a finite family of ki-strictly pseudo-contraction

mappings and JBiλ (i = 1, 2) is the resolvent of the maximal monotone map-
pings.



494 K. Afassinou, O. K. Narain and O. E. Otunuga

Also, recently Shehu and Agbebaku [18] introduced an iterative algorithm
for solving split variational inclusion and fixed point problems for multi-valued
quasi-nonexpansive mapping. They employed the following iterative algorithm
to prove a strong convergence result:{

un = JB1
λ (xn + γnA

∗(JB2
λ − I)Axn),

xn+1 = αnfn(xn) + βnxn + δn(σwn + (1− σ)un),

wn ∈ Sxn for each n ≥ 1, where {αn}, {βn} and {δn} are the real sequences in

(0, 1) such that αn + βn + δn = 1 , σ ∈ (0, 1), γn := τn
||(JB2

λ −I)Axn||
2

||A∗(J
B2
λ −I)Axn||2

, where

0 < a ≤ τn < b < 1, and {fn(xn)} is the uniform convergence sequence for
any xn in a bounded subset D of real Hilbert space H.

Motivated by the aforementioned results discussed above, we introduce a
modified Halpern iteration process which does not require the knowledge of op-
erator norm to approximate a common solution of split monotone variational
inclusion, variational inequality and fixed point problems for countable fami-
lies of type-one demicontractive multi-valued mappings in real Hilbert spaces.
Futhermore, we prove a strong convergence result and state some consequences
of our main result. An application of our consequence to split minimization
problem was displayed. The result presented in this paper extends and com-
plements the result of Deepho et al. [11] and other related results in literature
[3].

2. Preliminaries

We denote the weak and the strong convergence of a sequence {xn} to a
point x by xn ⇀ x and xn → x, respectively.

Let C be a nonempty, closed and convex subset of a real Hilbert space H.
For every point x ∈ H, there exists a unique nearest point in C, denoted by
PCx such that

||x− PCx|| ≤ ||x− y||, ∀ y ∈ C.
PC is called the metric projection of H onto C and it is well known that PC
is a nonexpansive mapping of H onto C and also satisfies

||PCx− PCy|| ≤ 〈x− y, PCx− PCy〉.

Moreover, PCx is characterized by the following properties:

〈x− PCx, y − PCx〉 ≤ 0

and

||x− y||2 ≥ ||x− PCx||2 + ||y − PCx||2, ∀ x ∈ H, y ∈ C.



Iterative algorithm for approximating solutions 495

Definition 2.1. Let H be a real Hilbert space and T : H → CB(H) a multi-
valued mapping. Then, T is said to be demiclosed at the origin if for any
sequence {xn} ⊂ H with xn ⇀ x∗, and ||xn − T (xn)|| → 0, we have x∗ ∈ Tx∗.

Lemma 2.2. ([10]) Let H be a real Hilbert space and T : H → H be a
nonexpansive mapping. Then for all x, y ∈ H,

〈(x− Tx)− (y − Ty), T y − Tx〉 ≤ 1

2
||(Tx− x)− (Ty − y)||2 (2.1)

and consequently, if y ∈ F (T ), then

〈x− Tx, Ty − Tx〉 ≤ 1

2
||Tx− x||2. (2.2)

Lemma 2.3. ([7]) Let H be a real Hilbert space. Then for all x, y ∈ H and
α ∈ (0, 1), we have

(i) 2〈x, y〉 = ||x||2 + ||y||2 − ||x− y||2 = ||x+ y||2 − ||x||2 − ||y||2,
(ii) ||αx+ (1− α)y||2 = α||x||2 + (1− α)||y||2 − α(1− α)||x− y||2.

Lemma 2.4. ([9]) Let H be a real Hilbert space and {xi}i≥1 be a bounded
sequence in H. For αi ∈ (0, 1) such that

∑∞
i=1 αi = 1, the following identity

holds

||
∞∑
i=1

αixi||2 =
∞∑
i=1

αi||x||2 −
∑

1≤i<j<∞
αiαj ||xi − xj ||2.

Lemma 2.5. ([8]) Let H be a real Hilbert space T : H → CB(H) be a multi-
valued k-demicontractive mapping. Assume that for every p ∈ F (T ), Tp =
{p}. Then

H(Tx, Tp) ≤ 1 +
√
k

1−
√
k
||x− p||, ∀ x ∈ C, p ∈ F (T ).

Lemma 2.6. ([14]) Let A : H → 2H be a maximal monotone mapping and
g : H → H be a Lipschitz continuous mapping. Then the mapping G = A+g :
H → 2H is also a maximal monotone mapping.

Proposition 2.7. Let D : C → H be an inverse strongly monotone(ism)
mapping. Then,

u ∈ V I(C,D)⇐⇒ u = PC(u− λDu), λ > 0.
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Proposition 2.8. Let D be an ism mapping of C into H. Let NCv be the
normal cone to C at v ∈ C, i.e.

NCv = {w ∈ H | 〈v − u,w〉 ≥ 0, ∀ u ∈ C},

and define

Tv =

{
Dv +NCv, v ∈ C
∅, v ∈ H\C.

Then T is maximal monotone and 0 ∈ Tv if and only if v ∈ V I(C,D).

Lemma 2.9. ([19]) Assume {an} is a sequence of nonnegative real numbers
such that

an+1 ≤ (1− σn)an + σnδn, n > 0,

where {σn} is a sequence in (0, 1) and {δn} is a real sequence such that
(i)

∑∞
n=1 σn =∞,

(ii) lim supn→∞ δn ≤ 0 or
∑∞

n=1 |σnδn| <∞.
Then limn→∞ an = 0.

3. Main results

In this section, we state and prove a strong convergence result.

Theorem 3.1. Let H1 and H2 be real Hilbert spaces and C be a nonempty,
closed and convex subset of H1. Let A : H1 → H2 be a bounded linear operator
with A∗ its adjoint. Let f : H1 → H1 be σ-ism mapping and g : H2 → H2 be ρ-
ism mapping. Let B1 : H1 → 2H1 and B2 : H2 → 2H2 be multi-valued maximal
monotone mappings, and Ti : H1 → CB(H1), i = 1, 2, ... be an infinite family
of multi-valued type-one demicontractive type mappings with constant ki such
that k = supn≥1{ki} ∈ (0, 1). Let D : C → H1 be a δ-ism mapping and PC a
metric projection of H1 onto C. Assume that

Γ :=
∞⋂
i=1

F (Ti) ∩ V I(C,D) ∩ Ω 6= ∅,

and γn is chosen in such a way that for some ε > 0,

γn ∈
(
ε,
||(JB2

λ (I − λg)− I)Axn||2

||A∗(JB2
λ (I − λg)− I)Axn||2

− ε
)
, (3.1)

for JB2
λ (I − λg)Axn 6= Axn and γn = γ, otherwise (γ being any nonnegative

real number). The sequences {un}, {wn} and {xn} generated iteratively for
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an arbitrary x1 ∈ C and a fixed u ∈ C by
un = JB1

λ (I − λf)(xn + γnA
∗(JB2

λ (I − λg)− I)Axn),

wn = PC(un − ξDun),

xn+1 = αnu+ (βn,0 − αn)wn +
∑∞

i=1 βn,iz
i
n,

(3.2)

where zin ∈ PTiwn and PTiwn := {zin ∈ Tiwn : ||zin−wn|| = d(wn, Tiwn)}, λ > 0
with conditions:

(i) βn,0 ∈ (k, 1), βn,iβn,j ∈ (0, 1), i, j = 1, 2, ... such that
∑∞

i=0 βn,i = 1;
(ii) limn→∞ αn = 0 and

∑∞
n=0 αn =∞,

(iii) for each i ≥ 1, lim infn→∞ βn,0βn,i > 0,
(iv) αn < βn,0 for each n ≥ 1,
(v) for each p ∈ ∩∞i=1F (Ti) and Tip = {p}.

Then the sequence {xn} converges strongly to z ∈ Γ.

Proof. Let p ∈ Γ. Then we have from (3.2) that

||un − p||2 = ||JB1
λ (I − λf)(xn + γnA

∗(JB2
λ (I − λg)Axn))− p||2

≤ ||xn + γnA
∗(JB2

λ (I − λg)− I)Axn − p||2

= ||xn − p||2 + γ2n||A∗(J
B2
λ (I − λg)− I)Axn||2

+ 2γn〈xn − p,A∗(JB2
λ (I − λg)− I)Axn〉. (3.3)

But from Lemma 2.2, we have

2γn〈xn − p, A∗(JB2
λ (I − λg)− I)Axn〉

= 2γn〈A(xn − p), (JB2
λ (I − λg)− I)Axn〉

= 2γn
[
〈JB2
λ (I − λg)Axn −Ap, (JB2

λ (I − λg)− I)Axn〉

− ||(JB2
λ (I − λg)− I)Axn||2

]
≤ 2γn

[1
2
||(JB2

λ (I − λg)− I)Axn||2 − ||(JB2
λ (I − λg)− I)Axn||2

]
= −γn||(JB2

λ (I − λg)− I)Axn||2. (3.4)

Thus from (3.3) and (3.4), we obtain

||un − p||2 ≤ ||xn − p||2 + γ2n||A∗(J
B2
λ (I − λg)− I)Axn||2

− γn||(JB2
λ (I − λg)− I)Axn||2

= ||xn − p||2 + γn
[
γn||A∗(JB2

λ (I − λg)− I)Axn||2

− ||(JB2
λ (I − λg)− I)Axn||2

]
. (3.5)

Using condition on γn in (3.1), we obtain that

||un − p||2 ≤ ||xn − p||2. (3.6)
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Since D is δ-ism and 0 < 2ξ < 2δ, we estimate

||wn − p||2 = ||PC(I − ξD)un − PC(I − ξD)p||2

= ||(I − ξD)un − (I − ξD)p||2

= ||(un − p)− ξ(Dun −Dp)||2

= ||un − p||2 − 2ξ〈Dun −Dp, un − p〉+ ξ2||Dun −Dp||2

≤ ||un − p||2 − 2ξδ||Dun −Dp||2 + ξ2||Dun −Dp||2

= ||un − p||2 + ξ(ξ − 2δ)||Dun −Dp||2

≤ ||un − p||2. (3.7)

Using Lemma 2.4, (3.7) and the convexity of ||.||2, we have

||xn+1 − p||2

= ||αnu+ (βn,0 − αn)wn +
∞∑
i=1

βn,iz
i
n − p||2

= ||αn(u− p) + (βn,0 − αn)(wn − p) +
∞∑
i=1

βn,iz
i
n(zin − p)||2

≤ αn||u− p||2 + (βn,0 − αn)||wn − p||2 +
∞∑
i=1

βn,i||zin − p||2

≤ αn||u− p||2 + (βn,0 − αn)||un − p||2 +
∞∑
i=1

(H(Tiwn, Tip))
2

≤ αn||u− p||2 + (βn,0 − αn)||xn − p||2

+

∞∑
i=1

βn,i
[
||wn − p||2 + k(d(wn, Tiwn))2]

≤ αn||u− p||2 + (βn,0 − αn)||xn − p||2 +

∞∑
i=1

[
||wn − p||2 + k||wn − zin||2

]
= (1− αn)||xn − p||2 + αn||u− p||2 + (k − βn,0)

∞∑
i=1

βn,i||wn − zin||2

≤ (1− αn)||xn − p||2 + αn||u− p||2

...

≤ max{||x1 − p||2, ||u− p||2}. (3.8)
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Therefore, {||x1 − p||2} is bounded. Hence, {xn} is bounded. Consequently,
{un}, {wn} and {zin} are all bounded.

From (3.2), (3.5) and (3.7), we have that

||xn+1 − p||2 ≤ (1− αn)||xn − p||2 + αn||u− p||2

+ (1− αn)γn
[
γn||A∗(JB2

λ (I − λg)− I)Axn||2

− ||(JB2
λ (I − λg)− I)Axn||2

]
+ (1− αn)ξ(ξ − 2δ)||Dun −Dp||2. (3.9)

By condition on γn in (3.1), we have from (3.9) that

||xn+1 − p||2 ≤ (1− αn)||xn − p||2 + αn||u− p||2

− (1− αn)ε2||A∗(JB2
λ (I − λg)− I)Axn||2

− (1− αn)ξ(2δ − ξ)||Dun −Dp||2. (3.10)

CASE 1: Assume that {||xn − p||} is a monotonically decreasing sequence.
Then, {xn} is convergent and thus

lim
n→∞

||xn − p|| = lim
n→∞

||xn+1 − p||.

From (3.10), we have that

lim
n→∞

||A∗(JB2
λ (I − λg)− I)Axn|| = 0. (3.11)

Also from (3.9), we have that

lim
n→∞

||(JB2
λ (I − λg)− I)Axn|| = 0. (3.12)

Using (3.10) and condition (ii), we obtain that

lim
n→∞

||Dun −Dp|| = 0. (3.13)

From (3.8), we have that

(βn,0 − k)
∞∑
i=1

βn,i||wn − zin||2 ≤ (1− αn)||xn − p||2

− ||xn+1 − p||2 + αn||u− p||2.

Hence, from condition (ii),

lim
n→∞

(βn,0 − k)
∞∑
i=1

βn,i||wn − zin||2 = 0. (3.14)

Now, for each i = 1, 2, ... and condition (i), we obtain

lim
n→∞

||wn − zin||2 = lim
n→∞

d(wn, Tiwn) = 0. (3.15)
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Using (3.2), we have

||un − p||2 = ||JB1
λ (I − λf)(xn + γnA

∗(JB2
λ (I − λg)− I)Axn)− p||2

≤ 〈xn − p, xn + γnA
∗(JB2

λ (I − λg)− I)Axn − p〉

=
1

2

[
||un − p||2 + ||xn + γnA

∗(JB2
λ (I − λg)− I)Axn − p||2

− ||un − p− (xn + γnA
∗(JB2

λ (I − λg)− I)Axn)− p||2
]

≤ 1

2

[
||un − p||2 + ||xn − p||2

+ γn(γn||A∗(JB2
λ (I − λg)− I)Axn||2

− ||(JB2
λ (I − λg)− I)Axn||2)

− ||un − p− (xn + γnA
∗(JB2

λ (I − λg)− I)Axn − p)||2
]

≤ 1

2

[
||un − p||2 + ||xn − p||2

− (||un − xn||2 + γ2n||A∗(J
B2
λ (I − λg)− I)Axn||2

− 2γn〈un − xn, A∗(JB2
λ (I − λg)− I)Axn〉)

]
≤ 1

2

[
||un − p||2 + ||xn − p||2 − ||un − xn||2

+ 2γn||un − xn|| ||A∗(JB2
λ (I − λg)− I)Axn||

]
. (3.16)

Thus,

||un − p||2 ≤||xn − p||2 − ||un − xn||2

+ 2γn||un − xn|| ||A∗(JB2
λ (I − λg)− I)Axn||. (3.17)

From (3.2) and (3.17), we have that

||xn+1 − p||2 ≤ (1− αn)||un − p||2 + αn||u− p||2

+ (k − βn,0)
∞∑
i=1

βn,i||wn − zin||2

≤ (1− αn)
[
||xn − p||2 − ||un − xn||2

+ 2γn||un − xn|| ||A∗(JB2
λ (I − λg)− I)Axn||

]
+ (k − βn,0)

∞∑
i=1

βn,i||wn − zin||2
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= (1− αn)||xn − p||2 − ||un − xn||2 + αn||un − xn||2

+ (1− αn)2γn||un − xn|| ||A∗(JB2
λ (I − λg)− I)Axn||

+ (k − βn,0)
∞∑
i=1

βn,i||wn − zin||2, (3.18)

this implies that

||un − xn||2 ≤ (1− αn)||xn − p||2 − ||xn+1 − p||2 + αn||un − xn||2

+ (1− αn)2γn||un − xn|| ||A∗(JB2
λ (I − λg)− I)Axn||

+ (k − βn,0)
∞∑
i=1

βn,i||wn − zin||2.

From condition (ii), (3.11) and (3.14), we obtain that

lim
n→∞

||un − xn|| = 0. (3.19)

Using (3.2), we have

||wn − p||2

= ||PC(I − ξD)un − PC(I − ξD)p||2

≤ 〈PC(I − ξD)un − PC(I − ξD)p, (I − ξD)un − (I − ξD)p〉
= 〈wn − p, (I − ξD)un − (I − ξD)p〉

=
1

2

[
||wn − p||2 + ||un − p− ξ(Dun −Dp)||2

− ||(wn − p)− ((1− ξD)un − (1− ξD)p)||2
]

≤ 1

2

[
||wn − p||2 + ||un − p||2 + ξ(ξ − 2δ)||Dun −Dp||2

− ||(wn − un) + ξ(Dun −Dp)||2
]

≤ 1

2

[
||wn − p||2 + ||un − p||2 + ξ(ξ − 2δ)||Dun −Dp||2

]
− ||wn − un||2 − ξ2||Dun −Dp||2 − 2ξ〈wn − un, Dun −Dp〉

=
1

2

[
||wn − p||2 + ||un − p||2 − 2ξδ||Dun −Dp||2

− ||wn − un||2 + 2ξ〈un − wn, Dun −Dp〉

≤ 1

2

[
||wn − p||2 + ||xn − p||2 − ||wn − un||2

+ 2ξ||un − wn|| ||Dun −Dp||
]
. (3.20)
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Thus, we have

||wn − p||2 ≤ ||xn − p||2 − ||wn − un||2

+ 2ξ||un − wn|| ||Dun −Dp||. (3.21)

Using (3.2), (3.21) and following the same process as in (3.18), we have that

||xn+1 − p||2 ≤ (1− αn)||wn − p||2 + αn||u− p||2

+ (k − βn,0)
∞∑
i=1

βn,i||wn − zin||2

≤ (1− αn)
[
||xn − p||2 − ||wn − un||2

+ 2ξ||un − wn|| ||Dun −Dp||
]

+ 2γn||un − xn|| ||A∗(JB2
λ (I − λg)− I)Axn||

+ (k − βn,0)
∞∑
i=1

βn,i||wn − zin||2

= (1− αn)||xn − p||2 − ||wn − un||2 + αn||wn − un||2

+ 2(1− αn)ξ||un − wn|| ||Dun −Dp||

+ 2γn||un − xn|| ||A∗(JB2
λ (I − λg)− I)Axn||

+ (k − βn,0)
∞∑
i=1

βn,i||wn − zin||2. (3.22)

Hence, we have from (3.22) that

||wn − un||2 ≤ (1− αn)||xn − p||2 − ||xn+1 − p||2 + αn||wn − un||2

+ 2(1− αn)ξ||un − wn|| ||Dun −Dp||

+ 2γn||un − xn|| ||A∗(JB2
λ (I − λg)− I)Axn||

+ (k − βn,0)
∞∑
i=1

βn,i||wn − zin||2. (3.23)

Thus, using condition (ii), (3.13) and (3.14), we obtain

lim
n→∞

||wn − un|| = 0. (3.24)

From (3.19) and (3.24), we have that

lim
n→∞

||wn − xn|| = 0. (3.25)
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From (3.2) and (3.15), we obtain that

||xn+1 − wn|| ≤ αn||u− wn||+
∞∑
i=1

βn,i||zin − wn|| → 0, n→∞. (3.26)

Using (3.25) and (3.26), we have that

lim
n→∞

||xn+1 − xn|| = 0. (3.27)

Let tn = xn + γnA
∗(JB2

λ (I − λg)− I)Axn, then, we have from (3.11) that

||tn − xn|| ≤ γnA∗||JB2
λ (I − λg)− I)Axn|| → 0, n→∞. (3.28)

Also, we have from (3.19) and (3.28) that

||un − tn|| ≤ ||un − xn||+ ||tn − xn|| → 0, n→∞. (3.29)

Since {xn} is bounded, there exists a subsequence {xnj} which converges
weakly to z ∈ H and consequently, we have {un}, {wn} and {tn} with sub-
sequences {unj}, {wnj} and {tnj} which converges weakly to z. Using the
demiclosedness principle and (3.15), we have that z ∈ ∩∞i=1F (Ti), i = 1, 2, ....

We now show that z ∈ I(f,B1). Let (a, b) ∈ G(B1 + f) which implies that

b − fa ∈ B1(a). Since wnj = JB1
λ (I − λf)tnj , we have that (I − λf)tnj ∈

(I + λB1)unj , that is 1
λ(tnj − λftnj − unj ) ∈ B1(unj ). Using the maximal

monotonicity of (B1 + f), we have

〈a− unj , b− fa−
1

λ
(tnj − λftnj − unj )〉 ≥ 0.

Hence, we have

〈a− unj , b〉 ≥ 〈a− unj , fa+
1

λ
(tnj − λftnj − unj )〉

= 〈a− unj , fa− funj + funj − ftnj +
1

λ
(tnj − unj )〉

≥ 0 + 〈a− unj , funj − ftnj 〉+ 〈a− unj ,
1

λ
(tnj − unj )〉. (3.30)

Using (3.29), we have that

||funj − ftnj || = 0. (3.31)

Since unj ⇀ z, we have

lim
j→∞
〈a− unj , b〉 = 〈a− z, b〉. (3.32)

Thus, from (3.30), we obtain that

〈a− z, b〉 ≥ 0.
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From the fact that B1 + f is maximal monotone, we conclude that 0 ∈
(B1 + f)z which implies that z ∈ I(f,B1).

Consequently, since Axnj ⇀ Az, we have from (3.12) and Lemma 2.6 that

0 ∈ gAz +B2(Az).

Hence, we have Az ∈ I(g,B2).
Moreover, it follows from (3.24) that wnj ⇀ z. Define

Ha =

{
Da+NCa, a ∈ C,
∅, a ∈ H1\C.

By Proposition 2.8, we have thatH is maximal monotone. Take (a, b) ∈ G(H),
it is easy to see that b−Da ∈ NCa. Since wn ∈ C, we have

〈a− wn, b−Da〉 ≥ 0. (3.33)

Since wn = PC(un − ξDun), we have that

〈un − ξDun − wn, wn − a〉 ≥ 0 (3.34)

and hence

〈a− wn,
wn − un

ξ
+Dun〉 ≥ 0. (3.35)

Thus, from (3.33) and (3.35), we obtain that

〈a− wnj , b〉 ≥ 〈a− wnj , Da〉

≥ 〈a− wnj , Da〉 − 〈a− wnj , Dunj +
wnj − unj

ξ
〉

= 〈a− wnj , Da−Dwnj 〉+ 〈a− wnj , Dwnj −Dunj 〉

− 〈a− wnj , Dunj +
wnj − unj

ξ
〉

≥ δ||Da−Dwnj ||2 + 〈a− wnj , Dwnj −Dunj 〉

− 〈a− wnj , Dunj +
wnj − unj

ξ
〉

≥ 〈a− wnj , Dwnj −Dunj 〉 − 〈a− wnj , Dunj +
wnj − unj

ξ
〉.

By letting j →∞ and (3.24), we have that 〈a− z, b〉 ≥ 0. Since H is maximal
monotone, we have that z ∈ H−10. So it follows from Proposition 2.8 that
z ∈ V I(C,D). Hence, we conclude that

z ∈ Γ = ∩∞i=1F (Ti) ∩ V I(C,D) ∩ Ω 6= ∅.
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Next, we prove that {xn} converges strongly to z. Now, applying Lemma
2.3, we have that

||xn+1 − z||2 = ||αnu+ (βn,0 − αn)wn +
∞∑
i=1

βn,iz
i
n − z||2

= ||(βn,0 − αn)(wn − z) +
∞∑
i=1

βn,i(z
i
n − z) + αn(u− z)||2

≤ ||(βn,0 − αn)(wn − z) +
∞∑
i=1

βn,i(z
i
n − z)||2

+ 2αn〈xn+1 − z, u− z〉

≤
[
(βn,0 − αn)||wn − z||+ (k − βn,0)

∞∑
i=1

βn,i||wn − zin||
]2

+ 2αn〈xn+1 − z, u− z〉
= (1− αn)||wn − z||2 + 2αn〈xn+1 − z, u− z〉
≤ (1− αn)||xn − z||2 + 2αn〈xn+1 − z, u− z〉. (3.36)

Since xn ⇀ z, using Lemma 2.9 and condition (ii), we obtain that ||xn−z|| →
0, as n→∞, which implies that {xn} converges strongly to z ∈ Γ.

CASE 2: Assume that {||xn−p||} is not a monotonically decreasing sequence.
Set Υn = ||xn − p||2 and let τ : N→ N be a mapping for all n ≥ n0 (for some
n0 large enough) defined by

τ(n) := max{k ∈ N : k ≥ n, ψk ≤ ψk+1}.

Clearly, τ is a nondecreasing sequence such that τ(n) → ∞ and ψτ(n) ≤
ψτ(n)+1, for n ≥ n0. It follows from (3.9) and (3.10) that

lim
τ(n)→∞

||A∗(JB2
λ (I − λg)− I)Axτ(n)|| = 0

and

lim
τ(n)→∞

||(JB2
λ (I − λg)− I)Axτ(n)|| = 0.

Also, using (3.10) and condition (ii), we obtain that

lim
τ(n)→∞

||Duτ(n) −Dp|| = 0.

By following the same argument as in Case 1, we can show that

d(wτ(n), z
i
τ(n)) = d(wτ(n), Tiwτ(n)) = 0.
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Now, for all n ≥ n0, we have from (3.36) that

0 ≤ ||xτ(n)+1 − z||2 − ||xτ(n) − z||2

≤ (1− ατ(n))||xτ(n) − z||2 + 2ατ(n)〈xτ(n)+1 − z, u− z〉 − ||xτ(n) − z||2.
Thus,

||xτ(n) − z||2 ≤ 2〈xτ(n) − z, u− z〉 → 0.

Hence,

lim
τ(n)→∞

||xτ(n) − z||2 = 0. (3.37)

Therefore,

lim
τ(n)→∞

ψτ(n) = lim
τ(n)→∞

ψτ(n)+1 = 0.

Moreover for n ≥ n0, it is easily observed that ψτ(n) ≤ ψτ(n) if n 6= τ(n) (that
is τ(n) < n) because ψj > ψj+1 for τ(n) + 1 ≤ j ≤ n. Consequently,

0 ≤ ψn ≤ max{ψτ(n), ψτ(n)+1} = ψτ(n)+1.

Hence, limn→∞ ψn = 0, which implies that {xn} converges strongly to z ∈ Γ.
This completes the proof. �

Remark 3.2. In this article, we considered a split monotone variational in-
clusion problem which generalizes the problems considered in [11] and [18].
Also, the mappings considered is a countable family of multi-valued type one
demicontractive mappings which generalizes the ones considered in [11], [18]
and some other related results in literature.

Here, we consider the class of quasi-nonexpansive multi-valued mappings
which is a subclass of demicontractive mappings, see [8].

Corollary 3.3. Let H1 and H2 be real Hilbert spaces and C be a nonempty,
closed and convex subset of H1. Let A : H1 → H2 be a bounded linear operator
with A∗ its adjoint. Let f : H1 → H1 be σ-ism mapping and g : H2 → H2 be ρ-
ism mapping. Let B1 : H1 → 2H1 and B2 : H2 → 2H2 be multi-valued maximal
monotone mappings, and Ti : H1 → CB(H1), i = 1, 2, ... be an infinite family
of multi-valued quasi-nonexpansive mappings. Let D : C → H1 be a δ-ism
mappings and PC a metric projection of H1 onto C. Assume that

Γ :=

∞⋂
i=1

F (Ti) ∩ V I(C,D) ∩ Ω 6= ∅

and γn is chosen in such a way that for some ε > 0,

γn ∈
(
ε,
||(JB2

λ (I − λg)− I)Axn||2

||A∗(JB2
λ (I − λg)− I)Axn||2

− ε
)
, (3.38)
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for JB2
λ (I − λg)Axn 6= Axn and γn = γ, otherwise (γ being any nonnegative

real number). The sequences {un}, {wn} and {xn} generated iteratively for
an arbitrary x1 ∈ C and a fixed u ∈ C by

un = JB1
λ (I − λf)(xn + γnA

∗(JB2
λ (I − λg)− I)Axn),

wn = PC(un − ξDun),

xn+1 = αnu+ (βn,0 − αn)wn +
∑∞

i=1 βn,iz
i
n,

(3.39)

where zin ∈ PTiwn and PTiwn := {zin ∈ Tiwn : ||zin−wn|| = d(wn, Tiwn)}, λ > 0
with conditions:

(i) βn,0 ∈ (0, 1), βn,iβn,j ∈ (0, 1), i, j = 1, 2, ... such that
∑∞

i=0 βn,i = 1,
(ii) limn→∞ αn = 0 and

∑∞
n=0 αn =∞,

(iii) for each i ≥ 1, lim infn→∞ βn,0βn,i > 0,
(iv) αn < βn,0 for each n ≥ 1,
(v) for each p ∈ ∩∞i=1F (Ti) and Tip = {p}.

Then, the sequence {xn} converges strongly to z ∈ Γ.

In the following result, we considered an infinite family of multi-valued type
one demicontractive type mappings and a split monotone variational inclusion
problem.

Corollary 3.4. Let H1 and H2 be real Hilbert spaces and C be a nonempty,
closed and convex subset of H1. Let A : H1 → H2 be a bounded linear operator
with A∗ its adjoint. Let f : H1 → H1 be σ-ism mapping and g : H2 → H2 be ρ-
ism mapping. Let B1 : H1 → 2H1 and B2 : H2 → 2H2 be multi-valued maximal
monotone mappings, and Ti : H1 → CB(H1), i = 1, 2, ... be an infinite family
of multi-valued type-one demicontractive type mappings with constant ki such
that k = supn≥1{ki} ∈ (0, 1). Assume that

Γ :=

∞⋂
i=1

F (Ti) ∩ Ω 6= ∅

and γn is chosen in such a way that for some ε > 0,

γn ∈
(
ε,
||(JB2

λ (I − λg)− I)Axn||2

||A∗(JB2
λ (I − λg)− I)Axn||2

− ε
)
, (3.40)

for JB2
λ (I − λg)Axn 6= Axn and γn = γ, otherwise (γ being any nonnegative

real number). The sequences {un}, {wn} and {xn} generated iteratively for
an arbitrary x1 ∈ C and a fixed u ∈ C by{

un = JB1
λ (I − λf)(xn + γnA

∗(JB2
λ (I − λg)− I)Axn),

xn+1 = αnu+ (βn,0 − αn)un +
∑∞

i=1 βn,iz
i
n,

(3.41)
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where zin ∈ PTiun and PTiwn := {zin ∈ Tiwn : ||zin − un|| = d(un, Tiun)}, λ > 0
with conditions:

(i) βn,0 ∈ (k, 1), βn,iβn,j ∈ (0, 1), i, j = 1, 2, ... such that
∑∞

i=0 βn,i = 1,
(ii) limn→∞ αn = 0 and

∑∞
n=0 αn =∞,

(iii) for each i ≥ 1, lim infn→∞ βn,0βn,i > 0,
(iv) αn < βn,0 for each n ≥ 1,
(v) for each p ∈ ∩∞i=1F (Ti) and Tip = {p}.

Then, the sequence {xn} converges strongly to z ∈ Γ.

4. Application

In this section, we give an application of Corollary 3.4 to the split mini-
mization problem (SMP).

Let ϕ : H → R be a proper convex lower semi-continuous function and
φ : H → R be a convex and differentiable function. Consider the minimization
problem:

minimize{ϕ(x) + φ(x) : x ∈ H}. (4.1)

Problem (4.1) is equivalent to finding x∗ ∈ H such that

0 ∈ ∂ϕ(x∗) +∇φ(x∗),

where ∂ϕ is the subdifferential of ϕ and ∇φ is the gradient of φ. It is well
known that ∇φ is 1

α -Lipschitz continuous if and only if it is α-inverse strongly
monotone. Also ∂ϕ is maximal monotone. The proximal operator associated
with ∂ϕ is defined by

prox∂ϕ(x) = arg min{ϕ(x) +
1

2
‖x− u‖2 : u ∈ H} for each x ∈ H.

Consequently, prox∂ϕ(I − ∇φ) is nonexpansive. In addition, F (prox∂ϕ(I −
∇φ)) = (∂ϕ + ∇φ)−1(0). Hence, setting f = ∇φ1, g = ∇φ2, B1 = ∂ϕ1 and
B2 = ∂ϕ2 in SMVIP, we obtain the following SMP:

find x∗ ∈ C such that x∗ = arg min{ϕ1(x) + φ1(x) : x ∈ H1} (4.2)

and

y∗ = Ax∗ ∈ Q solves y∗ = arg min{ϕ2(y) + φ2(y) : y ∈ H2}. (4.3)

Thus, we present the following algorithm for solving the SMP (4.2)-(4.3).
We denote the set of solution of the SMP by ∆.

Theorem 4.1. Let C and Q be nonempty, closed and convex subset of real
Hilbert spaces H1 and H2, respectively. Let A : H1 → H2 be a bounded linear
operator with A∗ its adjoint. Suppose ϕ1 : H1 → R and ϕ2 : H2 → R be two
proper, convex and lower semi-continuous functions, φ1 : H1 → R and φ2 :
H2 → R be two convex and differentiable functions such that their gradients
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∇φi is 1
αi

-Lipschitz continuous, i = 1, 2. and Ti : H1 → CB(H1), i = 1, 2, ...
be an infinite family of multi-valued type-one demicontractive type mappings
with constant ki such that k = supn≥1{ki} ∈ (0, 1). Assume that

Γ :=
∞⋂
i=1

F (Ti) ∩∆ 6= ∅

and γn is chosen in such a way that for some ε > 0,

γn ∈
(
ε,

||prox∂ϕ2(I −∇φ2)Axn||2

||A∗prox∂ϕ2(I −∇φ2)− I)Axn||2
− ε
)
, (4.4)

for prox∂ϕ2(I −∇φ2)Axn 6= Axn and γn = γ, otherwise (γ being any nonneg-
ative real number). The sequences {un}, {wn} and {xn} generated iteratively
for an arbitrary x1 ∈ C and a fixed u ∈ C by{

un = prox∂ϕ1(I −∇φ1)(xn + γnA
∗(prox∂ϕ2(I −∇φ2)Axn),

xn+1 = αnu+ (βn,0 − αn)un +
∑∞

i=1 βn,iz
i
n,

(4.5)

where zin ∈ PTiun and PTiwn := {zin ∈ Tiwn : ||zin−un|| = d(un, Tiun)}, λ > 0
with conditions:

(i) βn,0 ∈ (k, 1), βn,iβn,j ∈ (0, 1), i, j = 1, 2, ... such that
∑∞

i=0 βn,i = 1,

(ii) limn→∞ αn = 0 and
∑∞

n=0 αn =∞,

(iii) for each i ≥ 1, lim infn→∞ βn,0βn,i > 0,

(iv) αn < βn,0 for each n ≥ 1,

(v) for each p ∈ ∩∞i=1F (Ti) and Tip = {p}.
Then, the sequence {xn} converges strongly to z ∈ Γ.
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