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Abstract. In this paper, we introduce coincidence point theorems for Beride type contrac-
tion mappings via simulation functions and obtain some sufficient axioms for the existence

and uniqueness of coincidence point for such class of mappings in the setting of metric spaces.

1. INTRODUCTION

Some real world problems can be created as mathematical models. The ex-
istence of solutions for these problems has been investigated in various math-
ematics for example, functional analysis, differential equations, integral equa-
tions. Some methods via fixed point theory can show the solution of these
problems. Fixed point theory gains very large impetus due to its wide range
of applications in various fields such as economics, computer science, engineer-
ing, biology, physics, etc.

In addition, Banach’s contraction principle [1] is crucial to present the exis-
tence of solutions for some nonlinear equations, differential and integral equa-
tions, and other nonlinear problems.
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Later, Berinde [3] extended the Zamfirescu fixed point theorem [2] to almost
contractions, a class of contractive type mappings.

Khojasteh et al. [6] originated the notion of Z-contractions using a spe-
cific family of functions called simulation functions. Subsequently, many re-
searchers generalized this idea in many ways (see [7, 8, 9, 10, 11, 12, 13, 14,
15, 16, 17, 18] and proved many interesting results in the arena of fixed point
theory.

In this paper, we define a Berinde type contraction mappings via the sim-
ulation functions in metric spaces.

2. PRELIMINARIES

Theorem 2.1. ([1]) Let (X,d) be a complete metric space and S be a self-
mapping on X such that there exist k € [0,1),

d(S0,5v) < kd(0,9), V6,9¢€ X. (2.1)
Then, S has a unique fixed point in X.

Theorem 2.2. ([3]) Let (X, d) be a complete metric space and a self-mapping
S on X be an almost contraction, that is, there exist § € [0,1) and L > 0 such
that
d(S0,5v) <dd(0,9) + Ld(¥,S0), V6,9 € X. (2.2)

Then, we have the followings:

(i) Fix(S) # 0, where Fix(S) ={0 € X : S8 = 6};

(ii) for any 6y € X, the Picard iteration {0,411} given by 0,41 = SO, for

each n > 0 converges to some 6* € Fix(S);
(iii) the following estimate holds

(2

d(@nﬂ,l, 9*) S d(9n+1, Hn), Vn Z O, ) Z 1.

1-94§
Theorem 2.3. ([4]) Let (X,d) be a complete metric space and a self-mapping
S ont X be a Cirié almost contraction, that is, there exist 6 € [0,1) and L >0
such that for all 0,9 € X,
d(S0,5vY) < d§ max{d(0,v),d(8,S0),d(9, SV),d(0,S9),d(I, S0)}
+ Ld(9, S0).
Then, we have the followings:
(i) Fix(S) # 0, where Fix(S) = {6 € X : S0 = 6};
(ii) for any 6y = 0 € X, the Picard iteration {60,} given by 0,41 = SO, for
each n > 0 converges to some 0* € Fix(S5);

(2.3)
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(iii) the following estimate holds

d(6,,,0%) < 15766[(9,59), Vn>1.

Subsequently, Babu et al. [5] defined the class of mappings satisfying axiom
(B) as follows:

Definition 2.4. ([5]) Let (X, d) be a metric space and a self-mapping S on
X is said to satisfy axiom (B) if there exist a constant 6 € (0,1) and L > 0
such that

d(S6,S59)

< 6d(8,9) + Lmin{d(6, $6), d(d, S9), d(6, S9), d(9, SO)}, V9 € X. =D

They proved a fixed point theorem for such mappings in complete metric
spaces. They also discussed quasi-contraction, almost contraction and the
class of mappings that satisfy axiom (B) in detail.

Definition 2.5. A mapping ¢ : [0,00)? — R is called a simulation function if
it satisfies the following axioms:
(¢1) ¢(0,0) = 0;
((2) C(t,s) < s—tforallt,s>0;
(C3) if {tn}, {sn} are sequences in (0, 00) such that
limg, oo ty, = limy, oo S, > 0, then

limsup (tn, sn) < 0; (2.5)

n—oo
(Ca) if {tn}, {sn} are sequences in (0, c0) such that
limg, oo ty, = limy, 00 Sy, > 0 and ¢, < s, for all n € N, then equation
(2.5) is satisfied.

If the function ( satisfies the axioms ((1)-((3), we say that ¢ is a simula-
tion function according to the sense of Khojasteh et al. [6] and if it satisfies
(¢1),(¢2), and ((4), then it is a simulation function according to the sense of
Roldan-Lépez-de-Hierro et al. [10]. Denoted by Z is the set of all simulation
functions.

Example 2.6. ([6]) We give some examples of simulation functions.
(i) Let ¢ : [0,00)2 — R be defined by ((t,5) = f(s) — g(t) for all t,s €
[0, 00), where f,g: [0,00) — [0,00) are two continuous functions such
that f(t) = g(t) = 0 if and only if ¢ = 0, and f(t) < t < g(¢) for all
t > 0. Then ( is a simulation function.

(i) Tet ¢ : [0,00)2 — R be defined by ((t, 5) = s— L3t for all t, s € [0, 00),

where f, g : [0,00)%2 — [0, 00) are two continuous functions with respect




514 A. Padcharoen and J. K. Kim

to each variable such that f(t,s) > g¢(t,s) for all t,s > 0. Then ( is a
simulation function.

(iii) Let ¢ : [0,00)? — R be defined by ((t,s) = s — f(s) — t for all t,s €
[0,00), where f : [0,00) — [0,00) is a continuous function such that
f(t) =0 if and only if t = 0. Then ( is a simulation function.

Definition 2.7. ([6]) Let (X,d) be a metric space and ( € Z. A mapping
S : X — X is called a Z-contraction with respect to ( if

¢(d(S6, $9), d(6,9)) = 0
holds for all 8,9 € X.

Let S and T be two self-maps defined on a non-empty set X. If §* = S0 = 70
for some 6 € X, then 6 is called a coincidence point of S and 1" and 6* is called
a point of coincidence of S and 7. Moreover 6* is called a common fixed point
of S and 7 if 6= 6*. A pair (S,7) of self-maps is called weakly compatible if
they commute at their coincidence points.

Theorem 2.8. ([18]) Let S and T be weakly compatible self-maps defined on a
nonempty set X. If S and T have a unique point of coincidence n = S0 =710,
then 7 is the unique common fixed point of S and T .

Motivated and inspired by Definition 2.4, Definition 2.7 and Theorem 2.2,
we define a Berinde type contraction mappings via the simulation functions
in metric spaces as follows:

Definition 2.9. Let (X, d) be a metric space and let S,7 : X — X be self-
mappings. We say that S is a Berinde type (Z,7T)-contraction if there exists
¢ € Z and a constant L > 0 such that

¢(d(S6,89),M(0,9)+ LN(0,9)) >0, V6,9¢€X, (2.6)
holds with 70 # T¢, where

M(6,9) = max {d(T@, 19),d(Y9,S0),d(T0, S9), d(19, 59) —2+ d(1'9, 56) }

and
N(0,9) = min{d(Y0,50),d(Yv,S9),d(Y6,S59),d(T¥,S50)} .

Remark 2.10. If S is a Berinde type (Z,7)-contraction with respect to ¢ € Z,
then

(56, 80) < M(0,9) + LN(0,9), V6,0 € X. (2.7)
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3. MAIN RESULTS

Firstly, the following lemma shows that a point of coincidence of a Berinde
type (Z,7)-contraction is unique.

Lemma 3.1. Let (X,d) be a metric space. If S be a Berinde type (Z,7)-
contraction with respect to ¢ € Z with a point of coincidence in X, then it is
UNIqUE.

Proof. We prove that if a point of coincidence of S and T exists then it is
unique. If n; and ny are two distinct points of coincidence of S and 7°, then
there exist two points g1, 9o € X such that Sp1 =T 1 =m1 #n2 =T 92 = Sos.
Thus, it follows from equation (2.6) and ((2) that

0 < ¢(d(Se1,S02), M(o1,02) + LN (o1, 02)), (3.1)
where
M (o1, 02)

= max {d(TQh Y02),d(Y01,S02),d(Y 02, S02),

d(Yo1,S02) + d(To2,S01)
2
= d(771,772)
and
N(o1,02) = min{d(Yo1,Se1),d(T o2, Se2),d(Ye1,S02),d(Yo2,S01)} = 0.
This together with (3.1) shows that
0<C( (So1,502), M(01,02) + LN (01, 02)
= ¢(d(n1,m2),d(n1,m2))
< d(

n, 772) (Th, 772)
=0

(3.2)

which is a contradiction. Hence, the point of coincidence of S and 7" in X is
unique. O

Theorem 3.2. Let (X,d) be a complete metric space, S be a Berinde type
(Z,7)-contraction with respect to ¢ € Z and suppose that there exists a Picard-
Jungck sequence {0,} of (S,1). Then
lim d(10,,760,+1) =0. (3.3)
n—oo
Proof. We consider the Picard-Jungck sequence such that 76,1 = S60,,, where
n e N. If T8, = 76,1, for some n € N, then 6, is a coincidence point. Thus,
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we assume that 76,, # 70,11 which implies that d(70,,70,+1) > 0 for all
n € N. Letting § = 6,, and ¥ = 0,,4; in equation (2.6), we obtain

where

M(an 0n+1)

— max {d(”f@n, YOpi1), d(Y 0, 50,),d(X0pi1, SOnsi1),

A(X 0y, SOps1) + d(X i1, S6,,) }

2
(3.5)
=max < d(20,,Y0,+1),d(V0,,70,41),d(T 011, 0pn42),
d(Y0,,70,42) +d(V0,4+1,70,41)
2
d(ré,,ro,
= Imax {d(T@n, TGnH), d(T9n+1, T9n+2), (2+Q)} .
The triangle inequality yields
d(re,,re,
(2“) < max{d(Y0p,Y0n+1),d(YOni1,V0pi2)}. (3.6)
Since
N(Hn, Hn—i-l)

= min{d(Y0,, 50,),d(Y0p+1, S0n+1),d(T0p, SOpt1),d(T0ps1,560,)}
= min{d(Y0,,Y0,,+41),d(Y0n41,Y0pn12),d(Y 00, T0p11),d(TOp41,Y0n+1)}
=0,
(3.7)
this together with (3.4) shows that

0 < ((d(SOn, SOnt1), M (On, Op1) + LN (O, Oni1))
= ((d(SOn, SOp+1), max{d(Y0,,T0,+1),d(V0,+1,70,42)}) (3.8)
< max{d(Y0,,Y0,4+1),d(Y0p+1,Y0p42)} — d(X0p11,T0p12).
The inequality (3.8) shows that
M (8, 0ns1) = d(T0p, Vbns1), Yn €N (3.9)
which implies that
d(Y0p4+1,Y0n+12) < d(Y0,,Y60,11), VneN. (3.10)
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Therefore, the sequence {d(Y'0,,,70,.+1)} is decreasing, so there is some ¢ > 0
such that

nan§O d(Y0,,70,41) = .

Suppose ¢ > 0. Let the sequences {t,} and {s,} as t, = d(T0,+1,70,,42) and
$p =d(Y60,,Y0,4+1). Since lim,, o t, = limy, o0 Sy, = ¢ and ¢, < s, for all n,
by the axiom ((4) and equation (2.6) we get

0 < lim sup C(d(Ten-i-l, T9n+2), d(T‘gm Ten—i—l)) < 07

n—oo

which is a contradiction. Hence, ¢ = 0, that is, equation (3.3) holds. O

Theorem 3.3. Let (X,d) be a metric space and S be a Berinde type (Z,7)-
contraction with respect to ( € Zand suppose that there exists a Picard-Jungck
sequence {0,} of (S,Y). Then the sequence {Y'60,} is a Cauchy sequence.

Proof. We know that {76,} is a sequence in (X, d) such that (3.3) holds.
We now show that {7°0,} is a Cauchy sequence.

Suppose that {Y'6,,} is not a Cauchy sequence. Then there exist £ > 0 and
two sequences {ng} and {my} of natural numbers with my > ny > k > 0,

dY0y,,,Y6p,)>¢& and d(X0n,—1,70,,) <.

So, we obtain
£<d(Y0,,,70,,)

<dX0m,,Y0m,—1) +d(T0m,—1,70,,)
<d(XOpm,,,Y0m,—1) +&.
Letting £ — oo in above inequality, we have

lim d(Y0,,,,270,,) =& (3.11)
k—o0
Using (3.3) and (3.11), we obtain
lim d(Y 0, 41,70n,+1) =§&. (3.12)
k—ro00
Hence,

M (O, 0p,) = max {d(Tﬁmk T0,,), (YO, SO, ), d(T 00, , SOy, ),
(3.13)

A(X O, , S0n,) + d(X0p, , SO, }
. .

Taking k — oo in equation (3.13) and using equation (3.11) and (3.12), we get
lim M (0, 0n,) = &. (3.14)
k—o0
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Additionally, with the aid of equation (2.6), we have
lim N (6, , 0n,) = 0. (3.15)
k—ro0

Indeed, we take two sequences {tx} and {s;} with we get

ty = d(SOm,,, SOn,n) = d(X 0, +1,7T0n,+1) >0
and

sk = M(Om,,0n,) + LN (O, ,0n,) >0, VEk € N.
Also, we have

MO, 0n,) + LN (O, > d(T Oy, , Y0, ) > €.
Thus, we can apply the axiom ((4) to these sequences, that is,

0 S lim Supg(d(Tgmk+1> Tenk+1)’ M(emka enk) + LN(emka enk)) < 0.

k—oo

which is a contradiction. That is, {1'6,} is a Cauchy sequence. O

Theorem 3.4. Let (X,d) be a metric space, S be a Berinde type (Z,7)-
contraction with respect to ( € Z and suppose that there exists a Picard-Jungck

sequence {0} of (S,T). Also assume that, at least, one of the following azioms
holds.

(i) (S(X),d) or (Y'(X),d) is complete;
(ii) (X, d) is complete, T is continuous and S and T are compatible.

Then S and T have a unique coincidence point.

Proof. Suppose that (1'(X), d) is complete. Then there exists w € X such that
160,41 — Tw as n — oo which implies

lim d(Y0,41,Tw) = 0. (3.16)

Next, we prove that Sw = Yw. Assume Sw # Tw and so, d(Sw,Tw) =& > 0.
From equation (3.16), there exists ng € N such that
d(56n,Tn) < e =d(Sn,Tn)

for all n > ng. This leads us to

S0, # Sn = d(S0,,Sn) > 0. (3.17)
for all n > ng. Now, there does not exist some ng € N such that for all n > ng
1011 =Tn.

Hence, there exists a partial subsequence {10, } of {Y6,1} such that
79, # n. (3.18)
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for all k € N. Let ny € N be such that p,, > ng. Thus, by using equation
(3.17) and (3.18). By the previous facts and axiom ((2), we get

0 < ¢(d(Sn,S0,,), M(1,0p41) + LN (17,0n41))
< M(n,0n+41) + LN(n,0n41) — d(Sn, S6p,,).
Taking n — oo, we obtain
0< M(n,0n41) +LN(n,0p11) — d(Sw,Tw)
=0—d(Sw,Tw).
This implies that n = Yw = Sw and 7 is the (unique) point of coincidence of
S and 7.

In the same way, we can prove that ¢ = Sw = Yw is a (unique) point of
coincidence of S and 7, when (S(X), d) is complete.

Suppose that (X, d) is complete, 7" is continuous and S and 1" are compati-
ble. Since (X, d) is complete, there exists w € X such that S0, =7160,,1 — w
when n — oo. As 7 is continuous, we obtain

li_>m 1(S6,) =Tw = d(Y(S0,),Tw) =0 (3.19)
and
li_>m Y(X0h41) =Tw=dT(Y0p41),Tw)=0. (3.20)

We claim that lim,,_,~ S(7'0,,) = Sw. If not, then there exists a subsequence

{S(T6,,)} of {S(T6,)} such that
S(Y0,,) # Sw (3.21)

for all £ € N. There does not exist some k1 € N such that for all n > kq, we
get T(T0p11) = Tw. Thus, there exists a partial subsequence {T(16,, )} of
{Y(Y0,,+1)} such that

Y(X0,,) # Tw. (3.22)

for all 7 € N. Hence, by (3.21) and (3.22), we have d(S(10,,), Sw) > 0 and
d(Y(70,,),Tw) > 0 for all 7,7 € N. By using axiom ((2), we obtain

0 < ¢(d(S(Y0y,), Sw), M(T(Y0,,),Yw)) + LN(T(Y0,,),Tw)
<M (T0,,.),Tw)) + LN(Y(Y0,,.),Tw) — d(S(T0,,), Sw)
=d(Y(T0,,),Tw) —d(S(T0,,), Sw).
Thus, we have
d(S(Y0,,),Sw) <d(T(Y0,.),Tw) -0 as v — o0
which is a contradiction. This implies that
nh_)rgo d(s(7e,), Sw) = 0. (3.23)
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Moreover, as S and 7" are compatible, we have
lim d(S(76,),7(S6,) =0. (3.24)
n—oo

Using equation (3.19), (3.23) and (3.24), we get
0(Sw, Tw) < d(Sw, S(T0,)) + d(S(T,), T(S6,))
+d(Y(56,),Tw) = 0 as n — oo.

Therefore,

d(Sw,YTw) = 0.
This implies that ¢ := Yw = Sw and p is the (unique) point of coincidence of
Sand 7. O

Theorem 3.5. Let (X,d) be a complete metric space, S be a Berinde type
(Z,7)-contraction with respect to ¢ € Z and suppose that there exists a Picard-
Jungck sequence {0,} of (S,Y). Also assume that, (S(X),d) or (T(X),d) is
complete and S and T are weakly compatible. Then S and T have a unique
common fixed point in X.

Proof. 1t follows Theorem 3.4, S and 7 have a unique point of coincidence.
Moreover, as S and T are weakly compatible, then according to Theorem 2.8,
they have a unique common fixed point in X. O

Example 3.6. Let X = {0,4,5} and d : X x X — [0,00) be defined by
d(0,9) =10 — 9|. Define 5,7 : X — X as

0 4 5 0 4 5
S_<4 4 4) and T‘<5 4 0)'

—t.
s+1
Case (i). For § = 0,9 = 4. From (2.6), we have
¢(d(50,54), M(0,4) + LN(0,4)),

Suppose ((t,s) =

where

M(0,4) = max {d(TO, T4),d(Y0, S0),d(T4, S4),

d(5,4) + d(4,4)
—

d(Y0, S4) + d(T'4, S0)
.

= max {d(5, 4),d(5,4),d(4,4),

1
= 1,1,0, -
e {1.10.1)
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and
N(0,4) = min {d(0, 50), d(T4, S4), d(T0, 54), d(T4, S0)}
= m%n {d(5,4),d(4,4),d(5,4),d(4,4)} (3.25)
=min{1,0,1,0}
= 0.
Thus,
C(d(S0, S4), M(0,4) + LN(0,4)) = ¢(0,1) = 1i1 - % >0

Case (ii). For § = 0,9 = 5. From (2.6), we have
¢(d(S50,55), M(0,5) + LN(0,5)),

where

M (0,5) = max {d(TO, T5),d(Y0, S0),d(Y5, S5), .

d(5,4) 4 d(0,4)
AR

d(70, S5) + d(T5, S0) }

= max {d(5, 0),d(5,4),d(0,4)

=5
and
N(0,5) = min {d(Y0, S0), d(T5, S5), d(70, S5), d(T'5, S0)}
= min {d(5.4),d(0,4), d(5, 1), (0,4} 526)
=min{1,4,1,4}
=1.
Thus,
C(d(S0,85), M(0,5) + LN(0,5)) = ¢(0,6) = g4 —0 =7 >0

Case (iii). For # = 4,9 = 5. From (2.6), we have

¢(d(S54,85), M(4,5) + LN (4,5)),
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where

M(4,5) = max {d(T4, T5),d(Y4,54),d(Y5, S5), .

d(4,4) + d(0,4)}

(T4, 85) + d(T5, 54) }

= max {d(4, 0), d(4,4),d(0,4),

2
= max {4,0,4,2}
=4
and
N(4,5) = min {d(T4,54),d(T5,S5),d(T4,S5),d(T5,54)}
= min {d(4,4),d(0,4) (4, 4), 400, )} o)
=min{0,4,0,4}
= 0.
Thus,

Therefore, all the assumptions of Theorem 3.5 are satisfied and by the con-
clusion of it, S and 7" have a unique point of coincidence § = 4 and also it is
their unique common fixed point.
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