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Abstract. The main aim of this paper show the conditions to guarantee the existence
and uniqueness of the solution to stochastic differential equations. To make this stochastic
analysis theory more understandable, we impose a weakened Holder condition and a weak-
ened linear growth condition. Furthermore, we give some properties of the solutions to the

stochastic differential equations.

1. INTRODUCTION

Stochastic system has come to play an important role in many branches
of natural and applied science where more and more researcher have encoun-
tered stochastic differential equations(short for SDEs). The problems of the
existence and uniqueness of the solution to the SDEs has become an impor-
tant field of study because the solution of the SDEs does not have an explicit
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expression except for linear cases as well as the question of the existence of
stochastic integral part in the equations.

Mao [10] had investigated the SDEs in his book. The main one of this paper
is the proof of the existence and uniqueness of the SDEs. In his book [10],
He had introduced the stochastic differential equations studied by previous
researchers;

da(t) = f(a(t), t)dt + g(xz(t), t)dB(t), (1.1)

on the closed interval [to, T, 9 < T. And he obtained that if Lipschiz condition
and linear growth condition hold, then the SDEs (1.1) had a unique solution
(t), moreover, z(t) € M?([t, T]; R¥*™) which means that we denoted by M?
the family of processes { f(t)} in L£P such that E ftf |f(#)]2dt < .

After that the study of the existence and uniqueness theorem for the SDEs
has been developed into some new uniqueness theorem for SDEs under special
conditions. See the references to this [2], [4], [5], and [12], [13], [15], [16].
Moreover, as for the studies related to this research, see [3], [6]-[11], [14], and
references therein for details.

Especially, Wei et al. [16] obtained that if two condition (1.2) and (1.3)
hold: For all y, z € R? and t € [tg, T], it follows that
[y, t) = F(z )P VIgly. 1) — g(z ) < s (ly — 2%, (1.2)
where k(-) is a concave non-decreasing function. For all ¢ € [tg, T, it follows
that f(0,t),g(0,t) € R% x [tg, T] such that
£0.6)* Vg0, D) < K, (1.3)
then there exists a unique solution z(t) to equation (1.1) and the solution
belongs to M?([tg, T]; RY).
And Bae et al. [2] obtained that if two condition (1.4) and (1.5) hold: For
any y,z € R% and t € [tg, T], we assume that
[y, t) = F(z O Vg(y,t) — g(z. ) < Kly — 2>, (1.4)

where K is a positive constant and 0 < o < 1 is a constant. For any ¢ € [to, T
it follows that f(0,t), g(0,t) € L2([to, T]) it follows that

1£(0,8)] v |9(0,8)* < K, (1.5)

where K is a positive constant, then there exists a unique solution z(t) to
equation(1.1) and the solution belongs to M?([ty, T]; R?).

In the paper [2], by employing non-Lipschitz condition and non-linear growth
condition, authors established the results for d-dimensional stochastic func-
tional differential equation.
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Motivated by [2], [10], and [16], we will investigate the existence and unique-
ness theorem of the solution for SDEs at a phase space M? ([to, T; Rd) in this
paper. We still take tg € R as our initial time throughout this paper. And we
want to prove our main results as follows; first, under the weakened Holder
condition and the weakened linear growth condition, we estimate bounded of
the solution for SDEs. Next, we prove the existence and uniqueness theorem of
the solution for SDEs. Finally, we derived the estimate for the error between
Picard iterations {x,(¢)} and the unique solution x(¢) of SDEs.

2. DEFINITIONS AND BASIC PROPERTIES

Let (92, F, P), throughout this paper unless otherwise specified, be a com-
plete probability space with a filtration {F; }+>¢, satisfying the usual conditions
(that is, it is right continuous and F3, contains all P-null sets). Let |- | denote
Euclidean norm in R™. If A is a vector or a matrix, its transpose is denoted
by AT if A is a matrix, its trace norm is represented by |A| = \/trace(AT A).
Assume that B(t) is an m-dimensional Brownian motion defined on complete
probability space, that is, B(t) = (Bi(t), Ba(t), ..., Bn(t))T.

Consider the d-dimensional stochastic differential equation of It6 type

dxz(t) = f(z(t),t)dt + g(z(t),t)dB(t) on to<t<T (2.1)

with initial value x(t9) = z¢. By the definition of stochastic differential, this
equation is equivalent to the following stochastic integral equation:

x(t) = zo + t f(z(s),s)ds +/t g(z(s),s)dB(s) on to<t<T. (2.2)

First, let us define the solution of the stochastic differential equations.

Definition 2.1. ([10]) An R%valued stochastic process {z(t)}s,<i<7 is called
a solution of equation (2.1) if it has the following properties:

(i) {z(¢)} is continuous and Fi-adapted,;
(it) {f(x(t),0)} € L([to, T]; RY) and {g(x(t),t)} € L2([to, T]; R™™);
(iii) equation (2.1) holds for every ¢ € [tg, T] with probability 1.

A solution z(t) is said to be unique if any other solution Z(t) is indistin-
guishable from z(t), that is

Plx(t)=2 for all to <t<T}=1.
For the convenience of the reader, we state following lemmas.

Lemma 2.2. ([1, 10]) (Bihari’s inequality). Let x(t) and y(t) be non-negative
continuous functions defined on Ry. Let z(u) be a non-decreasing continuous
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function Ry and z(u) > 0 on (0,00). If

t(t) <a+ /0 y(5)2(x(s))ds,

fort € Ry, where a > 0 is a constant, then for 0 <t <ty

x(t) < L1 (L(a) + /Oty(s)ds> ,

where L(r) = fr:) % r>0, ro>0,and L™ is the inverse function of L

and t1 € Ry is chosen so that L(a) + fo s)ds € Dom(L™Y) for all t € Rt
lying in the interval 0 <t < ;.

Lemma 2.3. ([10]) Let p > 2. Let f € M?([0, T]; R¥™) such that

E/ s)|Pds < oc.

E /OTf(s)dB(s)pg <(2_1> 7 E/ 5)[Pds.

Lemma 2.4. ([10])) Ifp > 2, f € M?([0,T]; R™™) such that

Then

E/ s)|Pds < oo,

P
<0i1t1£T / f(s)dB(s > <2(p—1> T P E/ s)[Pds.

Lemma 2.5. ([1, 10]) (Hélder’s inequality) If % —I—% =1 for any p,q > 1,

1 1
feLP, and g € LI, then fg € L' and f:fgd:r < (f; |f]pdzc)p (f(f |g]qd$) .

then

Lemma 2.6. ([1]) Let a(t) and u(t) be continuous functions on [0,T]. Let
K >1and0 <p <1 be constants. If u(t) < K—i—ftto a(s)uP(s)ds fort € [to, T

then
u(t) < K exp ( /tt a(s)ds> .
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Lemma 2.7. ([1]) (Stachurska’s inequality) Let x(t) and y(t) be non-negative
continuous functions for t > «, and let

2(t) < a(t) + b(t) / y(5)27(5)ds,

t € J = [a, B), where § is non-decreasing function and 0 < p < 1. Then

—1

a p—1 rt p—1
z(t) < a(t) (1 —(p-1) [bgﬂ / y(s)bp(s)ds> .

3. EXISTENCE OF SOLUTION

In order to attain the solution of (2.1) we impose following assumptions:
(H1) For all y,z € R% and t € [tg, T, it follows that

[f(y,t) = f(2. ) Vg (y, 1) — g(2,0)]* < & (ly — 2*), (3.1)

where 0 < a < 1 and k(-) is a concave non-decreasing function from
R to Ry such that x(0) = 0, x(u) > 0, for u > 0andf0+ wlaydu = 00

(H2) For all t € [tg, T, it follows that f(0,t), g(0,t) € R? x [to, T] such that
£0.)]% v |g(0.1)]* < K. (3:2)

To demonstrate the generality of our results, let us illustrate it using a
concave function x(-). Let K > 0 and let § € (0,1) be sufficiently small.
Define

k1(u) = Ku, u > 0;

o2 (1) = {ulog( uh), 0<u<i

Slog(0~ 1) 4+ Ko (6—)(u —0), u > J;
i3 (1) = ulog(u~1) loglog(u=1), 0<u<é
S §log(6 Y loglog(671) + K3(6—)(u —6), u > 6.

They are all concave non-decreasing functions satisfying x;(u) > 0, for u > 0,
and fo n ﬁdu = oo. In particular, we see that condition (1.4) is a special

case of our proposed condition (3.1).
Since our goal is to find the conditions that guarantee the existence and

uniqueness of the solution to stochastic differential equation (2.1). We start
with following an exponential estimate.
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Lemma 3.1. Assume that conditions (3.1) and (3.2) hold. If x(t) is the
solution of (2.1), then

E( sup |:U(t)|2> < Caexpl6b(T — to)(T — to + 4)], (3.3)
to<t<T

where Cy = 3E|xo|> + 6K (T —to+4)(T —to) and Cy = C1 +6a(T —to+4)(T —
to) > 1.

Proof. For each number n > 1, define the stopping time
o =T ANinf{t € [to, T : |z(t)| > n}.

Obviously, as n — 0o, 7, T T a.s. Let 2" (t) = x(t A7), t € [to,T]. Then z™(t)
satisfy the following equation

t t
20 = a0+ [ J)5) g ()5 + [ 9. 5) o ()ABCs).
to to
Using the elementary inequality (y + z + w)? < 3(y? + 22 + w?), we have the
following
2
+3

t 2
/ g(xnv S)I[to,Tn} (S)dBS

to

t
()2 < 3o’ + 3\ | 56" 51
to

Taking the expectation on both sides, using the condition (3.1) and (3.2),
Holder’s inequality, and the elementary inequality (y + 2)? < 22 + 222, we
have the following

B( s ()

to<s<t
s 2
f(@™(8), )ity ) (8)ds

to

/ (a7 (5), )Ty (5)dBs

to

< 3E|zo|? + 3E sup
to<s<t

2

+3E sup
to<s<t

< 3EJaol? + 6(T — o) E (rf@c"(s), 9~ 1(0.9)P + 70, s>\2)ds

t
to

t
<248 [ ((afa(6).5) = 90,9 + lo0.5) ) s
to
t
<CL+6(T—tg+4)E | k(jz"(s)*)ds,

to
where C1 = 3E|xo|? + 6K (T —to+4)(T —to). If x(-) is concave and x(0) = 0,
then we can find the positive constants a and b such that x(u) < a+ bu for all
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u > 0. Therefore, we find that

t
E( sup w(s)P) < O 46T —to+ B [ [at bla™(s)2ds,

to<s<t to

IN

t
Cy +6b(T —to + 4)/ E|z"(s)|*“ds,

to
where Co = C 4 6a(T — to + 4)(T — to).
One further obtains that
t
E( sup |x"(s)|2> < Co+6b(T —tg + 4)/ E( sup |:C"(7“)\2°‘>ds.
to<s<t to to<r<s
By Lemma 2.6, we derive that
E< sup |xn(s)|2> < Caexp [6b6(T —to+4)(T — to)] -
to<s<t
Letting t=T, it then follows that
E( sup |x”(s)|2> < Coexp [6b(T — to +4)(T —to)] .
to<s<T
This is as follows
E< sup |z(s A Tn)|2> < Coexp [6b(T —to+ 4)(T — to)] -
to<s<T
Consequently, we see that
E< sup |ac(t)\2) < Coexp [6b6(T — to+ 4)(T — to)] -
to<t<mn
Letting n — oo, it then implies the following inequality
E( sup |:c(t)]2> < Coexp [6b(T —to+4)(T — to)],
to<t<T

which is the required inequality. The proof is complete.
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g

The following theorem gives an existence and uniqueness theorem of the

solution to the stochastic differential equations under new conditions.

Theorem 3.2. Assume that (3.1) and (3.2) hold. Then there ezists a unique
solution to the SDEs (2.1). Moreover, the solution belongs to M? ([to, T]; R%).

Proof. (uniqueness): Let z(t), &
Lemma 3.1, we see z(t), z(t) € M?([to, T]; R?). Note that

t

(t) be any two solutions of the equation. By
2

z(t) — z(t) =/ [f(x(s),s) — f(z(s), s)]ds +/ [9(2(s), 5) — g(2(s), 5)|dB(s).

to to
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By the elementary inequality (y + 2)? < 2y? + 222, we see that
t 2
o) - a@F < 2| [ [£(als).) - F(als),s)lds

to

2

+2 / (9(x(5), 5) — g((5), )}dB(s)

to

Taking the expectation on both sides, we find that

E( sup |z(s) —:E(S)|2> < 2t—to)E | |f(z,s) — f(z,s)|*ds

to<s<t to
t
+8E | |g(z,s) — g(z,s)|*ds.
to
By the condition (3.1), we can show that

E< sup |z(s) — x(3)|2> <2(T—-ty+4)E

to<s<t

(KL(|ZL‘(S> - x(5)|20‘))ds.
Since k(-) is concave, by the Jensen inequality, we have
Er(|jz(s) — 2(s)[**) < w(E(|2(s) — (s)*"))-

Therefore, this is induced as follows

E< sup |z(s) i(s)|2> < 2T —to +4) /tﬁz(E(]m(s) i(s)|2a)>ds.

to<s<t to

to

Consequently, for any € > 0, we find that

E< sup |(s) —a‘c(s)|2> < e ATty +4) /%(E sup |x—a‘c|2°‘>ds.

to<s<t to to<r<s

By the Bihari inequality, we deduces that, for all sufficiently small € > 0
E sup |z(s) —Z(s)]*> < G7LHG(e) 4+ 2(T — to + 4)(T — to)], (3.4)

to<s<t
where G(r) =[]’ %(u)du on r >0, k1(u) = k(u®), 2(t) = Esupy <<t |2(s) —
Z(s)|? and G71(-) be the inverse function of G(-). By assumption Jos ﬁdu =

oo and the definition of k(-), we see that lim. o G(¢) = —oo and then

161%1 G7HG(e) 4 2(T — to + 4)(T — to)] = 0.

Therefore, by letting € — 0 in (3.4), we have that
E sup |z(s) —%(s)]*> = 0.

to<s<t

This implies that z(t) = Z(t) for to <t < T. The uniqueness has been proved.
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(existence): Next to check the existence, define xo(t) = zg, and for n =
1,2, -, define the Picard iterations

t t
nlt) = 20+ [ flan1(s),s)ds + / G(nr(s),$)AB(s), to < t <T. (3.5)
to to
Obviously, xo(-) € M?2([tg, T]; RY). Moreover, it is easy to show that z,(-) €
M3 ([to, T); Rd). Taking the expectation on both sides and using the inequality
ly + 2 4+ wlP <3P H|y|P + |2[P + |w[P] we see that

s 2
E sup |§cn(s)]2 < 3E\x0]2+3E sup f(zp_1,7r)dr
to<s<t to<s<t |/t
S 2
+3E sup /g(:cnl,r)dB(r)
to<s<t |Jtg

By the Holder inequality and the moment inequality, we have

t

E sup |za(s)]? < 3Blxof’ +3(T —to)E [ |f(xa-1(s),5)|*ds
to<s<t to

t
+12F | |g(zn_1(s), s)|?ds.
to

By the condition (3.1) and (3.2), we can show that

E sup |w,(s)”
to<s<t

t
< 3E|zol> +3(T —to)E | |f(zn_1(s),s) — f(0,5) + £(0,s)|%ds
to
t

+12F | |g(zn-1(s),5) — g(0, s) + g(0, s)|*ds
to
t

<3E|zo)* +6(T —tog +4)E | [5(|zn_1(s)**) + K]ds.
to

If k(-) is concave and k(0) = 0, we can find the positive constants a and b such
that k(u) < a + bu for all uw > 0. Therefore

E sup |za(s)]?
to<s<t

t
< 3EB|xol® +6(T —to + 4)E/ (K + a+ blea—1(s)|**)ds
t
. 0
<C3+66(T —tg+4) [ E sup |r,_1(r)|**ds,

to  to<r<s
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where C3 = 3E|xo|? + 6(K + a)(T — to + 4)(T — to). Hence for any k > 1, we
can derive that

max E sup |z,(t)[?

1<n<k  o<s<t

t
< Csq +6b(T—t0+4)/ (E|xo|2a+ max E sup |xn(r)|2°‘>ds

to 1<n<k  to<r<s

t
< Cy+6b(T —tg+4) / max E sup |z, (r)]**ds,
to 1<n<k to<r<s

where Cy = C3+6b(T —to+4)(T —t9) E|z0|*®. From the Lemma 2.6, we have

1I£1a§kE|xn(t)|2 < Cyexpl6b(T —to +4)(T — to)].

Since k is arbitrary, for all n =0, 1,2, ..., we deduce that
Elz,(t)]* < Cyexpl6b(T — to +4)(T — to)],

which shows the boundedness of the sequence {z,(t)}.

Next we check that the sequence {z,(t)} is Cauchy. For all n > 0 and
to <t <7T, we have

tns1(t) — za(t) = / F(@n(),8) — F(na(s), 8)]ds

to

+ / (9(en(s),8) — glan1(s), $)|dB(s).

to

Using the elementary inequality (y+2)? < 2y%+222 and taking the expectation
on both sides, we derive that
2

E sup ‘l‘n+1(5)—xn(8)|
to<s<t

s 2
<28 swp | [ 1#(@n(r).) = Flaams(). )l
o 0 . )
22 sup | [ lg(eu().r) = glanos (). 0AB0)

By Holder’s inequality, Jensen’s inequality, Lemma 2.4 and condition (3.1),
we can show that
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E sup |zp41(s) —:Cn(s)|2
to<s<t

<2AT —t)E t [f(@n(s),8) = f(wn-1(s), 5)|*ds

t

+8E t 19(2n(s), 5) — g(@n_1(s),s)|ds

§2(T—to+4)/ K[E(|2n(8) — Tn_1(s)]%)]ds.

to

This yields that

limsup E sup |z,41(s) — zn(s)]?
n—00 to<s<t

<2(T -ty +4) / w[limsup B(|z,(s) — 2n_1(s)[**)]ds.

to n—00

Let z(t) = limsup,, o, E supy, << |Tnt1(s) — 2n(s)|*. Then we get

() < e+ 2T —to +4) /tt k[2(s)%ds.

By the Bihari inequality, we deduce that, for all sufficiently small € > 0
2(t) < G7HG(e) + 2(T — to +4)(T — to)],
where G(r) = [ ﬁ(u)du onr >0, k1(u) = K(u®),

z(t) =limsup E sup |zpq1(s) — $n(8)|2,

n—00 to<s<t

1

597

and G~!(-) is the inverse function of G(-). By assumption Jos wydu = oo

r(u)
and the definition of k(-), we see that lim. o G(¢) = —oo and then

leii(rjl G7YG(e) + 2(T — to + 4)(T — to)] = 0.

Therefore, by letting ¢ — 0 in (3.6), we derive that

limsup £ sup |zp41(s) — $n(5)|2 =0.
n— 00 to<s<t

This show the sequence {z,(t)} is Cauchy sequence in L?. Hence, as n — oo,
x,(t) — x(t) that is E|x,(t) — 2(t)|*> — 0. Therefore, we obtain that x(t) €
M?([to, T]; R?). Tt remains to show that z(t) satisfies equation (2.1). Note
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that
| [ 1a(9.) = 1Gale). ) ik [ otante1.0) = stete). as 2
< (0B [ 1F000) = fle. st B [ o) = ol o)
< (T—to+1) /t:ﬂ(E\xn(s) ~ o(s)|)ds.

The right-hand term of the inequality converge to zero, as n — oo. Not-
ing that sequence {x,(t)} is uniformly converge on [to,T], it means that
Esup; <ot |Tn(s) — 2(s)]** — 0. Hence, taking limits on both sides in the
Picard sequence, we obtain that

xz(t) =xz0+ [ f(x(s),s)ds +/ g(x(s),s)dB(s) on to<t<T.
to to

This above expression demonstrates that z(t) is the solution of (2.1). So far,
the existence of theorem is complete. O

4. CONTINUOUS OF THE SOLUTIONS

The following theorem shows that the Picard sequence of the equation (2.1)
has a continuity under new conditions.

Theorem 4.1. Assume that conditions (3.1) and (3.2) hold. Let x,(t) be the
Picard iteration defined by (3.5). Then for alln > 1, it follows that

E( sup |z (s) —xn1(8)|2> < Gy,

to<s<T

where C5 = 4(T — to + 4)(T — to)[a + blzo|** + K], Cs = 2(T — to + 4)(T —

1
to)(a—l- bC5°‘), C7 = CG (1 - 2b(a - 1)0&171(1—’— to)(T— to —|—4))E and 08 =
Cs + C.

Proof. Taking the expectation on both sides, and using the Holder inequality,
conditions (3.1) and (3.2), and the elementary inequality (y +2)? < 2y? + 222,
we derive that
t
E sup |x1(s) — 20> < 4T —to+4)E [ [x(|zo**) + K]ds.

to<s<t to
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If k(-) is concave and x(0) = 0, then we can find the positive constants a and
b such that x(u) < a + bu for all uw > 0. Therefore, this in induced as follows

t
E sup |z1(s) —zo|? 4T —to+4)E | [a+ blzo** + K]ds
to<s<t to

< C5a

where C5 = 4(T — tg + 4)(T — to)[a + b|lzo|** + K]. On the other hand, the
properties maximum, we take

E . 2
max, tOSSUSI)St|xn+1(5) Tn(s)|

t
< Co+2b(T —to +4) max E sup (|zn11(r) — z,(r)[**)ds,
to 1Snsk o<r<s
where Cs = 2(T — to + 4)(T — to)(a + bCE). Therefore, by the Stachurska
inequality, we see that

E o 2
jpax B sup t\wn+1(8) Tn(s)]

1
< Cg (1= 2b(a = 1)CG™H(T — to)(T — to +4)) =% := Cr.
That is, we have that

I o 2
e

<E sup |z1(s) — 20>+ max E sup |z,y1(s) — zn(s)]?

to<s<T lsnsk go<s<T
<Cs+Cf (4.1)
= (g,
which is the required inequality. The proof is complete. ]

The following theorem shows that an estimate for a difference between the
approximate solution z,(t) and the accurate solution x(t).

Theorem 4.2. Assume that conditions (3.1) and (3.2) hold. Let x(t) be the
unique solution of (2.1), and xz,(t) be the Picard iteration defined by (3.5).
Then for all n > 1, we have the following characteristics

E< sup |zn(t) — :c(t)|2> < Cy (1 —4b(a —1)CG™(T — to +4)(T — to))ﬁ ,

to<t<T

where Cg = 4(T — to 4+ 4)(T — tp)(2a + bCE) .
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Proof. From the Picard sequence and the accurate solution z(t), we have

t
Ealt) — 2(t) = / @ (s), 8) — F(a(s), )ds

to

t
+ [ latana(s).5) - glas),)aB(s)
to

Taking expectation and by Hoélder’s inequality and condition (3.1), thus we
have

E sup |xn(s)—x(s)]2

to<s<t

< AT —to +4) / [6(Elan(s) = 2n-1(s)]**) + K(Elza(s) — x(s)**)]ds.

to

By Theorem 4.1, we get

E sup fon(s) - a(s) < AT~ to +4) /t K(C) + K(Elzn(s) — 2(s)]2)]ds.

If k(-) is concave and x(0) = 0, then we can find the positive constants a and
b such that x(u) < a + bu for all uw > 0. Therefore, we obtain that

E sup |an(s) — z(s)?
to<s<t
t
<Cy+4b(T —tg+4) [ E sup |z,(r) —x(r)**dr,
to to<r<s

where Cyg = 4(T —to+4)(T — to)(2a + bC¢). By the Stachurska inequality, we
find that

1
E sup |ea(s) —a(s)]> < Cy (1 —4bla — 1)C§~ (T — to + 4)(T — t)) ™= .
to<s<t

Thus, we derive that
1
E< sup |zn(t) — a:(t)|2> < Cy (1 —4b(a—1)Cy T —to+4)(T —t9)) =,
to<t<T

where Cy = 4(T — to + 4)(T — to9)(2a + bCE), which is the required inequality.
The proof is complete. O

The following theorem shows that an exponential estimate for accurate so-
lution of SDEs.
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Theorem 4.3. Let p > 2 and xg € LP (Q;Rd). Assume that the conditions
(3.1) and (3.2) hold. Then, we have the following characteristics

1

E sup |z(t)]P < Cn (1 — 35 b5 00 (o — 1)(T — to)) T = O,
to<t<T

£ —2
where 010 = 2%3;0—1 [(T—to)p_l—F( pil )2 (T—to)pT] and 011 = 3p_1E|l‘0|p+

~ 2(p—1)
3%z C1o(T —to)(a? + K%2).

Proof. By the elementary inequality |y + 2z + w[P < 3P~ Y(Jy|P + |2]P + |w[P),
Holder’s inequality and Lemma 2.4, we have that

¢
E sup |z(s)|P < 3P E|xo|P + C1oE [ [k(|Jz(s)]*Y) + K]gds,

to<s<i to

P _2
where Cyo = 253p~1 [(T —to)P~ 1 + (%) (T — to)pp]. If k() is concave
and x(0) = 0, then we can find the positive constants a and b such that
k(u) < a+ bu for all u > 0. Therefore, we find that
- t
E sup |z(s)|P < Cn—i—3L2Qb%C10 E sup |z(r)[P*ds,
to<s<t to to<r<s

where Cy; = 3P~ LE|zo|P + 31)2;2010(T —to)(a% + K?). By Stachurska’s in-
equality, we derive that

1

E sup |z(s)]P < Cuy (1 — 3" b5 000 (o — 1)(T — t@)m .

to<s<T

which is the required inequality. The proof is complete. O

The following theorem shows that LP-continuity of the accurate solution of
SPDs.

Theorem 4.4. Let p > 2 and zg € LP (4 RY). Assume that conditions (3.1)
and (3.2) hold. Then, we have the following characteristics

Ela(t) — 2(s)P < 3"2 Cislad + K5 +b5C%)(t — s)3,
Jor all ty < s <t < T, where Cy3 = 25[2P"1(T — ty)% + 3(2p(p — 1))z].
Proof. By the elemantary inequality |y + z|? < 2P~ 1(|y[P + |z[P), it is easy to

see that

p
+or 1R

p

Ble(t) - a(s)PP < 2'E / F(a(r), r)dr / o (r), r)dB(r)
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Using Holder’s inequality, Lemma 2.3, condition (3.1) and (3.2), we have that
Ela(t) - a(s)P
¢
<[2(t - 8)]p1E/ 2 f(a(r),r) — £0,7)[> + 2| £(0,r) ") 2 dr

L (2p(p—1)8 (1 —5) QE/"Mg 1)) = g(0, )2 + 21g(0, ) 2] 3 dr

N\

ng—ﬁﬁE/mme%+m%n

where C13 = 2§[2p*1(T - to)g + %(21)(17 - 1))%]-

If k(-) is concave and k(0) = 0, then we can find the positive constants a
and b such that x(u) < a+ bu for all uw > 0. Therefore, we derive that

_ t
Bla(t) ~ o(s)P < Cualt = )5 E [ fa+ bla(r)* + K]
S
By the elemantary inequality |y + z + w|P < 3P~ L(|y[P + |z|P + |w|P), it is easy
to see that
Ela(t) — (s)?
_ _ t
< 3%2013@ - S)p22E/ [a? + b2 |2 (r)[P* + K%]dr
S

ya
2

S3PEQC’13{[a§+K§](t—s) FbE(t—9)"T B E sup |z(u )|p]adr}'

to<u<r

By Theorem 4.3, we have that

Elx(t) — 2(s)|P

B B t
< 3’32013{[a5 + K5](t - s)% +b’z’(t—s)pz2E/ Cf‘er}
S
< 3" Cusla® + K% + b5CR)(t — 5)8,
which is the required inequality. The proof is complete. O

Remark 4.5. Theorem 3.2 shown that the Picard iteration sequence (%)
converge to the unique solution x(¢) of the SDEs (2.1). In Theorem 4.1,
we gives that Picard sequence of the equation(2.1) has a continuity under the
conditions. Theorem 4.2 shows that one can use the Picard iteration procedure
to obtain the approximate solution of the systems give the estimate for the
error of the approximation. Also in Theorem 4.4, we show that the accurate
solution of the SDEs has a LP-continuity.
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