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Abstract. In this paper, the author investigates the existence of positive solutions for
singular boundary value problems for systems of differential equations involving parameter
on the half-line by using the fixed point theory in the cone with a special norm and space. The
results include, extend and improve many known results including singular and non-singular

cases.

1. INTRODUCTION

In this paper, the author is concerned with the following system of second-
order singular ordinary differential equations:

(p(t)u (t)) 4+ N(f(t,u(t), v(t)) — K*u(t)) =0, 0<t< +oo,
(p(£)0' (1)) + A(g(t, ult), v(t)) — K*u(t)) =0,

aqu(0) — fq tliré1+ p(t)u'(t) =0,

ol ()l pOW(0) =0

v1v(0) — 01 tEIgl+ p(t)v'(t) = 0,

. . / _
Y2 tlgrnoo v(t) + 02 tl}inoop(t)v (t) = 0.

where A > 0 is a parameter, k € (—o0, +00), i, Bi, Vi, 0; >0, (i = 1,2), the
nonlinearities f, ¢ : (0,400) X [0,400) X [0,4+00) — [0, +00) are continuous
functions and may have singularity at t = 0.
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There has been increasing interest in the subject of differential equations
due to its strong application back-ground, especially in the study of radial
solutions of nonlinear elliptic equations and models of gas pressure in a semi-
infinite porous medium [5,7-11]. The boundary value problem, for some special
case where f is continuous at t = 0 has been extensively studied by many
authors. Zima[l3] studied the existence of positive solutions on the half-line for
the following second-order differential equations with no singularity: x”(t) —
K2z (t) + f(t,x(t)) = 0, t € (0,4+0o0), and with boundary values condition
z(0) = 0, limy4 oo z(t) = 0, where & > 0, f : [0, +00) X [0,+00) — [0,400)
is a non-negative continuous function, and f(¢,x) < a(t) + b(t)x for (t,z) €
[0, 4+00) x [0, +00), in which a, b : [0, +00) — [0, +00) are continuous functions.
Hao et al.[4] established the existence theorems of positive solutions for the
following equations on the half-line: () — k2x(t) + m(t)f(t,z(t)) = 0, t €
(0, 4+00), and with boundary values condition xz(0) = 0, limy_, 4 z(t) = 0,
where f : [0, +00) X [0, +00) — [0, +00) is continuous and sup{ f(¢,z) : (t,x) €
[0, +00) x [0,+00)} < 400, m: (0,+00) — [0,+00) is continuous and may be
singular at ¢ = 0.

Recently, the authors [12] studied the boundary value problem

(p(t)2' (1)) + A(f(t, 2(t)) — k*a(t)) = 0, t € (0,+00),
a12(0) — [ limy_g+ p(t)2'(t) = 0, (1.2)
ag limy oo 2(t) 4+ B2 limy—, o0 p(£)2' () = 0,

and in [6], with £ = 0, Lian and Ge obtained the existence of at least one
positive solution for (1.2) by using the Krasnosel-skii fixed point theorem.

Motivated by the work of above papers, the aim of this paper is to consider
the existence of positive solutions to the singular system (1.1). The problem we
discuss is different from those in [4, 6, 12, 13]. Firstly, our study is on singular
nonlinear differential equations system on the half-line with general boundary
conditions. Secondly, the system (1.1) involves a parameter . Finally, the
techniques used in this paper are the approximation method, and a special cone
in a special space is established in order to overcome the difficulties caused by
singularity and infinite interval and to apply the fixed point theorem in cone.

The main purpose of this paper is to obtain the existence of positive solu-
tions for the system (1.1). Usually, we solve the positive fixed points of an
integral operator F' instead of the positive solutions of system (1.1). In this
paper we obtain the positive solutions on [0, 4+00), which expands the domain
of definition of ¢ from finite interval to infinite interval. The main difficulty
is to testify that the operator F' is completely continuous, since we can not
use the Ascoli- Arzela theorem in infinite interval [0, +00). Some modification
of the compactness criterion in infinite interval [0, +00) (see lemma 2.2 ) can
help to resolve this problem.
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The rest of the paper is organized as follows. In Section 2, we present some
necessary lemmas that will be used to prove our main results. In Section
3, first, we give Theorem 3.1 which is a result about completely continuous
operator. Then we discuss the existence of at least one positive solution for
the system (1.1).

2. PRELIMINARIES AND SOME LEMMAS

In this section, we present some notations and lemmas that will be used in
the proof of our main results.

Lemma 2.1. [6] Under the condition p € C[0,+00) N C1(0, +00) with p >0
on (0,4+00), fo pl ds < +00; az, 0i 20 (i =1,2) with p = af + @152 +

a1aaB(0,00) > 0 in which B(t, s) ft p dv the boundary value problem

(p(t)u'(t)) +v(t) =0, 0 <t < 400,
a1u(0) — By limy,_ o+ p(t)u/(t) = 0, (2.1)
ag limy, 1 oo u(t) + B limy_, 1 o p(t)/(t) = 0,

has a unique solution for any v € L(0,+00). Moreover, this unique solution
can be expressed in the form

:/ G(t,s)v(s)ds
0
where G(t, s) is defined by

(81 + a1 B(0,5))(B2 + aaB(t,00)), 0<s<t< 400,

Gt 5) = { (Br+ a1 B(0,1)) (B2 + a2B(s,00)), 0<t<s< oo, 22)

Remark 2.1. From (2.2), it is easy to get the following properties of G(t, s):
(1) G(t,s) is continuous on [0, +00) x [0, 400).
(2) For each s € [0,4+00), G(t, s) is continuously differentiable on [0, +00)

except t = s.

8G’ts 0G(t,s 1
(3) )|t st = = ét)

|t=s— - .
p(s)
(4) For each s € [0, +00), G(t, s) satisfies the corresponding homogeneous

BVP (i.e. the BVP(2.1) with v(¢) = 0) on [0, +00) except t = s. In
other words, G(t, s) is the Green function of BVP (2.1) on the half-line.
(5) G(t,s) < G(s s) < (ﬁl + a1 B(0,8))(B2 + aaB(s,)) < 400.
(6) G(s) = limy— 4 o0 G’(t s) = ;ﬁg(ﬁl +a1B(0,s)) < G(s,s) < +oo.
(7) For any t € [a,b] C (0,400), and s € [0,+00), G(t,s) > wG(s,s),
where
w — min { B2+ agB(b,00) (1 4+ a1B(0,a)
B2 + a2 B(0,00)” B1 + a1 B(0, 00)

}, O<w<l1.
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This paper, we consider the space X = F x F,

E ={z € C[0,+0) : tli+m x(t) exists}, (2.3)
with the norm [[(u, v)[| = [lu]| + [[o] where [Jul| = sup;e(o to0) [u(®)], [lv]l =

SUP4e[0,400) |V(2)]; then (E, || - ||) is a Banach space (see [10]), and (X, || - ||) is
also a Banach space. Define

K ={(u,v) € X: u(t) >0, v(t) > 0,u(t) > wlul, v(t) >w|vl], t€[a,b]}.
which induces a partial order: (u,v1) < (u2,v2) if and only if uy < ug, v1 < vy
fo

if and only if ug (t) < wua(t), vi(t) < va(t) for t € [0, +00), and |(u1, ug, ..., up)| =
]u1| + |U2‘ + ]un|

Lemma 2.2.[1] Let E be defined by (2.3) and M C E. Then M s relatively
compact in E if the following conditions hold:

(1) M s uniformly bounded in E;

(2) the functions from M are equicontinuous on any compact interval of
[0, +00);

(3) the functions from M are equiconvergent, that is, for any given & > 0,
there exists a T = T(g) > 0 such that |x(t) — x(+00)| < €, for any
t>T, xe M.

Lemma 2.3. [2, 3] Let P be a positive cone in a real Banach space E. Denote
Po={zeP:|z|<r}, Pbr={zeP:r<|z]]| <R},0<r<R<

. Let A: P, g — P be a completely continuous operator. If the following
conditions are satisfied:

(1) ||Az|| < ||z||, Vo € OPg.
(2) there exists a xg € 0Py, such that x # Az + mxg, Yr € OP., m > 0.

then A has fixed points in ?ﬁ R.

Remark 2.2. If (1) and (2) are satisfied for x € 0P, and = € JPg respec-
tively. Then Lemma 2.3 is still true.
3. MAIN RESULTS

Let us list the following assumptions:

(Hy) The functions f, g : (0,+00) x [0,400) X [0,400) — [0,400) are
continuous functions and satisfy

Kr < f(t,x,y) < ¢i(t)hi(t,z,y),
and
kzy < g(ta z, y) < ¢2(t)h2(t7 z, y)
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for any (t,z,y) € (0,4+00) x [0, +00) x [0, +00), where ¢; : (0,400) —

[0,400) is continuous and singular at t = 0, ¢;(t) Z 0 on [0,+00),

hi : [0, +00) X [0, 400) X [0, +00) — [0, +00) is continuous and bounded

for 0 <t < 400 and x, y in any bounded set of [0,4+00), (i = 1,2).
(Hp) 0 < [;° G(s,8)¢i(s)ds < +o0, (i =1,2).

From the above assumptions (H;) (Hs). Let

Al o)) =X [ 6188) (s, (5).00)) = )i,

- )\/OOO G(t,5)(g(s,u(s), v(s)) — k*v(s))ds, (3.1)
F(u,v) = (A(u,v), B(u,v)), t€[0,+00).

Obviously the system (1.1) has a solution (u,v) if and only if (u,v) € K is a
fixed point of the operator F' defined by (3.1), i.e. F(u,v) = (u,v).

Theorem 3.1. Assume (Hy) — (Hs) hold, then F : K — K is a completely
continuous operator.

Proof. First, we show that F': K — K is well defined. Let (u,v) € K. Then
there exists r* > 0, such that |u(t)| + |v(t)| < r*, also we have |u(t)] < r*,
lo(t)| < r*, for any t € [0,+00). From (H;), it is easy to see that F(u,v) >
(0,0) and we have Sj+ := sup{h;(t,z,y): 0 <t < +4o0, 0<z<r*0<y<
r*} < 400, (i =1,2). Thus, by (H;) and (Hz), for any ¢ € [0, 400), we have
A [ Gt uls) ) ~ Fu()ds
0
<A / G5, )61 ()1 (5, u(s), v(s))ds
< ASqp / G(s,8)p1(s)ds < +o0.
)\/ G(t, 5)(gls, u(s), v(s)) — K2u(s))ds
< [ Gl oo s, uls)o(s))ds
0
< )\SQT*/ G(s, 8)pa(s)ds < +oo.
0

One the other hand, for any 1,2 € [0,400) and s € [0, 400), by (5) of Remark
2.1, we have

G(t1,5) — Gt2,5)|di(s) < 2G(s,5)pi(s), i = (1,2).
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Hence, by (Hs), the Lebesgue’s dominated convergence theorem and the con-
tinuity of G(t, s), for any t¢1,ts € [0, +00), (u,v) € K, we have

Aw, o)) =~ Al o)(e2)] <X [ TGt 5) — Gt )] (5, uls), (s))ds
<\ /OOO\Gm,) Gt 5)| 61 () (s, u(s), v(5))ds
<AS- / TGt 5) — G, )| n (s)ds
0

—0, ast; — to.
(3.3)
It follows from (3.2) and (3.3) that A(u,v) € C[0,400). By (6) of Remark
2.1, we also have

lim A(u,v)(t) = /\/ G(s u(s),v(s)) — k*u(s))ds < +oo0.

t——+o0

Similarly, we have |B(u,v)(t1) — B(u,v)(t2)| — 0, as t; — t2 and

lim B, v)(t) = )\/ C(s) (g (s, u(s), v(s)) — K2u(s))ds < +oo.

t——+4o0

Hence, F(u,v) is well defined for any (u,v) € K.
For any (u,v) € K, t € [0,+00), by (3.1), we have

= A/OOO G(t,s)(f(s,u(s),v(s)) — k*u(s))ds
< A/OOO G(s,5)(f(s,u(s),v(s)) — k*u(s))ds.
So
[A(u, v)|| < A/Ooo G(s,8)(f(s,u(s),v(s)) — K?u(s))ds. (3.4)
On the other hand, by the properties (7) of G(t, s), for any ¢ € [a, b], we obtain
A, 0)(8) > Aw /0 T G, 8) (f(s,u(s), v(s)) — K2uls))ds.  (3.5)
From (3.4) and (3.5), we know that A(u,v)(t) > w|[A(u, v)| for any t € [a,b).

In the same way, we can show that B(u,v)(t) > w||B(u,v)|| for any t € [a, b].
Therefore, FI(K) C K.
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Next, for any positive integer m, we define an operator F), : K — K by

A, 0)0) = A [ Gt 5)((svu(5),0(5) — Fuls))ds,
- (3.6)

1

B (u, v)(t) = /\/oo G(t.5)(g(s,u(s),v(s)) — k?v(s))ds,

Fo(u,v) = (An(u,v), Bp(u,v)), t€[0,400),

and prove that F,,, : K — K is completely continuous, for each m > 1. Firstly,
we show that F,,, : K — K is continuous. Let (up,v,), (u,v) € K such that
[(un,vn) — (u,v)|| — 0 as n — +o0, i.e. |jup, —ul| — 0, |Jv, —v]] — 0 as
n — +oo. By (3.6) and (Hs2), we know

| A (tny v0) (1) — A (u,v) ()]

o0

—|/\/ G(t,s)(f(s,un(s),vn(s)) — kzun(s))ds

- )\/OO G(t,s)(f(s,u(s),v(s)) — k*u(s))ds|

1

1

= /Oo G(s,5) (| (s, un(5),vn(s)) = K*un(s)] + | £ (s, u(s), v(s)) = K*u(s)]) ds
<A /100 G(s,5) (|f (s, un(s),vn(s))| + | f (s, u(s), v(s))]) ds
<A /1"0 G(s,5) (¢1(8)h1(5,un(s),v(s)) + ¢1(s)h1(s,u(s),v(s))) ds

§2)\Slr*/ G(s,s)p1(s)ds < +o0,
0

where Sy« :=sup{hi(t,z,y): 0 <t <400, 0<z<r* 0<y<7r*} <400
(by (Hy)), r* is a real number such that r* > max,en{||ull, [|[v], [|[unll, [|[vn]l},
N is a natural number set.

For any € > 0, by (Hs), there exists a sufficiently large Ag (4g > 1/m) such
that

2051+ G(s,s)p1(s)ds < = (3.7)
Ao 3
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From |luy, —ul| — 0, ||v, —v|| — 0 as n — +o0, there exists a sufficiently large
nature number Ny such that when n > Ny, for all s € [0, +00), we have

€ Ao -
lun(s) —u(s)| < ||lup —ul < 3 <>\(k:2 +1) G(s, s)ds) ,

m

Ao

. (3.8)

lon(8) —v(s)| < ||vn — | < % ()\(kQ +1) G(s, s)ds>
On the other hand, by the continuity of f(t,z,y) on [1/m, Ag] x [0, 7*] x [0, r*],
for the above € > 0, there exists a 6 > 0 such that for any s € [1/m, Ap] and
z, 2’ y,y € [0,r*], when |z —y| < 4, |2/ —y/| <, we have

m

Ao -1
If(s,m,y) — f(s,2',9)] < % ()\ N G(s,s)ds) . (3.9)

m

From ||u, —u| — 0, |jv, —v|| — 0 as n — 400, there exists a sufficiently large
nature number N; > Ny such that when n > Ny, for all s € [1/m, Ay], we
have

un(s) —w(s)| < [lun —ull <6, |von(s) —v(s)| < [Jvn — 0[] < 0.
Hence, by (3.9), when n > Ny, for all s € [1/m, Ag], we obtain

3 1

Therefore, by (3.6)-(3.8) and (3.10), when n > Ny, for any ¢t € [0,+00), we
have

[ Am (un, vn ) (t) — Am (u, v)(0)]
=)\ /1 G(t,8)(f(5,un(5),vn(5)) — k*u,(s))ds

m

- [ G s uls).0(s)) ~ Ruts)ds|
A

Ao -1
|f(s,un(s),vn(s)) — f(s,u(s),v(s))| < c ()\ G(s,s)ds) . (3.10)

1

<A B O G(5,8)(|F(8,un(s),vn(8)) — f(s,u(s),v(s))| + k? |un(s) — u(s)|)ds

m
o0

A Gls8)(f (s unls) vn(s)) + (F(s,uls), v(s))ds

S% +A AOO G(S, s)¢1(8)(h1(s,un(3), vn(s)) + h1(87u(3)77)(3)))ds

2
< LS [ Gls,8)bi(s)ds < e
3 A
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This implies that the operator A,, : K — E is continuous for each natural
number m.

It what follows, we need to prove that A,, : K — E is a compact operator
for each natural number m. Let M be any bounded subset of K. Then
there exists a constant > 0 such that ||(u,v)| < r for any (u,v) € M, also
u<r, v<r. By (3.6), (Hy) and (Hy), for any (u,v) € M, we have

[ A (u, 0)(8)] = A

/100 G(t, 5)(f(s,u(s), v(s)) — K2u(s))ds
< [ Gl (s)ms,uls), o(s))ds

< )\Sh/ G(s,s)p1(s)ds < 400,
0

where Sy, := sup{hi(t,z,y) : 0 <t < +oo, 0 <z <r, 0 <y <r}. Therefore,
A, M is uniformly bounded. By the similar proof as (3.3), we can prove that
for any ¢,¢' € [0,4+00) and x € M, we have

(o]
| Am (u,0)(t) — A (u, v)(t')] S/\/ G(t,s) = G(t',8)| f (s, u(s), v(s))ds

1
m

<) /OOO Gt 5) — Gt 5) |61 (s)ha (s, u(s), v(s))ds

<A1, /0 T1G () — Gt ) n (s)ds

—0, ast — t'.
This yields that A, M is equicontinuous on [0, +00). It follows from
[ A (1, 0)(t) = A (u, v)(+00)|

<A /100 IG(t,5) — G(s)|(d1(8)h1(s,u(s),v(s)) — K2u(s))ds
S)\/"o IG(t,s) — G(5)|p1(s)h1(s, u(s), v(s))ds

1
m

<81\ / G(t, 5) — C(s)|¢1(5)ds
0
—0, t— +o0,

that A,, M is equiconvergent. Therefore, by Lemma 2.2, we know that the

operator A,, : K — FE is completely continuous for each natural number m.
Finally, we show that A : K — FE is a completely continuous operator. For

any t € [0,400) and (z,y) € K satisfying ||z|| < 1, [ly|| < 1, by (3.1) and
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(3.6), we have
|A(u, v) (t) — Am(u, v) ()] ZA/Om G(t,s)(f(s,u(s),v(s)) — k*u(s))ds
gx/om G(t, 5)b1(s)ha (s, u(s), v(s))ds

1
gxsl/’" G(s,8)p1(s)ds,
0
where S} := sup{hi(t,z,y): 0 <t < +o0, 0<2x <1, 0<y <1} < +oo.
This together with (Hz) implies that

1
1A(u, 0) — A (u,0)]| < ASy / " G(s,5)bu(s)ds — 0, m — +oc.
0

Therefore, A : K — E is a completely continuous operator. By the same
proof, we obtain that B : K — F is a completely continuous operator. That
is F': K — K completely continuous. O

Theorem 3.2. Assume that (Hy) and (Hs) hold, hy, he and f, g satisfy the
following condition:

(Hs)
— hi(t — ha(t
0<hy= lim sup M, Ry = lim  sup M<L,
=07 [0,400) x y—0F ¢[0,400) Y
and
t t
K<k < foo = lim inf 2O%Y) o hm e IBTY) o
r——+00 te[a’»b] x Yy——+00 te[(l,b] y
where

L= (max {/OOO (s, 5)1(s)ds, /OOO (s, s)¢2(s)ds}) o
= (e [ otom)

Then system (1.1) has at least one positive solution for any

AE ! L
min{ foo — k2, goo — K%}’ max{h{,nJ} /)"



Positive solutions of differential singular equation systems on the half-line 565

Proof. From the condition, there exists £ > 0, such that

l L
<A .
min{ foo — k2, goo — k2} —€ ~ max{h{,h9} + ¢

By the first inequality of (Hjz), there exists r > 0, for the above ¢, such that

IN

hi(t,z,y) < (h1—|—6) z, 0<zxz<r tel0,+o00)
and
h’ (t x y) (h2+6)y7 OSySTa te [07+OO)

Set K,, = {(u,v) € K : ||u|| <71, ||v|| < m}, (r1 <7), by the definition of
|| - ||, we know that

u(t) <|lul|=r1 <r, v(t) <|v||=rm <r, Y(u,v)e€IK,, te]l0,+0).

Then for any (u,v) € 0K,,, t € [0, +00),

|A(u, v)|| =X sup / G(t,s)(f(s,u(s),v(s)) — k*u(s))ds
tEO-‘roo
tes()quo / G(t,s)f(s,u(s),v(s))ds
<\ sup / G(t, s)p1(s)hi(s,u(s),v(s))ds
t€[0,4-00)

<\ sup /OO G(t,s)p1(s) (W) + e)u(s)ds
) Jo

te[0,+00

< sup  wuf 1+6/ G(s,8)1(s
s€[0,400)

<ry = |ul]
Similarly, we have || B(u,v)|| <71 = ||v||. Thus,
1 (u, 0) || = [[A(u, o) || + 1 B(w, v) || < [lull + [[v]] = [z, v)]. (3.11)

On the other hand, by the second inequality of (Hzs), there exists g > wry > 0,
for the above ¢ such that

ft,z,y) > (foo —€)x, T >10, t € [a,b)].
g(t,.%',y) (goo _5):1/7 Yy Z To, te [a’ b]

Write ro > ro/w > 11, Ky, = {(u,v) € K : ||Ju]| < re, ||v]| <re}.
Let (ug,v0) = (1,1) € 0K = {(u,v) € K : ||u|| =1, ||v|| = 1}. Then

(u,v) # F(u,v) + p(ug,vo), Y(u,v) € 0Ky,, Y > 0. (3.13)

>
. (3.12)
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Suppose that (3.13) is false, then there exists (ug,vo) = (1,1) € 0K, (u2,v2) €
0K,,, pe > 0 such that

(ug,v2) = F(ua,v2) + pa(uo,vo).
(3.12) and the fact that
ug(t) > wllug|| = wra > 1o, v2(t) > wllva|| = wre > 1o, t € [a,b],
we know that
ft,ua(t), va(t) 2 (foo — €)ua(t), t € [a, 0]
and

g(t, uz(t) v2(t)) > (goo — €)v2(t), t € [a,b].
For (ug,v2) € K,,, t € [a,b], we have

ro > us(t / G(t,s)(f(s,ua(s),va(s)) — k*u(s))ds + uo
oA [T G0 (o ua(s) — Rl + g

b
SA(foo — £ — k) / G(t,5)ds + o
ZTQ + Ho,

which is a contradiction. This implies that (3.13) holds.

From (3.11), (3.13), Lemma 2.3, Theorem 3.1 and the fact that K, C K,
we can obtain that the operator F' has fixed point (u,v), which belongs to
K.,\K,, such that 0 < 2r; < [|(u,v)|| < 2ry. It is easy to see that (u,v) is a
positive solution of system (1.1). O

Remark 3.1. Note that fool_kg <1, gool_kQ < 1 and h%) > 1, Ag > 1, so if
A =1, then Theorem 3.2 also holds.

Remark 3.2. From Theorem 3.2, we can see hi(t,z,y), ha(t,z,y) and
f(t,x,y), g(t,z,y) need not be superlinear or sublinear. In fact, Theorem
3.2 still holds, if one of the following conditions is satisfied

(1) If foo = goo = +00, hY > 0, hY > 0, then for each A € (0 #})

> max{h?,hY
(2) If foo = goo = +00, Y = hY = 0, then for each \ € (0, +00).
(3) If foo > 1+ k? >0, goo >1+k?>>0, i) = hY = 0, then for each
)\ € (mjn{foo,]i2’goo,k2}v+oo)'

Theorem 3.3. Assume that (Hy) and (Hsz) hold, hi, he and f, g satisfy the
following condition:



Positive solutions of differential singular equation systems on the half-line 567

(Hy)
T ha(t — ho(t
r—+00 € y——+00
te[0,+00) te[0,4-00) Yy
and

kK <l+k < fo= lim inf M, go = lim inf 9(t,z,y)

z—0t tE[a,b] T y—07+ tE[a,b] Yy

where constants L and | are defined by Theorem 3.2. Then system (1.1) has
at least one positive solution for any

< 400,

) e l L
min{ fo — k2, go — k?} " max{h$°,h3°} )
Proof. The proof is similar to that of Theorem 3.2, and so we omit it. O

Remark 3.3. Note that — <1, —L5 < 1 and & > 1, & > 1, so if
fo—k go—Fk hS RS
A =1, then Theorem 3.3 also holds.

Remark 3.4. We can see that Theorem 3.3 still holds, if one of the following
conditions is satisfied:
(1) Ifh$* < L, h* < L, fo = go = +00, then for each A € (0, m).
(2) If hY® = h3* =0, fo = go = +00, then for each A € (0, +00).
(B3) Ifh® = h® =0, fo > 1+ k?> >0, go > 1+ k%> > 0, then for each
Ae( +00).

l
min{ fo—k2,g0—k?}’
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