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Abstract. In this paper, we establish a new theorem to study the error approximation of
a function ¢ conjugate of a function ¢ (2m-periodic) in weighted Lipschitz class W (LP,p >
1, £(w)), by Cesaro-Matrix (C°T) product means of its CFS, where CFS denotes conjugate
Fourier series. In fact, the results obtained in the paper provide the best approximation of
the conjugate function ¢ in W(LP,p > 1, £(w)) class by C°T product means of its ate CFS
for the cases p > 1 and p = 1. Our results generalize six previously known results. Thus,
the results of [4], [11], [12], [13], [14], [15] become the particular cases of our results. Our

theorems provide some important corollaries.

1. INTRODUCTION

The studies of estimations of conjugate of functions in different Lipschitz
classes and Holder classes using single summability operators, have been made
by the researchers like [2, 5, 7, 8] etc., in past few decades. The studies
of estimation of error of cojugate of functions in different Lipschitz classes
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and Holder classes using different product operator, have been made by the
researchers like [4], [6], [11], [12], [13], [14], [15] etc., in recent past.

In this work, we attempt to consider more advance class of function in
order to arrive at the best approximation of function f conjugate of a function
¢ (2m-periodic) by trigonometric polynomial of degree more than A. It can
be noted that the results obtained so far in the direction of present work
could not provide the best approximation of the function, also we have used
Cesaro-Matrix (COT') of product operators which is deploped here in order to
work using most generalized operator. It is important to mention here that
C°T is the most generalized product operator and no further generalization
of such operator is possible. Therefore, we establish two theorems so obtain
best error estimate of a function ¢, conjugate to a 2m-periodic function ¢ in
weighted W (LP,£(w)) classes of its CFS. Here we shall consider the two cases
(i) p> 1 and (ii) p =1 in order to get the Holder’s inequality satisfied.

Our theorems generalizes six previously known results. Thus, the results
of [4], [6], [11], [12], [13], [14], [15] become the special cases of our theorem.
Some inportant corollaries are also obtained from our theorems.

Note 1. The CFS is not necessarily a Fourier series (FS).
i <sin()\x)>
= log A

> (00)

is not a FS (Zygmund [1], p.186).

Example 1.1. The series

conjugate to the FS

From above example, we conclude that, a separate study of conjugate series
in the present direction of work is quite essential.

Let Cy, is a Banach space of all periodic functions with period 27 and
continuous on the interval 0 < z < 27 under the supremum norm.

The best A-order error approximation of a function ¢ € Cyy is defined by
EAQ) = int I~ 1l

where t) is a trigonometric polynomial of degree A (Bernstein [10]).

Let us define the LP space of all 2w-periodic and integrable functions as

~ 271— ~
LP[0,27] := {C:[O,QW]%R:/O |C(x)]pd:c<oo},p21.
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Now, ||.||, is defined as

1
B 1 p2m|x p P <
ICll, = {271' 0 C(m)‘ ~alx} for 1 < ¢ < oo,
eSS SUP e (0,27 [C(2)]  for p = oo

We consider the following classes of functions:

Lipa := {( : [0,27] - R : |{(z +w) — {(x)] = O(w®)}
for 0 < a <1;

Lip(a, p) :=={¢ € LP[0,27] : [|{(z + w) — ((2)[[, = O(w™)}
forp>1,0<a<l;

Lip(§(w), p) == {¢ € LP[0,27] : [[{(z + w) — ((@)[|, = O(&{(w))}
forp>1,0<a<1&pB>0;

W(LP, (W) = {¢ € L7(0,2n] : [(¢(x +w) = C(w)) sin’ (5)p = O(E(w))}

where £(w) be a positive and increasing with w > 0 and LP space of all 27-
periodic and integrable functions. Under above assumptions for o € (0,1],p >
1,w > 0, we find that

W(LP, @) 7= Lip((w).p) “= Lip(a,p) *= Lipo.
Let > 32 ,va be an infinite series witht s, = anzo Um. The A partial
sums of the CFS is denoted by sx((;z), and is given by ([1])
x P 1 [7 cos(A + 1w
sx(Gz) — ¢(x) /O Y(z, w)———2 dw.

21 sin %

We can consult for detailed works on F'S and CFS [1]. Let T' = (I) 1) be an
infinite triangular matrix satisfying the conditions of regularity ([9]), that is,

2220 Lhrp=1 as X— oo,
l)“k =0 for k> /\, (1.1)
22:0 lInk| < M, a finite constant.

The sequence-to-sequence transformation:

A A
t5(Go) =) bhowsk = Y Doa-kSak
k=0 k=0



700 H. K. Nigam and M. Hadish

defines the sequence t1 ((;x) of triangular matrix means of the sequence {sy}
generated by the sequence of coefficients (1) z).

If tf(g; x) — s as A — 0o, then the infinite series Y ;- vy or the sequence
{sx} is summable to s by triangular matrix (7T-method)([1]).

Following [3], Let us write S = sy, S = Sg + 8¢ + ...+ 8" and F{ for
the value of Si when vy = 1 and vy = 0 for A > 0, that is, when s, = 1 for all
A

19
If C‘g = Z—E — s, when A — oo, then we say that ) v; is summable o

(Cesaro means of order 6 > —1) to sum s, where S;-s => (’\_gff_l)s,, and

5 _ (A0
EX=(5):
Now, we define C°T means as
A ()\ r+6 1 r

t?’sT(f; x) = (5+)\ erkSk C, (1.2)

r=0
If tfaT(f;m) — s as A — 00, then > 3% vy is summable to s by C°T method.

Note 2. Since C° and T both are regular, C°T method is also regular.

Note 3. It can be observed that C°T operator can not be generalized fur-
thermore.

Remark 1.2. The special cases of C%T means: C°T transform reduces to
(i) CYH transform if e = m'

(ii) CaNp transform if [y , = p* ¥ where P\ = Zk 0Pk # 0;

) C‘sz transform if [ j, = p’;,

(iv) C°E9 transform when ay j, = ﬁ(z)q)‘_k;

(v) CYE! when g = 1 (2)

(vi) C°N,, transfoorm 1f e =

(iii

PA—kk
"Ry

where Ry = Zk 0 PkQr—Fk-

In above special cases (ii), (iii) and (vi), py and ¢y are two non-negative
monotonic non-increasing sequences of real constants.

Remark 1.3. C'H, Cle, C’leq, C'E% and C'E" transforms are also the
special cases of C°T for 6 = 1.

Example 1.4. we consider

1—1574) (—1573) . (1.3)
A=1
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The A" partial sum of the series (1.3) is given by
sy = (—=1573)*, VA € Np.

If we take [y, = (2‘) (786)**, then

1
(787)x

tz: = l)\7080 + l)\7181 + ...+ )\)\7)\8)\

- (ot Qa2 G

_ A

= T (—787)

B 1, Ais even, (1.4)
B —1, \is odd. '

In this example, we know that the series is summable neither by Cesaro
means nor Matrix means, but summable by Cesaro-Matrix. Thus, C°T means
is more powerfull and effective than single C? and T means.

We write

A (N cos(r—k+)
ror—k ’

—0 =0 sin ¥ P)

C‘ST

1
27

) 1
0 = integral part of <) ;
w
Y(ww) =((z+w) = ((z-w).

We use the following in our work ([1]).

1 T

O<w<m, (1.5)

sin(%) ~ w’
sinw < w, w=>0,
|cos Aw| < 1, Yw € R.

Note 4. Following conditions are used in the proof of the main results:

{ D=k — Dgip+1-k =0 for 0 <k < A,

1.8
Lak =30y and Lyg = 1,¥\ € Ny, (18)

Remark 1.5. Considering the matrix 7' = () ) with

2018><(2019)k
l)\k:{(%lf))M> 0<kE<A

0, k> A

we can observe that (1.1) and (1.8) satisfied.
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Note 5. Function ¢ denotes a conjugate to a 2m-period and Lebesgue inte-
grable function and this notation is used throughout the paper.

2. LEMMAS

We need the following lemmas for the proof of the main theorems:

Lemma 2.1. If conditions (1.1) and (1.8) hold for {lx}, then

~ 1 T
KT w) =0 (=) vs>1 < —.
RET@I=0(1) w21 0w s T
Proof. For 0 <w < 377, using (1.5), (1.6) and (1.7), then for all § > 1,
R ()] 1< (7Y il cos(r — k + 3)w
A = |5= rr—k W
25 (5 k=0 St
Lo~ (55) =, feos(r—k + )
S?Z Y lr,rflc ‘ . g|
=0 ( 5 ) k=0 St 2
A (r+6-1\ r
1 ("520)
<y Gls
> FESY r,r
w = () i
_Li@“”—l)' 1Y
Tow e (5=l T AT

- since L, o =1

S -1t 0 (51

2w GG rN | o N
S SU(+1) - (F+A—1)

1

Wi b D gy AT A

5 A+1

7X7

20 0+ A

5

2w
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Lemma 2.2. If conditions (1.1) and (1.8) hold for {lx}, then
~ 1 T
KT ‘ =0 ) VW>1, — <w<m

Proof. For 5 < w < m, using (1.5), lor—k > lry1p11-k > lrp1,—k and
LQJFLQ = 1, then

A (r46—-1 r 1
00T e (50) cos(r — k + L)w
" ] = o i e
r=0 é k=0
1 A (r+6—l) r . )
¢ <> Red i D b 7H02 @2
“ r=0 ( 1 ) k=0
Now, we consider
A (T+5—1) r . ) 4 (r+6—1) r
Z (g;i ervT*kel(rikJri)w = Z (g—;}\) lhrfkeb(Tfk)w
r=0 4 k=0 r=0 1 k=0
A (r+6—1) 0
+ Z g;/l\ er,rfk:el(r k)w
r=o+1 ( ) ) k=0
A (rg&—l) r
+ Z 5;/1\ l’/‘,r—kez(T_k)w
r=op+1 ( 1 ) k=o+1
= A1+ Ay + As. (2.2)
Now, since Lo =1, for all § > 1,
o (7‘+5—1) r ‘
A < e A eZ(T_k)"J’
r=0 (6 ) k=0
r+0—1
(),

ISR s S IR I DY
=2 AR EY]

Al S (r+d-1)6
(641)...(6+A) 4 ZO

r!



704 H. K. Nigam and M. Hadish

- Al 5(8+ 1) (046 1)
T+ D010 (01N [1+5+ TR To S 3 ]
Al 5(6+1).(540—1)
TSI ET DY [(Q“) ol }
B ol(o+1)..A " 0 X@+1
(640 (A1) T S+ 0!
= 5i)\ (et 1)
5 |
S5 (w + 1)
1
=0 <w()\+1)(1+w)) )

Changing the order of summation and applying Abel’s transformation in Ao,
we have

0 A (T+5—1)
A2 — Z Z g;i lnrikez(rfk)w
k=0r=p+1 ( )
1 0 -1 s 1 ri§
~ el {2, (O e (o)

r A
i(v—k)w A+d-1 i(v—k)w 6+Q
x Y ek }+< 51 >l>\,>\—k VE_Oe( he (5_1)19-&-17@-&-1—1@}

— r+d6—1 r+9
5—1 lr,r—k - 5—1 lr+1,r+1—k
+1

k r=g
A+d6—-1 0+
05 ]

1 &[/6+ d+A—-1
_ -1 § :

1 =0

d+A-1 d+o0
+< 51 >1AA—k+ <5__1>lg+1@+1—k]

4
0+ o0 d+A—1
4 [(5__1>lg+1@+1—k'+ < 51 >lhk—k]

1
=0(w™) (6+A) kz

0 0
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B 53 S+ N S+A-T1Y,
= 3 1 lot1,041—k s_1 )k

0
- (6+1).(6+ 0) (5 V)
1
= l _
O(w )(5+1 0+ X) kzzo[5+9+1 (5+N)(o+1)! ot+lot+l-k
SO+ 1)..(0+ A ——1)(5«+—A)l
(6 4+ ) Ml AA—k
Al 56+ 1) (0 +N) <
= O™ kb
O )(6+1)...(5+>\) x >\+1 ;) oo~k T Ixa—k)
1
= —— (L L
o (w()\Jrl)( 00 T /\,0))
1
-0 (em)
Applying Abel’s transformation in Ag, we have
A (r—(‘;—&;l) r—1 k '
Az = | Z o | Z ek — lr,rfkﬂ)zel(rw)w
r=o+1 ( d ) k=o0+1 v=0
0
+1ro Z (r—vw _ bp—r1 Z 6i(T—V)w] }
A 7’+5 1 r—1
= O(wil) Z 5+)\ | Z rr—k rr7k+1)‘ + lr,O + lr,r—g—l]
r=o+1 k=p+1

A r+6—1
= O(w_l) Z ( 01 ) [ | - lr,r—g + lv‘,l‘ + lr,O + lr,r—g—l]

r+6—1 ;
§—1 )mre
r=p+1

Al 56 4+ 1) (6 + N)

G101 NG+N

Xﬁm®+@ 6MQ+A_QUA]
(

I
S
&
L
—~
(=2}
S t| =
>
S~—
(1~

lot11 + o + 3
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Al 56 +1).(6+ N)

_ -1
- O(w )(5 + 1) (6 + )\) X )\'(5 + )\) [lg+1,1 + lg+2,2 + ---l)\,/\—,g]

= 0w~ ) [g+11+lg+12+ A lor1a—o]

< )\+1> orhl
:O< <A+1))

Note that If l—I—% < % for w fixed, then min k = 3 + w. So, combining A1, As
and Ag, we have

A1+A2+A3—O[w(/\+1)x(1+w)] +O[w(,\1+1)] +O[w(>\1+1)]
|

:O(MXSIW>. (2.3)
) and

(2.3) we get

KC“ST ‘_
‘ )\—l—l w?

3. MAIN RESULTS

Theorem 3.1. The error approzimation of ¢ in W(LP,&(w)), (p > 1), by
COT means of its CFS is given by

1157 (&) = L)y = O [O 1% <Ai 1>]

where 0 < B < % and condition (1.8) holds and positive increasing function
&(w) satisfies the following conditions:

wgﬁ)za s nondecreasing; (3.1)
S (el )lsnd$)\ . 3
{/0 < ) ) dw o =0(A+1)"7), forﬁ<a<};,

(3.2)
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£w)

is nonincreasing; (3.3)

T (vl () 1 o
and {/ﬁ( (o) ) dw} =0((A+1)"T7), (3.4)

A+1

where % <n<p +% for m being an arbitrary number and p + q¢ = pq.

Conditions (3.2) and (3.4) hold uniformly in x.

Proof. The integral representation of sy (;z) is given by ([1])

. cos A+ 3w
sx(Gx) — 277/ U(x Sm( ) dw.

Denoting C°T means of {s)(C : z)} by tc T((:x), we get

A /\r+61 r

C5T( Ga Z 5+/\ erk Sk Ca CN( )]

r=0
/ww

— / (o, w)RET (w) doo
0

r+6 1 r

Zl cos(r — k + $)w L
rir—k sin(%)

—~ (6+)\

— /AJrl zp(x,w)KS‘ST(O dw + /7r w(x,w)KS‘ST(w) dw
0 X+T

Applying (1.5), Lemma 2.1, Holder’s inequality and second mean value theo-
rem for integral, we have

B F (o) s\ P
11_0(1){/0 ( = )m}
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~0 [()\ 1)+ )T <A7r+1>]

_0 [()\ +1)P¢ <A1+1>] . (3.6)

We note that from condition (3.1), we have S(E) < g(j)
+

(i) <= (). 62

In view of condition (3.2), p~! + ¢! =1 and (3.7), again using Lemma 2.2,
Holder’s inequality and (1.5), we have

_ 1 T (W)
12—O<)\_|_1>/7r 2 dw

it implies

=0 {Alﬂ /;1 (w—n|¢(1g(:))| sm5(g)>p dw}p
AL ()

=0 :()\ +1)P¢ (Ailﬂ : (3.8)

In view of (3.3), (3.4), the second mean value theorem for integrals, 0 <
n<p+ % p+q=pq and (3.7), from (3.5), (3.6), (3.8), we get

‘tf‘s x ‘_ [A+1B§< il)]

Now, using L,-norm of a function, we get

576, -0 e (1)

This completes the proof. O

Now, we establish the following theorem for the case p = 1.
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Theorem 3.2. The error approzimation of ¢ in W (LY, €(w)), by C°T means
of its CFS is given by
8T % > _ 8 1
_ - 1 -
I Ga) — Sl =0 |+ % (37 )|

where 0 < 8 < 1, provided (1.8) holds and a positive increasing function &(w)
satisfies conditions (3.1) to (3.4) of Theorem 3.1 forp =1, f < o <1 and
l1<n<pB+1.

Proof. Following the proof of Theorem 3.1, for p =1, i.e., ¢ = 0o, we have

_ 1w Y(x, w) sin® (%) &(w)
Il =0 {/0 < é_(w) dw X ess O<iléli:1 Wmﬂ(%)
o— §(w)
=0 (()\ +1) 1) ess 0<21§1L Ao

oy | 468

Aol
A1

=0 (()\ +1)%¢ (A1+1>> . (3.9)

In view of conditions (3.1) and (3.2) for p = 1,

_ 1 T Y( W)l
I2_O<)\+1>/7r 2 dw

1 T WY (z, w)| sin® (%) ¢(w)
:O{A—i—l/kwl ) 2 dw} ><essﬁ151§15§7r e
A 2+8-n
oo e () (M )]
=0 [()\ +1)P¢ (fﬂ)] . (3.10)
In view of (3.1) and (3.2). Collecting (3.9) and (3.10), we get
57 Ga) -l =0 [0+ e (5] 311
Finally from (3.11),
I G = Gl =0 [0+ 0% (551

This completes the proof. O
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4. COROLLARIES

Now, we give some corollaries.

Corollary 4.1. The error estimate of ¢ in Lip(£(w),p) class by COT means
of its CFS is given by

|57 - S, =0 v+ e (37 ) |
where C°T is defined as (1.2).

Proof. Taking 8 = 0 in Theorem 3.1, we can get the proof. 0

Corollary 4.2. The error estimate 0]‘(~ in Lip(a, p) class by C°T product
means of its CES is given by

|87 C o) =@ =ofn+n=rs].
where C°T is defined as (1.2).

Proof. Taking 8 =0 and &(w) = w® in Theorem 3.1, we can get the proof. [
Corollary 4.3. The error estimate off in Lipa class by COT product means
of its CFS is given by

|§77 ¢y = L) =0T+ 1]

where, C°T is defined as (1.2).

Proof. Taking f =0, {(w) = w* and p — oo in Theorem 3.1, we can get the
proof. O

Corollary 4.4. The error estimate of ( € W(LP, &(w)) class by C°H means

C°H 2 (/\_gtf_l)
X :Z ("t (log(r +1) Z —kz—i—l
r=0

of the CFS is given by

1657 (G — (Nb—0[9+ifﬂf<Ailﬂ

provided C°T defined in (1.2) and &(w) satisfies the conditions (3.1) to (3.4).
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Corollary 4.5. The error estimate of € W(LP,¢(w)) class by C(SNp means

5N A ()\ r+5 1
L= 5+A Zpr K5k
r=0 ( é

of the CFS is given by

15 G o)~ @l = 0 [0+ 075 (7 )]

provided C°T defined in (1.2) and &(w) satisfies the conditions (3.1) to (3.4)

Corollary 4.6. The error estimate of ( € W(LP,&(w)) class by C%N,, means

A (- 7"+5 1
tf Moo = Z ( ((5+)\ Zpr kdkSk
r=0 6

of the CFS is given by

™ (G2) (Wp—O[Q+lﬁﬂf<Ailﬂ

provided C°T defined in (1.2) and &(w) satisfies the conditions (3.1) to (3.4).

Corollary 4.7. The error approzimation of ¢ € W (LP,£(w)) class by CON,

means
B A (A 7“+5 1

tfaNP = Z (54,_,\ Zpkska

r=0 é
of the CFS is given by

167 (G ) - (NB—O[M+&Wﬂf<Ai1ﬂ

provided C°T defined in (1.2) and &(w) satisfies the conditions (3.1) to (3.4).

Corollary 4.8. The error estimate of ( € W(LP,&(w)) class by COE? means

OB d (57?(1571) 1 ~ (r k
ty = - T ,
Y wra b)

of the CFS s given by
sEY 1
15" (G = Ell = 0 |+ 107 (537 ) |

provided C°T defined in (1.2) and &(w) satisfies the conditions (3.1) to (3.4).
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Corollary 4.9. The error estimate of ¢ € W (LP,£(w)) class by COE' means

- A (A—g+t15—1) 1 r r
E —
5 =) o > <k>8k

of the FS is given by

Cr(SE1 It

15" o) = Bl =0 |04 056 ()]

provided C°T defined in (1.2) and &(w) satisfies the conditions (3.1) to (3.4).

Remark 4.10. The Corollaries 4.1 to 4.9 can also be obtained for the special
cases C'H, Cle, Cleq, C’le,C’lEq and C'E' in view of Remark 1.3.

5. PARTICULAR CASES

Some special cases of our main results are:

(i) Let us consider Remark 1.3(iv) for 6 = 1 and if 8 =0, {(w) =w®, 0 <
a < 1 in our theorem, then the Theorem 2 of [11] become a special
case of our result.

(ii) Let us take 6 = 1 and if, 5 =0, {(w) =w*, 0 < a <1 & p — ©
in our theorem, then the Theorem 3.3 of [12] become a special case of
our result.

(iii) If we consider Remark 1.3(iv) for § = 1 in our result then the main
Theorem 2.2. of [4] become a special case of our result.

(iv) If we take § = 1 in our result then the Theorem 2 of [13] become a
special case of our result.

(v) If we consider remark 1.3(iv) for § = 1, then the Theorem 3.1 of [14]
become a special case of our result.

(vi) If we consider remark 1.3(iz) for 6 = 1, then the main Theorem 1 of
[15] become a special case of our result.
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