
Nonlinear Functional Analysis and Applications
Vol. 25, No. 4 (2020), pp. 715-726

ISSN: 1229-1595(print), 2466-0973(online)

https://doi.org/10.22771/nfaa.2020.25.04.06
http://nfaa.kyungnam.ac.kr/journal-nfaa
Copyright c© 2020 Kyungnam University Press

KUPress

EXTREME POINTS OF A NEW CLASS OF HARMONIC
MULTIVALENT FUNCTIONS DEFINED BY

GENERALIZED DERIVATIVE OPERATOR INVOLVING
METTAG-LEFFLER FUNCTION

Aqeel Ketab Al-khafaji

Department of Mathematics, Faculty of Education for Pure Sciences
University of Babylon, Babylon 51002, Iraq

e-mail: aqeelketab@gmail.com

Abstract. In this paper, we have introduced and studied a new class of multivalent harmonic

function associated with generalized derivative operator involving Mettag-Leffler function.

Several results like, coefficient inequality, Hadamard product (convolution), extreme points,

convex linear combination for functions belong to this class are obtained.

1. Introduction

Denote by A (p) the function class represented by the following form

f(z) = zp +
∞∑

j=p+1

ajz
j , (1.1)

which are analytic and multivalent in open unit disc U = {z ∈ C : |z| < 1} .
Using the generalized hypergeometric function Dziok and Srivastava [8] defined
the multivalent function Xp (a1, . . . , ar, b1, . . . , bs; z) as follows

Xp (a1, . . . , ar, b1, . . . , bs; z) = zp +

∞∑
j=p+1

∏r
i=1 (ai)j−p∏s
n=1 (bn)j−p

zj

(j − p)!
, p ∈ N (1.2)
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where ai ∈ C, bs ∈ C\ {0,−1,−2, . . . } , (i = 1, . . . , r, n = 1, . . . , s) and r ≤
s+ 1 , r, s ∈ N0=N

⋃
{0} , and the Pochhammer (v)j symbol is defined by

(v)j =
Γ (υ + j)

Γ (υ)
=

 υ (υ + 1) . . . (υ + j − 1) , j = 1, 2, 3, . . .

1, j = 0,

where υ ∈ C and Re (υ) > 0 and Γ (v) denotes the Gamma function. The
Mettag-Leffler function Ev (z) (see [15],[16]) which described below. Also,
Wiman [21] introduced generalization Ev,% (z) of the same function

Ev (z) =

∞∑
j=0

zj

Γ (υj + 1)

and

Ev,% (z) =

∞∑
j=0

zj

Γ (υj + %)
, (1.3)

where υ, % ∈ C, Re (υ) > 0 and Re (%) > 0.

In the recent years, interest in the Mettag-Leffler function has increased
for use in application problems like, electric network, fluid flow, probability,
statistical distribution theory, etc. For more information on this function and
its applications (see [3], [4], [11], [12], [18] and [20]).

Geometric properties for the function Ev,% (z) including starlikeness, con-
vexity and closed-to-convex were recently investigated by Bansal and Prajapat
in [5]. Furthermore, certain result on partial sum of the Mettag-Leffler func-
tion were also obtained in [17]. Some special cases (see [17]) of Mettag-Leffler
function Ev,% (z) are:

E2,1 (z) = z cosh
√
z

E2,2 (z) =
√
zsinh

(√
z
)

E2,3 (z) = 2
[
cosh

(√
z
)
− 1
]

E2,4 (z) = 6
[
sinh

(√
z
)
−
√
z
]
/
√
z.

For f(z)∈A (p), using Equations (1.2) and (1.3), Elhaddad and Darus [10]
introduced the generalization differential operator

D̃m
λ,p(υ, %, a1, b1)f(z) = zp +

∞∑
j=p+1

(
p+ (j − p)λ

p

)mΥ(j−p,υ,%)(ar, bs)

(j − p)!
ajz

j ,

(1.4)
where m ∈ No, λ ≥ 0 and Υ(j−p,υ,%) (ar, bs) is given by

Υ(j−p,υ,%) (ar, bs) =
Γ (%)

Γ (υ (j − p) + %)

(∏r
i=1 (ar)j−p∏s
n=1 (bs)j−p

)
,
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which includes well-known operators like, the Elhaddad et al. operator (see
[12],[13]), the Al-Oboudi operator [2], the Dozik and Srivastava operator [8],
the Ruscheweyh operator [19], the Hohlov [14] and the Carlson and Shaffer
operator [6].

A continuous function f = u+iv is called complex-valued harmonic function
in a domain D ⊆ C if both u and v are real harmonic functions in D. In any
simply connected domain, denoted by SH the class of all functions of the form
f = h+g that are harmonic, univalent, normalized and sense preserving within
the open unit disc U where h and g are analytic in U. We call h the analytic
part and g the co-analytic part of f . Clunie and Sheil-Small [7] initiated the
study on these functions by introducing the class SH , they gave necessary
and sufficient conditions for f to be locally univalent and sense preserving in
U, also, see Ref. [2] . Note that if the co-analytic part of f is zero, then the
class SH reduces to S, the class of normalized univalent analytic functions.

Multivalent harmonic functions in U were introduced by Duren, Hengartner
and Laugesen in [9] via the argument principle. Denoted by Hp (n) (p, n ∈ N),
the class of all p-valent harmonic functions f = h+g that are sense-preserving
in U where h and g are of the form

h(z) = zp +
∞∑
j=2

aj+p−1z
j+p−1, g(z) =

∞∑
j=1

bj+p−1z
j+p−1. (1.5)

In this work we modified the operator D̃m
λ,p (υ, %, a1, b1) f (z) in Equation

(1.4), of harmonic functions f = h+ g as

D̃m
λ,p (υ, %, a1, b1) f (z) = D̃m

λ,p (υ, %, a1, b1)h (z) + D̃m
λ,p (υ, %, a1, b1) g (z), (1.6)

where

D̃m
λ,p(υ, %, a1, b1)h(z) = zp+

∞∑
j=2

(
p+ (j − 1)λ

p
)
mΥ(j−1,υ,%) (ar, bs)

(j − 1)!
aj+p−1z

j+p−1

and

D̃m
λ,p (υ, %, a1, b1) g (z) =

∞∑
j=1

(
p+ (j − 1)λ

p

)mΥ(j−1,υ,%) (ar, bs)

(j − 1)!
bj+p−1z

j+p−1 .

Using the operator D̃m
λ,p (υ, %, a1, b1) f (z) , we introduce the class Hm

λ,p (γ, θ)
of harmonic multivalent functions in the following definition:
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Definition 1.1. For 0 ≤ θ < 1, the function f = h+g is in the class Hm
λ,p (γ, θ)

if satisfy the inequality

Re

 D̃m
λ,p (υ, %, a1, b1)h (z) + D̃m

λ,p (υ, %, a1, b1) g (z)

(1− γ) zp + γD̃m
λ,p (υ, %, a1, b1)h (z) + γD̃m

λ,p (υ, %, a1, b1) g (z)

 ≥ θ,
|z| = r < 1. (1.7)

Let H
m
λ,p (γ, θ) denote the subclass of Hm

λ,p (γ, θ) consisting of harmonic mul-
tivalent functions f = h+ g so that h and g are of the form:

h(z) = zp −
∞∑
j=2

|aj+p−1| zj+p−1, g(z) =

∞∑
j=1

|bj+p−1| zj+p−1. (1.8)

2. Main results

In our first theorem, we give the sufficient coefficient condition for harmonic
functions belonging to the class Hm

λ,p (γ, θ) .

Theorem 2.1. Let f = h+ g be given by (1.5) . If
∞∑
j=2

(
|aj+p−1|+

(1 + θ)

(1− θ)
|bj+p−1|

)
Ωm
λ,p (υ, %) ≤ 1

γ
− (1 + θ)

(1− θ)
|bp| , (2.1)

where |bp| < (1− θ)/(1 + θ) , 0 ≤ θ < 1, 0 < γ < 1 and Ωm
λ,p (υ, %) is given by

Ωm
λ,p (υ, %) =

(
p+ (j − 1)λ

p

)mΥ(j−1,υ,%) (ar, bs)

(j − 1)!
, (2.2)

then f ∈ Hm
λ,p (γ, θ) .

Proof. Now, in order to prove that f ∈ Hm
λ,p (γ, θ) . From Equation (1.7), we

can write

Re

 D̃m
λ,p (υ, %, a1, b1)h (z)− D̃m

λ,p (υ, %, a1, b1) g (z)

(1− γ) zp + γD̃m
λ,p (υ, %, a1, b1)h (z) + γD̃m

λ,p (υ, %, a1, b1) g (z)


= Re

{
L (z)

K (z)

}
≥ θ,

where

L (z)=D̃m
λ,p (υ, %, a1, b1)h (z)− D̃m

λ,p (υ, %, a1, b1) g (z)

= zp +

∞∑
j=2

Ωm
λ,p (υ, %) aj+p−1z

j+p−1 −
∞∑
j=1

Ωm
λ,p (υ, %) aj+p−1z

j+p−1
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and

K (z) = (1− γ) zp + γD̃m
λ,p (υ, %, a1, b1)h (z) + γD̃m

λ,p (υ, %, a1, b1) g (z)

= zp + γ
∞∑
j=2

Ωm
λ,p (υ, %) aj+p−1z

j+p−1+γ
∞∑
j=1

Ωm
λ,p (υ, %) aj+p−1z

j+p−1.

Using the fact that Re (w) ≥ α if and only if |1− µ+ w| ≥ |1 + µ− w|, it
suffices to show that

|L (z) + (1− µ )K (z)| − |L (z)− (1 + µ )K (z)| ≥ 0 . (2.3)

Substituting L (z) and K (z) in (2.3), we obtain

|L (z) + (1− µ)K (z)| − |L (z)− (1 + µ)K (z)|

=
∣∣∣ (2− θ) zp +

∞∑
j=2

(2− θ) Ωm
λ,p (υ, %) aj+p−1z

j+p−1

−
∞∑
j=1

Ωm
λ,p (υ, %) aj+p−1z

j+p−1
∣∣∣

−
∣∣∣− θzp +

∞∑
j=2

[γ − (1 + θ) γ] Ωm
λ,p (υ, %) aj+p−1z

j+p−1

−
∞∑
j=1

(2 + θ) γΩm
λ,p (υ, %) aj+p−1z

j+p−1
∣∣∣

≥ (2− θ) |z|p −
∞∑
j=2

(2− θ) γΩm
λ,p (υ, %) |aj+p−1| |z|j+p−1

−
∞∑
j=1

Ωm
λ,p (υ, %) |bj+p−1| |z|j+p−1

= −θ|z|p −
∞∑
j=2

[γ − (1 + θ) γ] Ωm
λ,p (υ, %) |aj+p−1| |z|j+p−1

−
∞∑
j=1

(2 + θ) γΩm
λ,p (υ, %) |bj+p−1| |z|j+p−1
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= 2 (1− θ) |z|p
{

1−
∞∑
j=2

γΩm
λ,p (υ, %) |aj+p−1| |z|j−1

−
∞∑
j=1

(1 + θ)

(1− θ)
γΩm

λ,p (υ, %) |bj+p−1| |z|j−1

}

= 2(1−θ)
{

1− (1 + θ)

(1− θ)
γ |bp|−

 ∞∑
j=2

|aj+p−1|+
(1 + θ)

(1− θ)
|bj+p−1|

 γΩm
λ,p (υ, %)

}
.

Using the inequality (2.1), we note that the last equation is non-negative. This
implies that f ∈ Hm

λ,p (γ, θ) . This completes the proof. �

Now, we show that the condition (2.1) is also necessary for the function

f = h+ g to belong to H
m
λ,p (γ, θ), where h and g are given by (1.8).

Theorem 2.2. Let f = h + g be given by (1.8). Then f ∈ Hm
λ,p (γ, θ) if and

only if
∞∑
j=2

(
|aj+p−1|+

(1 + θ)

(1− θ)
|bj+p−1|

)
Ωm
λ,p (υ, %) ≤ 1

γ
− (1 + θ)

(1− θ)
|bp| , (2.4)

where |bp| < (1− θ)/(1 + θ) , 0 ≤ θ < 1, 0 < γ < 1 and Ωm
λ,p (υ, %) is given by

Equation (2.2).

Proof. Since H
m
λ,p (γ, θ)⊂Hm

λ,p (γ, θ) , we need only to prove the ”only if ” part

of the theorem. For functions f ∈ H
m
λ,p (γ, θ), we notice that the condition

(1.7) is equivalent to

Re

 D̃m
λ,p (υ, %, a1, b1)h (z) + D̃m

λ,p (υ, %, a1, b1) g (z)

(1− γ) zp + γD̃m
λ,p (υ, %, a1, b1)h (z) + γD̃m

λ,p (υ, %, a1, b1) g (z)
− θ

 ≥ 0,

or equivalent to

Re

{
M(z)

N(z)

}
≥ 0, (2.5)

where

M(z) = −γzp +

∞∑
j=2

(θγ − 1)Ωm
λ,p(v, %) |aj+p−1| zj+p−1

+

∞∑
j=1

(1− θγ)Ωm
λ,p(v, %) |bj+p−1| zj+p−1



Extreme points of a new class of harmonic multivalent functions 721

and

N(z) = zp −
∞∑
j=2

γΩm
λ,p(v, %) |aj+p−1| zj+p−1

+
∞∑
j=1

γΩm
λ,p(v, %) |bj+p−1| zj+p−1.

Now, the last inequality (2.5) must hold for all values of z in U. Choosing
the value of z on the positive real axis where 0 ≤ z = r < 1, we should have

(1−θγ)|bp|−γ+
∑∞

j=2 Ωm
λ,p(υ, %)((θγ−1)|aj+p−1|+(1−θγ)|bj+p−1|)rj−1

1 + γ |bp|+
∑∞

j=2 γΩm
λ,p (υ, %) (|bj+p−1| − |aj+p−1|) rj−1

≥0.

(2.6)
We notice that the expression in the Equation (2.6) is negative for r suffi-

ciently close to 1, when the condition (2.4) does not hold, hence there exist
z0 = r0 in (0, 1) for which the quotient in (2.6) is negative, this contradicts
the required condition for f ∈ H

m
λ,p (γ, θ, υ, %, a1, b1) and the proof is com-

pleted. �

We consider the extreme points of closed convex hull of H
m
λ,p (γ, θ), denoted

by clco H
m
λ,p (γ, θ) .

Theorem 2.3. Let f be given by Equation (1.8). Then f ∈ clcoHm
λ,p (γ, θ) if

and only if f can be expressed in the form:

f (z) =
∞∑
j=1

[xj+p−1hj+p−1 (z) + yj+p−1gj+p−1 (z)] , (2.7)

where hp (z) = zp, hj+p−1 (z) = zp − 1
γΩmλ,p(υ,%)z

j+p−1 , (j ≥ 2, 3, . . . ) and

gj+p−1 (z) = zp +
(1− θ)

γ (1 + θ) Ωm
λ,p (υ, %)

zj+p−1 , (j ≥ 1, 2, 3, . . . ) ,

Ωm
λ,p (υ, %) is given by Equation (2.2), xj+p−1 ≥ 0 , yj+p−1 ≥ 0, and

xp = 1−
∞∑
j=2

xj+p−1 −
∞∑

1=1

yj+p−1.

In particular, the extreme points of H
m
λ,p (γ, θ) are {hj+p−1} and {gj+p−1} .
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Proof. Let f be of the form in Equation (2.7), then we have

f (z) = xphp (z) +
∞∑
j=2

xj+p−1

(
zp − 1

γΩm
λ,p (υ, %)

zj+p−1

)

+
∞∑
j=1

xj+p−1

(
zp +

(1− θ)
γ (1 + θ) Ωm

λ,p (υ, %)
zj+p−1

)

= zp −
∞∑
j=2

1

γΩm
λ,p (υ, %)

xj+p−1z
j+p−1

+

∞∑
j=1

(1− θ)
γ (1 + θ) Ωm

λ,p (υ, %)
yj+p−1z

j+p−1. (2.8)

On the other hand, let

|aj+p−1| =
1

γΩm
λ,p (υ, %)

xj+p−1

and

|bj+p−1| =
(1− θ)

γ (1 + θ) Ωm
λ,p (υ, %)

yj+p−1

=
∞∑

j=2

Ωm
λ,p (υ, %)

(
1

Ωm
λ,p (υ, %) γ

xj+p−1

)

+
∞∑

j=1

(1 + θ) Ωm
λ,p (υ, %)

(1− θ)

(
(1− θ)

γ (1 + θ) Ωm
λ,p (υ, %)

yj+p−1

)

=
∞∑
j=2

xj+p−1 +
∞∑
j=1

yj+p−1

= 1− xp ≤ 1.

Therefore, f ∈ clco Hm
λ,p (γ, θ) .

Conversely, if f ∈ clco Hm
λ,p (γ, θ) . Set

xk+p−1 = γΩm
λ,p (υ, %) aj+p−1, j = 2, 3, . . . ,

yj+p−1 =
γ (1 + θ) Ωm

λ,p (υ, %)

(1− θ)
bj+p−1 , j = 1, 2, 3, . . . ,

and using

xp = 1−
∞∑
j=2

xj+p−1 −
∞∑

1=1

yj+p−1.
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Then, we have

f (z) = zp −
∞∑
j=2

|aj+p−1| zj+p−1 +
∞∑
j=1

|bj+p−1| zj+p−1

= zp −
∞∑
j=2

xj+p−1

Ωm
λ,p (υ, %) γ

zj+p−1 +
∞∑
k=1

(1− θ)
γ (1 + θ) Ωm

λ,p (υ, %)
yk+p−1z

j+p−1

= xpz
p −

∞∑
j=2

xj+p−1

(
zp − 1

γΩm
λ,p (υ, %)

zj+p−1

)

+
∞∑
j=1

yj+p−1

(
zp +

(1− θ)
γ (1 + θ) Ωm

λ,p (υ, %)
zj+p−1

)

=

∞∑
j=1

[xk+p−1hk+p−1 (z) + xk+p−1hk+p−1 (z)] .

This completes the proof. �

Next, we want to prove two theorems, the first theorem is about convolu-
tion for the class H

m
λ,p (γ, θ) and secondly, we prove that the class H

m
λ,p (γ, θ)

is closed under convex combination. The convolution of two multivalent har-
monic functions

f1 (z) = zp −
∞∑
j=2

aj+p−1z
j+p−1 +

∞∑
k=1

bj+p−1z
j+p−1 (2.9)

and

f2 (z) = zp −
∞∑
j=2

cj+p−1z
j+p−1 +

∞∑
k=1

dj+p−1z
k+p−1 (2.10)

is defined by

(f1 ∗ f2) (z) = f1(z) ∗ f2(z)

= zp−
∞∑
j=2

aj+p−1cj+p−1z
j+p−1+

∞∑
k=1

bj+p−1dj+p−1z
j+p−1. (2.11)

Using this definition, we show that the class H
m
λ,p (γ, θ) is closed under

convolution.

Theorem 2.4. For 0 ≤ θ1 ≤ θ < 1, 0 < γ < 1. Let f1 ∈ H
m
λ,p (γ, θ) and

f2 ∈ H
m
λ,p (γ, θ1). Then

f1 ∗ f2 ∈ H
m
λ,p (γ, θ) ⊂ H

m
λ,p (γ, θ1) .
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Proof. Let

f1 (z) = zp −
∞∑
j=2

aj+p−1z
j+p−1 +

∞∑
k=1

bj+p−1z
j+p−1

be in the class H
m
λ,p (γ, θ) and

f2 (z) = zp −
∞∑
j=2

cj+p−1z
j+p−1 +

∞∑
k=1

dj+p−1z
k+p−1

be in the class H
m
λ,p (γ, θ1) . Then the convolution f1 ∗ f2 is given by Equation

(2.11), we want to show that the coefficients of f1 ∗ f2 satisfies the required
condition given in Theorem 2.1.

For f2 ∈ H
m
λ,p (γ, θ1), we note that ck+p−1 < 1 and dk+p−1 < 1. Now consider

convolution functions f1 ∗ f2 as follows:

∞∑
j=2

γΩm
λ,p (υ, %) a

j+p−1
cj+p−1 +

∞∑
j=1

(1 + θ1)

(1− θ1)
γΩm

λ,p (υ, %) bj+p−1dj+p−1

≤
∞∑
j=2

γΩm
λ,p (υ, %) a

j+p−1
+

∞∑
k=1

(1 + θ1)

(1− θ1)
γΩ

m

λ,p

(υ, %) bj+p−1

≤
∞∑
j=2

γΩm
λ,p (υ, %) a

j+p−1
+

∞∑
k=1

(1 + θ)

(1− θ)
γΩ

m

λ,p

(υ, %) bj+p−1

≤ 1.

�

Next, we introduce the last theorem in this paper of the class H
m
λ,p (γ, θ).

Theorem 2.5. The class Hp (n, µ, γ, δ) is closed under convex combinations.

Proof. For s = 1, 2, . . ., suppose that fn,S ∈ Hp (n, µ, γ, δ), where fn,S is given
by

fn,s (z) = zp −
∞∑
j=2

|as,j+p−1| zj+p−1 +
∞∑
k=1

|bs,j+p−1| zj+p−1.

Then by Theorem 2.2, we have

∞∑
j=2

γΩm
λ,p (υ, %) |as,j+p−1|+

∞∑
j=1

(1 + θ)

(1− θ)
γΩ

m

λ,p

(υ, %) |bs,j+p−1| ≤ 1. (2.12)
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For
∑∞

s=1 ts= 1, 0≤ ts≤1, the convex combinations of fn,s written as

∞∑
s=1

tsfn,s (z)=zp−
∞∑
j=2

( ∞∑
s=1

ts |as+p−1|

)
zj+p−1+

∞∑
j=1

( ∞∑
s=1

ts |bs+p−1|

)
z+p−1.

Now, by using the inequality (2.12), we obtain

∞∑
j=2

γΩm
λ,p (υ, %)

( ∞∑
s=1

ts |as,j+p−1|

)
+
∞∑

j=1

(1 + θ1)

(1− θ1)
γΩ

m

λ,p

(υ, %)

( ∞∑
s=1

ts |bs,j+p−1|

)

=
∞∑

s=1

ts

( ∞∑
k=2

γΩm
λ,p (υ, %) as,k+p−1+

∞∑
k=1

(1 + θ1)

(1− θ1)
γΩ

m

λ,p

(υ, %) bs,k+p−1

)

≤
∞∑

s=1

ts= 1,

which is the required coefficient condition. �
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