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Abstract. In this paper, we have introduced and studied a new class of multivalent harmonic
function associated with generalized derivative operator involving Mettag-Leffler function.
Several results like, coefficient inequality, Hadamard product (convolution), extreme points,

convex linear combination for functions belong to this class are obtained.

1. INTRODUCTION

Denote by 2 (p) the function class represented by the following form
fla)=2"+ > a4, (1.1)
J=p+1

which are analytic and multivalent in open unit disc U = {z € C: |2| < 1}.
Using the generalized hypergeometric function Dziok and Srivastava [8] defined
the multivalent function &, (a1, ..., ar, b1, ..., bs; 2) as follows

o~ i (@), 2
X(ala---aaﬁbla"'abs;z):Zp+ S_ - . 7p€N (12)
P j:%—l [Th= (bn)j—p (j —p)!
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where a; € C, by € C\{0,-1,—-2,...},(i=1,...,r, n=1,...,8) and r <
s+1,rs€Ny=NJ{0}, and the Pochhammer (v); symbol is defined by
. T (v + ) vv+1)...(v+j—-1), j=123,...
v, == —— =

j

L) L j=0,

where v € C and Re(v) > 0 and T (v) denotes the Gamma function. The
Mettag-Leffler function E, (z) (see [15],[16]) which described below. Also,
Wiman [21] introduced generalization E, , (z) of the same function

o0

E, (2) Z
v %) = =
jZOF(Uj+1)
and
Eug(z) = o, 1.3
79() jZOF(U]+Q) ( )

where v, p € C, Re (v) > 0 and Re (g) > 0.

In the recent years, interest in the Mettag-Leffler function has increased
for use in application problems like, electric network, fluid flow, probability,
statistical distribution theory, etc. For more information on this function and
its applications (see [3], [4], [11], [12], [18] and [20]).

Geometric properties for the function E, , () including starlikeness, con-
vexity and closed-to-convex were recently investigated by Bansal and Prajapat
in [5]. Furthermore, certain result on partial sum of the Mettag-Leffler func-
tion were also obtained in [17]. Some special cases (see [17]) of Mettag-Leffler
function E, , (z) are:

Es1(2) =z coshy/z
By (2) = V/zsinh (V2)
Ey3(2) =2 [cosh (vVz) —1]

Ey (2) = 6 [sinh (V2) — V2] /2.
For f(z)e2A(p), using Equations (1.2) and (1.3), Elhaddad and Darus [10]
introduced the generalization differential operator

+ - A mT | —D,U (a‘Tabs) ;
@Ap(v 0,a1,b1)f(z) =2 + Z <p U > G 1(0’. f) I a;2’,

(1.4)
where m € Np, A > 0and T, )

| by = — L@ iy (@)
T(j-pwe) (ar,bs) = L'(v(j—p)+o) (HZ:l (bs)jp> ’

(ar, bs) is given by
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which includes well-known operators like, the Elhaddad et al. operator (see
[12],[13]), the Al-Oboudi operator [2], the Dozik and Srivastava operator [8],
the Ruscheweyh operator [19], the Hohlov [14] and the Carlson and Shaffer
operator [6].

A continuous function f = u+iv is called complex-valued harmonic function
in a domain D C C if both u and v are real harmonic functions in D. In any
simply connected domain, denoted by Sy the class of all functions of the form
f = h+7g that are harmonic, univalent, normalized and sense preserving within
the open unit disc 4 where h and g are analytic in 1. We call h the analytic
part and g the co-analytic part of f. Clunie and Sheil-Small [7] initiated the
study on these functions by introducing the class Spr, they gave necessary
and sufficient conditions for f to be locally univalent and sense preserving in
i, also, see Ref. [2]. Note that if the co-analytic part of f is zero, then the
class Sy reduces to S, the class of normalized univalent analytic functions.

Multivalent harmonic functions in 4 were introduced by Duren, Hengartner
and Laugesen in [9] via the argument principle. Denoted by H), (n) (p,n € N),
the class of all p-valent harmonic functions f = h+g that are sense-preserving
in 4 where h and ¢ are of the form

o0 o0
h(z) = 2P + Zajﬂ,,lzj"“p_l,g(z) = ijer,lzj‘H’_l. (1.5)
j=2 j=1

In this work we modified the operator ’}53”17 (v,0,a1,b1) f (2) in Equation
(1.4), of harmonic functions f = h + 7 as

O, (v, 0,a1,b1) f (2) = D, (v, 0,a1,b1) h (2) + DY (v, 0,a1,b1) g (2), (1.6)
where

Nm . p+—1 AT j—1,v, (arabs)
B, (0o bi(e) = o+ Y (R Sumwo B

) +p—1

Jj=2

and

~ o0 = DA™Y 100 (@r, bs .
D%, (v,0,a1,01) g (2) = Z (p (-1 > (j—1v,0) )bj+p_1zj+p 1

— 1)!
= p (-1

Using the operator 35Tp (v,0,a1,b1) f (2), we introduce the class HY, (7,0)
of harmonic multivalent functions in the following definition:
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Definition 1.1. For 0 < 6 < 1, the function f = h+g is in the class HY", (7,0)
if satisfy the inequality

DY, (v, 0,a1,b1) b (2) + DY, (v, 0,01,b1) g (2)
(1 - ’Y) zP 4 rygjm (Uv 0, a1, bl) h (Z) + ’yém (U’ 0,01, bl) g (Z)

A,p Ap
|z| =r < 1. (1.7)

Re >0

- )

Let ﬁT’p (7, 0) denote the subclass of HY", (v, 0) consisting of harmonic mul-
tivalent functions f = h + g so that h and g are of the form:

o o
hz)=2" =Y lajypal 2777 g(2) = |bjipoal 27PN (1.8)
j=2 j=1

2. MAIN RESULTS

In our first theorem, we give the sufficient coefficient condition for harmonic
functions belonging to the class HY, (v,0).

Theorem 2.1. Let f =h+g be given by (1.5). If

oo
(1+9) m 1 (146)
jz:; <|aj+p1| + =) bj+p—1] |23y (v, 0) < S by, (2.1)
where |by| < (1—-0)/(1+60),0<6<1, 0<vy<1andQf,(v,0) is given by
m p+(j_1)A>mT(j—1U9) (ambs)
v, = — y 2.2
% () < p (j—1)! (2:2)

then f € HY, (v,0).

Proof. Now, in order to prove that f € HY") (v,0) . From Equation (1.7), we
can write

f;jg\rfp (Uv 0, a1, bl) h (Z) - 52?13 (U7 0,01, bl)g (Z)

(1 - PY) ZP 4 7553% (Ua 0, a1, bl) h (Z) + ﬁyf;jg\r’bp (U7 0, a1, bl)g (Z)

(i)

where

L (Z):/}SS\Tfp (Ua 0, a1, bl) h (Z) - 5&7}) (U7 0, a1, bl) g (Z)

00 00
_ m +p—1 m —=j+p—1
= 2P + Z Q)\7p (Ua Q) aj+p,12‘7 b - Z Q/\,p (U> Q) aj+p,12,’J P
j=2 J=1

Re
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(1 - 7) 2P + 757)7\1,19 (Ua 0,a1, bl) h (Z) + '76%, (U7 0, a1, bl) g (Z)

Jj=2 J=1

719

© oo
=24+ 7Y O, (0,0) ajyp 127 TP 4y Y QT (v, 0) ajp 1T P

Using the fact that Re (w) > « if and only if |1 —p+w| > |14+ p—w], it
suffices to show that

L(2)+ (1= p) K (2)| — |L(2) = (1+p ) K ()] 0.

Substituting L (z) and K (z) in (2.3), we obtain

1L (2) + (1= p) K (2)] = [L(2) = (14 p) K (2)]
‘ (2-0) z’W—Z 0) QX' (v, 0) ajip- A
*ZQAp v, 0 aj+p715j+p_1‘

_ ’ — 0P+ Z (1+0)7]QF, (v, 0) aﬁp_lzﬁpﬂ

o0

(2+0) vy, (v, 0) ajip— z”p*l’

7j=1
[es)
i+p—1
> (2= 0) 1o° = (2 0) 998, (v,.0) agpoa |21
j=2
0 .
= 0%, (0,0) [bjapal 2P P
j=1
> .
= —02[" =Y [y = (1+6) 1%, (v, 0) lajyp1] |27
7j=2
[eS)

=X 2+ 0708, (v,0) [bjapr| |27
j=1

(2.3)
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—2(1-0) |zrp{1 =3 A, (0,0) lagpoi [
7j=2
s 1+9
OO, (0.0) gl 12}
j:1

—201-0){1- T 101~ > 50511+ ) sl | 19 (010 |

Using the inequality (2.1), we note that the last equation is non-negative. This
implies that f € HY', (7,0) . This completes the proof. O

Now, we show that the condition (2.1) is also necessary for the function
f=h+7g to belong to Fi\rfp (7,0), where h and g are given by (1.8).

Theorem 2.2. Let f = h + g be given by (1.8). Then f € ﬁf\rfp (7,0) if and
only if

- (1+0) 1 (140
j; (aj+p_1] + a=a bj+p—1] |2, (v, 0) < 5T (10
where |bp| < (1—=0)/(1+6),0<60<1, 0<y<1andQy,(v,0) is given by
Equation (2.2).

bpl  (2.4)

Proof. Since Fi\rfp (7,0) CHY, (7,0), we need only to prove the ”only if 7 part

of the theorem. For functions f € HT’p (v,60), we notice that the condition
(1.7) is equivalent to

5f\rfp (v, 0,a1,b1) h (2) + 55&”,;; (v, 0,a1,b1) g (2)
(1 - 7) 2P + 757,(?19 (Ua 0, a1, bl) h (Z) + 76Kfp (U7 0, a1, bl) g (Z)

or equivalent to
M(z)
> .
Re{N(z)}_O, (2.5)

x
M(z) = —y2P + Y (67 — DT, (v, 0) lajyp1] 2777
=2

[o¢]
+ ) (1= 079, (v,0) [bjypa| 2777
7j=1

Re

9\ >0,

where
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and

o0
N(2) =2 =Y 405, (v, 0) lajip-1] 777!
j=2

oo
+ ) 08, (v, 0) [bjapa| TP
j=1

Now, the last inequality (2.5) must hold for all values of z in U. Choosing
the value of z on the positive real axis where 0 < z = r < 1, we should have

(1= [bp| =7 +22725 X, (v, Q)((97—1)\aj+p—1!+(1—97)|bj+p—1!)7"”_1>0
L+ bp| + 32725 7%, (v, 0) (1bjp—1] — lajp—]) 7771 —
(2.6)
We notice that the expression in the Equation (2.6) is negative for r suffi-
ciently close to 1, when the condition (2.4) does not hold, hence there exist
20 = ro in (0,1) for which the quotient in (2.6) is negative, this contradicts
the required condition for f € Fgfp (7,0,v,0,a1,b1) and the proof is com-
pleted. O

We consider the extreme points of closed convex hull of Fi\rfp (7, 0), denoted
by clcoﬁzp (v,6).

Theorem 2.3. Let f be given by Equation (1.8). Then f € clcoﬁt\rfp (v,0) if
and only if f can be expressed in the form:

F )= [wip1hip1 (2) + yip19i4p1 (2)], (2.7)
j=1
where hy (2) = 2P, hjip_1(2) = 2P — mzjﬂ’_l ,(1>2,3,...) and
A,p\T?
(1-9)

o1 (2) = 2P + =l (5>1,2,3,...),
9i+p 1( ) 7(14_0) Qt\n;p (U,Q) (] )

QY (v, 0) is given by Equation (2.2), zj1p—1 >0, yjip—1 >0, and

o0 oo
Tp=1-— ijﬂ)—l - E :yj+p—1-
j=2 1=1

In particular, the extreme points of FTP (7,0) are {hjip—1} and {gjip—1}-
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Proof. Let f be of the form in Equation (2.7), then we have

z) =aph (2)+ Y wjipor |2 — — 2 TP
f(2) phy, (2) JZ:; j+p 1( YR, (v, 0) )
00 (1-0) —jtp—1
+> x|+ Zr
]z:: J+p 1< 7(1+6)9Q7, (v, 0)

1 .

_ +p—1

=L L
]:2 P ’

S ) it
+ E p_127 P 2.8
Sy (1+0) 2, (0 29

On the other hand, let

1

Qjtp—1| = —(Fm 7T
ap1] = 7025, (v, 0)

Ljtp—1

and
' B (1-6) '
|bj+p—1| - v (1 + 6) Qm (U )y]-l-p—l

> 1
= ; <Qm(m%’+p—1>

X (1+0) 027 (v, _
+ hl /\p( Q)< u 9)( Q)yj+p—1>

le Y1 +0) 2% (v

= E  Tjp—1 + E Yi+p—1
j=2 j=1

=1-z,<1
Therefore, f € clco Ff\rfp (7,0).
Conversely, if f € clco ﬁ?\fp (7,0) . Set
Thyp-1 = V2N, (V,0) @jrp-1, J=2,3,...,

Y(1+6) 27, (v, 0) .
yj-i—p—l: (1_9;] j+p—1, j:172,3,...,

and using

oo oo
=1- Z%‘ﬂo—l - Zyj+p—1-
7j=2 1=1
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Then, we have

(0.0 [o.¢]
F(2)=2" = lajip| 77 4D [bjipa|FHP

j=2 j=1
— P Jtp=l  jp-l e
jZQQAp(v o) Z 1+9 ( o)

1 :
=xp2 =Y wiipo | P — TP
r ]Z:; ak ( Y, (v, 0)
S (1-10) Sitp—1
+ o Py J+p
;yﬁp 1(2 7(14'9)9%7(“79)2

= Z [T htp—1Phap—1 (2) + Thgp—1Ppgp—1 (2)] .
=1

This completes the proof. O

Next, we want to prove two theorems, the first theorem is about convolu-
tion for the class HTJ, (7,0) and secondly, we prove that the class ﬁ;n’p (7,0)
is closed under convex combination. The convolution of two multivalent har-
monic functions

oo (o)
fr(z) =27 =Y ajep- 12PN by (2.9)
=2 k=1
and
(o] ] o
fo (Z) =P — Z cj+p_1zj+p71 + Z dj+p_1§k+p71 (2.10)
=2 k=1

is defined by
(f1x f2) (2) = fi(z) = fa(2)

0o 0o
itp—1 —j+p—1
= Zp—z aj+p,1cj+p,1z]+p —|—Z bj+p71dj+pflzj+p . (211)
j=2 k=1

Using this definition, we show that the class ﬁ;rfp (7,0) is closed under
convolution.

Theorem 2.4. For 0 < 0 <0 < 1,0 < v < 1. Let f1 € F;fp (v,6) and
fa € ﬁ;rfp (v,01). Then

fl*f? Eﬁﬁp(’y’e) Cﬁq)f\rfp(’ﬁel)
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Proof. Let
oo oo
i+p—1 —j+p—1
fi(z) =2 - Z ajyp-12’ P+ Z bjsp-12" "7
=2 k=1

be in the class F;p (7,60) and

[o.¢] o
+p—1 —k+p—1
f2(2) =27 =3 ciip1 2P LY djipa 2

j=2 k=1

be in the class FT,I, (7,61) . Then the convolution fi * f is given by Equation
(2.11), we want to show that the coefficients of fi * fo satisfies the required
condition given in Theorem 2.1.

For f5 € FT’p (7,61), we note that cj1,—1 < 1 and di4p—1 < 1. Now consider
convolution functions fi * fo as follows:

(1 + 91)
E ,.)/Q)\p U Q) ]+p 1C]+p 1 + (1 _ 9 )ny)\p (U Q) bj+p_1dj+23_1
Jj=2 j=1
> (1 + 91) m
< Qv (v + E ——~0 v, biyp_
; 27 Ap Q) j+p—1 ! (1 _ 01)7 )\,p( Q) J+p—1
S o Z“ 1+0) " |
< ’YQ)\,p v Q) G4p—1 =+ — (1 — 6) ’YQ)\J) (Uv Q) bj+p71

g

Next, we introduce the last theorem in this paper of the class Hﬁfp (7, 0).
Theorem 2.5. The class Hp (n, w,y,0) is closed under convex combinations.

Proof. For s = 1,2,..., suppose that f, s € Hy(n, u,v,d), where f, g is given
by

e o0
Jns(2) = 2" = Z |asjrp-1] 27 P+ Z |bs jap-1] 2P
=2 k=1

Then by Theorem 2.2, we have

(1406 ™
ZVQAP v,0) |t jip1]+ Y El — gi’vﬂ (v, 0) [bs j+p-1] < 1. (2.12)
j=1 A

).
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For Z;’il ts= 1, 0< t4<1, the convex combinations of f, s written as

Ztsf“ = Z ZtS‘aerp 1] ) 24P 1+Z Zts!bs+p |z

7j=2 \s=1

Now, by using the inequality (2.12), we obtain

Z’YQM; (v,0) Zts |as j+p—1] +Z m’)@ (v,0) Z ts |Psj+p—1
j=2 s=1 =1 s=1

Ap

1+91 m
—Zt ZVQ,\p (v, 0) s k+p— 1+Z 1_91 (v, 0) bs ktp—1
s=1

< Ztsz L
s=1

which is the required coefficient condition. O
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